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ABSTRACT. In this paper we will investigate a method of approximating an integral in three
independent variables. The Ostrowski type inequality is established by the use of Peano kernels
and provides a generalisation of a result given by Pachpatte.
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1. INTRODUCTION

The numerical estimation of the integral, or multiple integral of a function over some spec-
ified interval is important in many scientific applications. Generally speaking, the error bound
for the midpoint rule is about one half of the trapezoidal rule and Stewart [14] has a nice geo-
metrical explanation of this generality. The speed of convergence of an integral is also impor-
tant and Weideman [15] has some pertinent examples illustrating perfect, algebraic, geometric,
super-geometric and sub-geometric convergence for periodic functions.

In particular, we shall establish an Ostrowski type inequality for a triple integral which pro-
vides a generalisation or extension of a result given by Pachpatte [10].

In 1938 Ostrowski[[7] obtained a bound for the absolute value of the difference of a function
to its average over a finite interval. The following definitions will be used in this exposition

b
(1.1) M=y [ Fan
12) I () = L0
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2 A. SOFo

and

(L.3) ()= f (a : b)

The Ostrowski result is given by:

Theorem 1.1.Let f : [a,b] — R be a differentiable mapping ofx, b)) whose derivativef’ :
(a,b) — R is bounded orfa, b) , that is,

1]l := sup |f ()] < oo.

te(a,b)

Then we have the inequality

L, (e—t) :
(1.4) (@) =M ()] < (1* ﬁ> (b—a)llf'll

forall x € [a,b].
The constant is the best possible.

Improvements of the result (1.4) has also been obtained bycD#titic and Pearce [2],
Pearce, Raric, Ujevic and VaroSanec [11], Dragomir|[3] and Sofol[12]. For a symmetrical
pointz € [a, “2*], very recently Guessab and Schmeisser [4] studied the more general quad-

rature formula
fx)+ fla+b—2x)
2

M(f) -

whereFE (f; x) is the remainder.
Forz = 22 and f defined ora, b] with Lipschitz constanfi/, then

=E(f;7)

M)~ I () < O
Forz = a, then
M)~ 1 () < 82D,

The following result, which is a generalisation of Theoren] 1.1, was given by Milovanovi
[6, p. 468] in 1975 concerning a functiofi, of several variables.
Theorem 1.2.Let f : R" — R be a differentiable function defined éh= {(z1, ..., z,,) |a; <
x; <b, (i=1,...,m)} and Iet‘%‘ < M; (M; >0, i=1,...,m)in D. Furthermore, let

x +— p(z) be integrable ang (z) > 0 for everyx € D. Then for everyr € D, we have the
inequality:

oW fWdy] _ XM [p( !l’z vil dy
(t5) 'f(x) Jop(y)dy ‘ Jop () '

In 2001, Barnett and Dragomir/[1] obtained the following Ostrowski type inequality for dou-
ble integrals.

Theorem 1.3.Let f : [a,b] X [¢,d] — R be continuous ofu, b] X [c,d],
(a,b) x (¢, d) and is bounded, that is,

0%f
Ty = saay EXiston

*f (z,y)
0xdy

i e
2= sup ‘ < .

(z,y)€(a,b)x(c,d)
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then we have the inequality:

b pd d
/f(s,t)dsdt—(b—a)/ f(z,t)dt

~-q [ f(s7y)ds+(d—c)(b—a)f(x,y)'

S[(b;a)2—|—(m_a—2|-b)2 [(d;c)2+(y c+d>

forall (z,y) € [a,b] X [c,d].

Pachpatte [8], obtained an inequality in the vein[of](1.6) but used elementary analysis in his
proof.

Pachpatte [9] also obtains a discrete version of an inequality with two independent variables.
Hanna, Dragomir and Ceroné | [5] obtained a further complementary resfilt fo (1.6) and Sofo
[13] further improved the result (1.6).

