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Abstract

The main purpose of this survey is to identify and highlight the discrete in-
equalities that are connected with (C'BS)— inequality and provide refinements
and reverse results as well as to study some functional properties of certain
mappings that can be naturally associated with this inequality such as super-
additivity, supermultiplicity, the strong versions of these and the corresponding
monotonicity properties. Many companion, reverse and related results both for
real and complex numbers are also presented.
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The Cauchy-Bunyakovsky-Schwarz inequality, or for short, (thé&S)— in-
equality, plays an important role in different branches of Modern Mathemat-
ics including Hilbert Spaces Theory, Probability & Statistics, Classical Real
and Complex Analysis, Numerical Analysis, Qualitative Theory of Differential
Equations and their applications.

The main purpose of this survey is to identify and highlight the discrete in-
equalities that are connected wi{th BS)— inequality and provide refinements A Survey on
and reverse results as well as to study some functional properties of certain cauchy-Bunyakovsky-Schwarz
mappings that can be naturally associated with this inequality such as super- 1P Discrete Inequalities
additivity, supermultiplicity, the strong versions of these and the corresponding S.S. Dragomir
monotonicity properties. Many companions and related results both for real and
complex numbers are also presented.

The first section is devoted to a number(6fB.S)— type inequalities that ltic s
provides not only natural generalizations but also several extensions for dif- Contents
ferent classes of analytic functions of a real variable. A generalization of the <« >
Wagner inequality for complex numbers is obtained. Several results discovered p R

by the author in the late eighties and published in different journals of lesser
circulation are also surveyed. Go Back
The second section contains different refinements of@hS)— inequality

including de Bruijn’s inequality, McLaughlin’s inequality, the Daykin-Eliezer- Close

Carlitz result in the version presented by MitrincARearic and Fink as well as Quit

the refinements of a particular version obtained by Alzer and Zheng. A number Page 6 of 288

of new results obtained by the author, which are connected with the above ones,

are also presented- J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003
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Section4 is devoted to the study of functional properties of different map-
pings naturally associated to thé B.S)— inequality. Properties such as super-
additivity, strong superadditivity, monotonicity and supermultiplicity and the
corresponding inequalities are mentioned.

In the next section, Sectids reverse results for the” B.S)— inequality are
surveyed. The results of Cassels, Pdlya-Szeg6, Greub-Rheinbold, Shisha-Mond
and Zagier are presented with their original proofs. New results and versions
for complex numbers are also obtained. Reverse results in termsrairms
of the forward difference recently discovered by the author and some refine- A Survey on
ments of Cassels and Pélya-Szegé results obtained via Andrica-Badea inequal- Ca#;;‘gg:’srg"ej"t‘e"‘l’j'gcywifg‘gjrz
ity are mentioned. Some new facts derived from Gruss type inequalities are also
pointed out.

Section6 is devoted to various inequalities related to t6&3.5)— inequality.
The two inequalities obtained by Ostrowski and Fan-Todd results are presented. Title Page
New inequalities obtained via Jensen type inequality for convex functions are

S.S. Dragomir

derived, some inequalities for tiZebysev functionals are pointed out. Versions Contents

for complex numbers that generalize Ostrowski results are also emphasised. <44 44
It was one of the main aims of the survey to provide complete proofs for the < >

results considered. We also note that in most cases only the original references

are mentioned. Each section concludes with a list of the references utilized and Go Back

thus may be read independently. Close
Being self contained, the survey may be used by both postgraduate students Quit

and researchers interested in Theory of Inequalities & Applications as well as
by Mathematicians and other Scientists dealing with numerical computations, Page 7 of 288
bounds and estimates where {li&€BS)— inequality may be used as a powerful

tool. J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003
http://jipam.vu.edu.au
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The author intends to continue this survey with another one devoted to the
functional and integral versions of tli¢'BS)— inequality. The corresponding
results holding in inner-product and normed spaces will be considered as well.
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The following inequality is known in the literature &auchy’sor Cauchy-
Schwarz’sor Cauchy-Bunyakovsky-Schwarzgequality. For simplicity, we
shall refer to it throughout this work as tf€' BS) —inequality.

Theorem 2.1.1f a = (a4,...,a,) andb = (by,...,b,) are sequences of real
numbers, then

(2.1) (Z akbk> < Z aj, Z b,

with equality if and only if the sequencgsndb are proportional, i.e., there is
ar € R such thata, = rb, foreachk € {1,... ,n}.

Proof. 1. Consider the quadratic polynomi&l: R — R,

n

(2.2) P(t) = (axt—bp)*.

k=1

It is obvious that

for anyt € R.
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SinceP (t) > 0 for anyt € R it follows that the discriminant\ of P is

negative, i.e.,
2
1 n n n
0> 18- (Sun) -3y
k=1 k=1 k=1
and the inequality4.1) is proved.
2. If we use Lagrange’s identity
n n n 2 1 n A Survey on
Cauchy-B kovsky-Sch
(23) ) ai)y b - (Z aﬂ%) =5 > (aib; —a;by)’ “Type Distrets Inocjualiies.
=1 =1 i=1 ij=1
S.S. Dragomir
= > (b —ab)?
1<i<j<n _
then @.1) obviously holds. Title Page
The equality holds inZ.1) iff Contents
(a,-bj — (Ijbi)z =0 <4< 42
for anyi,j € {1,...,n} which is equivalent with the fact that andb are < >
proportional. O Go Back
Remark 2.1. The inequality 2.1) apparently was firstly mentioned in the work Close
[Z] of A.L. Cauchy in 1821. The integral form was obtained in 1859 by V.Y. _
BunyakovskyT]. The corresponding version for inner-product spaces obtained QUi
by H.A. Schwartz is mainly known as Schwarz’s inequality. For a short history Page 10 of 288
of this inequality seed]. In what follows we use the spelling adopted in the
paper [3]. For other spellings of Bunyakovsky’s name, see MathSciNet. 3. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003
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The following version of th§ C'BS) —inequality for complex numbers holds
[4, p. 84].