(1.6)

17l

2. TRIPLE INTEGRALS

In three independent variables Pachpatte obtains several results. For discrete variables he
obtains a result ir [9] and in [10] for continuous variables he obtained the following.
Theorem 2.1.LetA := [a, k] x [b, m] X [¢, n] fora,b,c,k,m,n € Rt and f (r, s, t) be differen-
tiable onA. Denote the partial derivatives b, f (r,s,t) = &£ (r,s,t); Dof (r,5,1) =

ar 837
Dsf (r,s,t) = % and D3 Dy D, f = 8t838r Let F'(A) be the clan of continuous functions

f: A — RforwhichD, f, Dy f, Dsf, D3Dy D1 f exist and are continuous ah. For f € F'(A)
we have

(2.1)

/ f(r,s,t)dtdsdr
(k_a)( b) (n_c> [f(aabvc)_'_f(kvmvn)]

-8
k
+i(m—b)(n—c)/ [f (r,b,c) + f(r,m,n)+ f(r,m,c)+ f(r,b,n)]dr
—|—;l(k—a)(n—c)/m[f(a,s,c)—l—f(k,s,n)—l—f(a,s,n)—i—f(k,s,c)]ds
b
+i(k5—a) )/ 1 (@b, ) + f (K, t) + f (kb t) + f (a,m, 0)] di

b) f(rbt)+ f(r,m,t)] dtdr

(m
/ / (a,s,t) + f(k,s,t)] dtds
[

——n—c// (r,s,¢) + f(r,s,n)] dsdr

g// / |D3sDy Dy f (1, 5,t)| dtdsdr.
a b c

The following theorem establishes an Ostrowski type identity for an integral in three inde-
pendent variables.
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4 A. SOFo

Theorem 2.2.Let f : a1, b1] X [ag, bo] X

las, bs] — R be a continuous mapping such that the

following partial derivative%, i=0,. ~1,j=0,....m—1;k=0,...,p—1
exist and are continuous dny, b;] X [ag, by] X [CL3, bg} . Also, let
m7 r E I:al’ x)y
n!
(2.2) P, (z,r) :=
\ n.
( _ m
(S—C?)v s € [a27y>7
m:
(2.3) Qm (y,8) = .
ua s € [ya bQ] ’
\ m!
and
( _ P
M; L [0, 2),
p:
(2.4) Sp(z,t) :=
t—bs)’
( ‘3); s € [z,bs],
. P
then for all(x, y, ) € [a1, b1] X [ag, ba] X [as, bs] we have the identity
b1 b3
(25) V.= / / / (r,s,t) dtdsdr
U IX( VY, () 2 ( )8”j+kf(x,y>z)
— i\L) ;Y k(2 ; -
=== 0xiOyi0zk
n—1m-—1 b L.
’ O f (x,y,t
Y Y K@Y [ 8, e S
i=0 j=0 a3
n—1 p—1 b itmak
m ? 9T (2,8, 2)
1 X, (z)Z m (U, : d
ST X @ 2 [ Q) s
m—1 p—1 b ntitk
D RATEACY R AR
j=0 k=0 1
n—1 b b ;
m 2 [0s QML f (1, 5.t
=0
m—1 b1 pbs ntj+p
— (=1)"*? Yj / / (x,7) S, (2,1) 0 Grnafyggtg” H dtdr
Jj=
n+m — b b2 8n+m+kf r,s,z
—(=1)"* ZZk (z)/ / P, (z,7)Qm (y,s) 87"”85"582’“ )dsdr
k=0 au a2
bi b2 rbs O"TMAP f (1, s, t)
_ _ (_1\ntmtp )9
— (1) / | / 2 / P 07) @ 3.5) 8 (2. 1) T DB s
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where

(2.6) X, ()= 1m0 J(rz(+—11))' (= o)™
@0 ARPLED UL VA5
and

(2.8) Zi(2) = (bs — 2)"*! (+k(+_11)) ' (2 — ag)"*!

b1 n—1 b1
@) [ a0 =Y Xi@)g" @)+ (-1 [ P g™ ()

Now for the partial mapping (-, s, t) , s € |as, bo] , we have

e10) [ rrsnir =Y x@ 2y [ rwn 2L
. : r,s, r—izo i(®) 53 B 1) 5 dr

for everyr € [a1,b1], s € [ag, by] andt € [ag, bs] .
Now integrate oves € [ay, by]

b1 b
(2.11)/ f(r,s,t)dsdr

n—1 b i b b
2 81 1 2 an
=Y X;(z) ax{d + (-1)" / P, (z,7) ( arijds) dt

i=0 a2 2

forall z € [ay,bq]. '
From ) for the partial mappinglii on [az, bo] we have,

ba az

(2.12) /a2 (9xif (z,s,t)ds

B a] azf . om azf

-0 (5 r oo [ enna i (5)

m—1 i
8@+]f . b2 8l+mf

N = i) OxiOy +(=1) o @ (y,5) Oxtds™ ds

Also, from (2.8)
b2 an (‘)J+”f m am anf

(243 / o= ZY oyior TV ) 09 g O™ <c’9r“) -
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6 A. SOFo

From (2.11) substituté (2.12) arid (2.13), so that

by pbo
(2.14) / f(r, s, t)dsdr

:zx (2) rZY( ) ;ag + (=07 O (8:5) (ffgid]
4 (1) /f P, (z,7) ::Yj(y) 5;;‘{;
+(=1)" ; Qm (y:5) % (g;{) ds} dt
:T:l X, (x):lyj( ) ;;;g ;+(=D)" :1 Xi (x) b Qm (y;5) ;;j;md
mo1

b1 oitn
HE Y0 [ R ayjafn

bi pbo
"+m/ / (2,7) Qm (y, s ) dsdr
Now integrate[(2.14) fot € [as, bs]
bi b2 pbs n—lm-1 bs ai-i—jf
(2.15) / / f(r,s,t)dtdsdr = X (x D jdt
i=0 j=0 az OLOY
"Z_l b2 b3 aermf
+ (="YX (x) Qm (v, ) (/ - mdt) ds
as 0T°0s

i=0 az

. b1 bs Hitn
+ (1) Y; (y)/ P, (z,r) ( 8y33r"dt> dr

3

b b b:
1 2 3 an-l-mf
n+m
/ / (2,7) Qn (y, 5) (/a s mar"dt) dsdr.

From (2.9),
b3 81+J‘f k 8z+]f
(2.16) i kz 2 (2) 5% <8:):18yj>
b3 a az+]f
_1\P
—|— ( 1) v Sp( ) atp (61»Zay]) dt7
b3 ai—i—mf k ai-l—mf
(217) . 8xzasmdt ZZk azk (8I183m>
b3 oP 8l+mf
J— p A
—|—( 1) . Sp (Zat) otp <8x’85m) dt’
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bs gitn ¢ p—1 PL gitn g bs or [ gitnf
. Z(2) = (& 1y (2
/a3 dyiar = ; t(2) (83/187”") (=1 / S (50 5 (ayaarn) at

and

b3 n—+m p—1 n-+m
(2.18) a+fdt:ZZk(z)§—k(a+f)
k=0

0 OS™MOr™ zk \ Orndsm

e o (o
“‘”/a S (1) g (arnasm) o

Putting (2.16),[(2.17) andl (2.]18) into (2]15) we arrive at the idertity (2.5). O

At the midpoint of the interval

_ar+b . ax+ by
xr = 2 ’y:

z_a3+b3
2 72

we have the following corollary.

Corollary 2.3. Under the assumptions of Theorem| 2.2, we have the identity

by
(2.19) V := / / f r,s,t) dtdsdr

n—1 m— 1p71

O+ f (7,7, %)

=0 j=0 k=0
n—1m-—1 b L _
B B 3 B al+]+pf (aj y t)
—1\P . . )
HEPL XX @0 [ S E0 S50
=0 j=0 a3
n—1 p—1 b ; k _ _
m _ [ L OTTR (T8, 2)
_ . i d
HED" XD A [ 08 =gt
m—1 p—1 b ik I
" - B 1 B an+]+ f(T' U,z )
+(-1) ;;mw 2 [Pt S e ar
n— by b3 ai+m+Pf (:f S t)
_ m+p - = 99y
- Xl @ / O (5:5) 5 (2,1) Oxtdsmotp dids

n b bs — — an-l-j—i-pf T7g7t
_ +pzy 7) / / P, (7.7) 8, (5,1) 8r"8y§8tp ) dtr

by bo 6n+m+kf (T S 5)
n+m _ ) )
— E Z (2 / / (7,5) orndsmozk dsdr
_(—pyrm oo P (2 7,5) 5, (5,0 Lo s b g
= — (_ ) al ag as n (ﬂf, r) Qm <y7 S) p (27 ) arnﬁsmaﬂ’ o

The identity [2.5) will now be utilised to establish an inequality for a function of three inde-
pendent variables which will furnish a refinement for the inequdlity| (2.1) given by Pachpatte.
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8 A. SOFo

Theorem 2.4.Let f : a1, b1] X [as, bo] X [a3, bs] — R be continuous offay, by) X (az, by) X
(a3, bs) and the conditions of Theorém P.2 apply. Then we have the inequality

2 [(x _ al)"+1 4 (bl o x)n-H] [(y — ag)m"'l —+ (b2 - y)m-i‘l]
(

(n+1)! m+1)!
(Z _ a3)P+1 + (bg _ Z)P+1 an—i-m—&-pf
(p+1)! ornosmorr ||
an+m+pf
if m € Loo ([al,bl] X [ag,bg] X [a3,b3]);
1 (z — al)"ﬂ+1 + (by — w>nﬁ+1 B (y — a2)m5+1 + (by — y)mBJrl_ B
n!m!p! nB+1 mpB+1
Vi< | mae) T (b = )P || ey
pB+1 drndsmotr ||,
) an+m+pf
fm € Lq ([ay, b1] X [az,bs] x [as,b3]), a>1, a™' +371 =
1 n n n n
8n!—m!p,[(f—a D"+ —2)" 4+ |(x—ar)" = (by — )"
x[(y —a2)™ + (b2 = y)" + |(y — a2)™ — (b2 — y)"]
P b » b » an+m+pf
X [(2 = a)" + (bs = 2)" + (2 —a)” = (b = 2)"] | 52— 1
L ontmAp f
\ i e mgamam © L1 (a1, 01] X faz, bo] x [ag, by])

forall (x,y, z) € [a1,b1] X [ag, ba] X [as, bs] , where

an+m+pf an+m+Pf
’ ornosmotp . - (r,s,t)€la1, bls]il[l:; bo] X [a3,b3] ornQsmotp < 00
and
an+m+pf b1 pb2  pbs an+m+pf o
2.2 )
(2.20) ' Drn DOt ( / / / s ot dtd“”) =
Proof.
b1 bo b3 an+m+pf (7,.’ S, t)
V| = /a1 /a2 /(ZS P, (x,r)Qm (y,5) Sy (2,1) GBSO dtdsdr
b1 bo b3 an—i—m—i—pf (7", S, t)
< /a1 /a2 /a3 | Py (z,7) Qum, (y,8) Sp (2,1)] T ‘ dtdsdr.

Using Holder’s inequality and property of the modulus and integral, then we have that
by ba b3
@2y [ [ [P Qs o)

J. Inequal. Pure and Appl. Math4(3) Art. 58, 2003 http://jipam.vu.edu.au/
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( n—+m-—4p

367'"857”8{17 f f f (z,7) Qm (v, 5) Sy (2,1)| dtdsdr,
AL (f L2 L2\ P (2,7) Q (3, )Sp(z,tﬂﬁdtdsd?“)E?
a>1, at+p1=1;

oremag sup [P (2,7) Qm (y,5) Sy (2,1)] -

ornos™motr
1 (7" s t)G[al b1]><[a2 bz] [ag,b3}

From (2.21) and using (2.2}, (2.3) ard (2.4)

/bl /b/ (,7) Qe (1, 5) S, (2, 8)| dtdsdr
:/al P r>|dr/:\@m<y,s>|ds/a:3|sp<z,t>|dt
Y TS US| ) TESPS P O
gt st

|:(33' - a1>n+1 + (b1 — ac)"“} [(y _ a2)m+1 + (62 . y>m+1}
(n4+ 1! (m+1)!
[(2 = ag)"*" + (bs — 2)"""]
(p+1)!

giving the first inequality in[(2.20).
Now, if we again us€ (2.21) we have

X

1

b1 ba b3 1
( / / / | P (2,7) Qu (Y, 5) Sy (z,t)]ﬂdtdsdr)

1 2 bj % by % b %
~([menra) ([Cewwara) ([ cora)
T by
:ﬁ[/m (r—al)nﬁerr/x (bl_T)nﬁdT:|

Y by 1
_ mﬁd + by — mﬁd }
- [/@ (s —a2)™" ds /y (by — 5)"" ds
z b 1
X {/ (t — as)"* dt + / (by — t)*° dt] B

1 [(x — al)nﬁ—l-l + (bl — m)nﬂ+1] B [(y _ ag)mﬁ+1 + (b2 - y)mﬁ-‘rl B

@l

B n!m!p! nf+1 mpB+1
1
y (Z . a3)pﬁ+1 + (b3 N Z)pﬂJrl B
pB+1

producing the second inequality [n (2] 20).
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10 A. SoFo

Finally, we have

sup |Py (2,7) Qm (y,5) Sp (2,1)]

(r,s,t)€la1,b1]x[az,b2] x[a3,b3]

= sup |By(z,7)] sup |Qmn(y,5)] sup [S,(21)]

TG[al,bl] s€[a2,b2] tG[a3,63]
—max{(x_CLl),(bl_x) }max{(y_@) ’(52—?J) }
n! n! m)! m)!
P P
[ EZ0F (=)
p! p!
_ 1 (x —a1)" + (by — )" (x—a)" — (b — )"
n!m!p! 2 2
% {(y - az)m + (bz — Z/)m + ‘ (y - az)m - (b2 — y)m H
2 2
< {(z—ag)p—zi—(bg—z)p_i_ (Z—ag)p;(b3—2>p ] 7

giving us the third inequality iff (2.20) and we have used the fact that for0, B > 0 then

A+B |A-B
max {A, B} = + —|—‘ ‘

2 2
Hence the theorem is completely solved.
The following corollary is a consequence of Theofenj 2.4.
Corollary 2.5. Under the assumptions of Corolldry 2.3, we have the inequality

an+m+pf
ornrdsmotp

Y
[e.9]

( [(bl — a1)"" (by — az)" " (b3 — as)pH] ’
2ntmtr (p 4+ D) (m 4+ 1) (p+ 1)!

1
(bl - a1>nﬁ+1 (b2 . a2>mﬁ+1 <b3 . ag)ﬁﬂ—f—l 8

1
’f/{ < 2ntmApnlm!pl (nB+1)(mp+1)(pB+1)
an+m+pf
8 ’ orndsmotr||
1 an-i—m-i-pf

(b1 — a1)" (b2 — ag)™ (b3 — az)”

)

1

ormdsmotp

[ 27tmtep!mlp!

where||-||,, (a € [1,00)) are the Lebesgue norms @n, by] x [az, bs] X [as, bs] .

The following two corollaries concern the estimationloat the end points.
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Corollary 2.6. Under the assumptions of Theorem 2.4 we havey fera,, y = a; andz = as,
the inequality

|V (ala ag, a3)|

b1 b b3 n—1 m—

f rstdtdsdr—z

Lp-l gitith ¢
=0 j=0 k=0

Xi (@)Y (@) 2 (as) 555 55 %

3
L
3
L

i+j+p
Oy
Ox' 0y’ Otp

b3
LY S X (@) Y (a2) / 5, (as.1)

i=0 j=0 as

p—1 ba yitm+k f

FEE Y X)Ll [ Q)

i=0 k=0 a
1

ds

. b an+j+kf
+(—1) Z Y; (az) Zy, (a3)/ P, (ay,r) Wa—yﬂf)zkdr

0 a1

— (=)™ ST X, () / b3© (02,5 Sy (a3, 1) 2o ]
! AT T 0xt0smOote

7

I
_ O

m

n+p b1 b3 ontite f
—(=1) Y (a2 / / (ay,7) 5, (as,t) 5 nay]atpdtdr

Jj=0

p—1 b1 pb2 an+m+kf
—(=1)"* 2 Z (a3 / / (a1,7) Qm (ag, s )arnasmazkdsdr

(

(b — a1)""" (by — az)"™ " (b3 — az)""

9 — an—l—m—i—pf
(n+ D! m+ D! (p+1)!

Ornosmotr ||

?

an+m+pf

i ormdsmotp

€ Lo ([a1,b1] X [ag, bo] X [as, b3]) ;

La ([al,bl] X [Gg,bg] X [ag,bg]), o > 1, Oé_l "‘ﬂ_l =

(b1 . Cll)n+
n!(nfg+1)
o d

N ormosmow
(b1 —a1)" (by — az)™ (bs — as)”

n!m!p!

' (b2 . a2)m+% . (b3 o a3)p+

m! (mp + 1)% p!(pB+1)

anererf

ornosmotr ||,

W= @l
Q= =

Y

IA

8n+m+pf

orndsmotr ||,

I

i ot f
\ orngsmotp

€ Ly ([a1, b1] X [ag, ba] X [ag, b3]) ,

where

(by — ag)’*!
(7 + 1!

. (r—by)" . (s — by)"

P,(a1,1) = ————, r€la,bi]; Qn(az,s)= 7 S € [ag, bo]

(b3 . ag)k+1

2k (as) = (k+1)!
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and
(t — b3)”
p!
Corollary 2.7. Under the assumptions of Theorem| 2.4 we havey ferb;, y = by and z = b3,
the inequality
|V (b17 b27 b3)|

b1

Sp (ag,t) = ] t e [ag,bg] .

bo b3 n—1m—1 p—1 @ZJerrkf
f r, s, 1) dtdsdr — ZZ X (a1) Y] (as) Zk (a3) ——=—=— 8xlay38zk

7=0 k=0

nolm-l ogititef

b3
LY X )Y (bg)/ Sy (b.) g

i=0 j=0 a3

n—1

3

-1 b 8i+m+k’f

+<—1)m; Xi() Zi(ba) | O (b29) 5 5 m 5

DS

=0 k
n—

ds

=

= o

=

8n+j+kf

GrayiaF

Y, (bs) Zs (bs) / By (by.7)

0 a1

<
=l

ai+m+p f
O0xtdsmotp

bo b3
) ST X () / G (b2 5) S, (b 1)

7
m

dtds

[l
- o

b1 b3 _ an+j+pf
Yj(b2)/ / By (b1, 1) Sy (bs, )Wdtd
j:O

b1 ba an+m+kf
— (- K (b3) / / 0 (b1,7) Quy (b, ) 5D mazkdsdr

(1

(

(bl o al) n+1 (bg o a2)m+ (b3 o a3);0+1
(n+D)!m+ 1D (p+1)!

an+m+pf

ornosmotr ||

Y

an—l—m—l—pf

if Jrdsmom € Lo ([a1,b1] X [ag, be] X [as, bs));

La ([al,bl] X {az,bg] X [Clg,bg]), o > 1, Oé_l "—ﬁ_l =

(b1 _ al)nJr )er%

n!(nf+1)

)P+ ortm+p f

orndsmotr ||,

) (b2—a2 ) (b3—a3

ml(mB+1)5 pl(pB+1)

Y

| @
@] @l

IN

an+m+pf

i ormdsmotp

(b — a1)" (by — az)™ (bs — ag)”
n!m!p!

8n+m+p f
orrdsmotr ||,

9

an+m+pf

\ if m € L1 ([al,bl] X [ag,bg] X [ag,bg]),

Xi(b) = i ('bl - ?1)2 , Y (be) = (_Dj(ﬁbi_l)?y , 2, (b3) = (

_1)k (bg . CL3>k+1
(k+1)!
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(r—ap)"

Pn(bl,’f’) = T, r e [al,bl],
_ s —ag)™
Qo (b,5) = B s fan 1)
and ? »
= —a
Sp (bg,t) = T3; t e [ag,bg] .
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