Theorem 2.2.If a = (aq, ...
plex numbers, then

,a,)andb = (by,...,b,) are sequences of com-

(2.4)

n 2 n n
D abel <D lail [l
k=1 k=1 k=1

with equality if and only if there is a complex numbes C such thaty;, = cby,
foranyk € {1,...,n}.

Proof. 1. For any complex numbex € C one has the equality

25 > |ax— by
k=1

_ kz (ax — Abe) (a5 — Abs)

= larl* + AP [bel* — 2Re ()\Zakbk> :
k=1 k=1 k=1
If in (2.5 we choose\; € C,

0= —Zgzl akb];, b #0
Zk:l |bk’
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then we get the identity

n B n n b 9
28 0= Y[ Ml = S - Sl

k=1 k=1 2 k=1 |0%]
which proves 2.4).

By virtue of (2.6), we conclude that equality holds i.¢) if and only if
ar = Aobi foranyk € {1,...,n}.

. i i i A Survey on
. Using Binet-Cauchy'’s identity for complex numbers Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

(2.7) i TilYs i Zit; — i z;t; i 2 S.S. Dragomir
i=1 i=1 i=1 i=1

N Title Page
=5 Tizg — x52;) (Yit; — Yyt
2 z; ( ’ ’ ) (y i ) Contents
= Y (wz —wz) (vit; — yits) «“ S
1<i<j<n ) ,
for the choices:; = a;, z; = b;, i = a;, t; = b, i = {1,...,n}, we get Go Back
- n n 2 1 Close
2.8 a; ? bi - a;by| == a;b; — a;b; 2 ;
@8 2 b =g 2 b m Qut
2 Page 12 of 288
1<i<j<n
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Now the inequality 2.4) is a simple consequence ¢f.9).

The case of equality is obvious by the identiyd) as well.
O

Remark 2.2. By the(C' BS) —inequality for real numbers and the generalised

triangle inequality for complex numbers

n
Z |2 >
i—1

n

>

i=1

, z%€C, ie{l,...,n}

we also have

S an| < (Slani) <3 w3 n
k=1 k=1 k=1 k=1

Remark 2.3. The Lagrange identity for complex numbers statedlirp| 85] is
wrong. It should be corrected as iG.Q).

The following generalisation of the”' B.S) —inequality was obtained iro[ p.
5].

Theorem 2.3.1f a = (ay,...,a,), b = (by,...,by), € = (c1,...,¢,) and
d = (dy,...,d,) are sequences of real numbers gpd= (p1,...,pn), @ =
(q1,...,q,) are nonnegative, then

(2.9) ipiaf i q:b; + ipw? i qid; > 2 ipiaici i qibid;.
=1 =1 =1 =1 =1 =1
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If p andq are sequences of positive numbers, then the equality hol@sIniff
a;b; = ¢;dj foranyi, j € {1,...,n}.

Proof. We will follow the proof from [].
From the elementary inequality

(2.10) a® +v* > 2ab for anya,b € R

with equality iff « = b, we have

(2.11) albs + c;d> > 2a,c;b;d; forany i,j € {1,...,n}.

Multiplying (2.11) by p;g; > 0, 4,5 € {1,...,n} and summing ovef andj
from 1 to n, we deduceZ.9).

If p;,q; > 0 (i=1,...,n), then the equality holds ir2(9) iff a;b; = c;d;
foranyi,j € {1,...,n}. H

Remark 2.4. The conditioru;b; = ¢;d; for¢; #0,b; #0 (1,7 =1,...,n)is
equivalent with? = Z—j (i,j=1,...,n),i.e.,a, candb,d are proportional
with the same constatt

Remark 2.5. If in (2.9 we choose;, = ¢; =1 (i =1,...,n), ¢; = b;, and
d;=a; (i=1,...,n), then we recapture the”' BS) —inequality.

The following corollary holdsf, p. 6].
Corollary 2.4. If a, b, ¢ andd are nonnegative, then

n n

(2.12) % D ale > bidi+ i cay i d3b;| > i aZc? i bid?,
=1 =1 =1 =1 =1 =1

A Survey on
Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

S.S. Dragomir

Title Page

Contents

44 44
< | 2
Go Back
Close
Quit
Page 14 of 288

J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sever.dragomir@vu.edu.au
http://jipam.vu.edu.au/

(2.13) % i aZbd; - i bia;c; + i c2bid; - i d?aici]
=1 =1 =1 =1

" 2
> (Z aibicz‘di> .
i—1

Another result is embodied in the following corollary, p. 6].

Corollary 2.5. If a, b, ¢ andd are sequences of positive and real numbers,
then:

(2.14) %[Z szd —|—Zalczzbd] >Z Zb

— i=1

1 - afbl - bfal - - - ?
(2.15) 5 [Z o Z e + Z bic; Z aidi] > (Z aibi)
i=1 v =1 " i=1 i=1 i=1

Finally, we also haved, p. 6].

Corollary 2.6. If a, andb are positive, then

2 2
1 n n n n

The following version for complex numbers also holds.
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Theorem 2.7.Leta = (ay,...,a,), b = (by,...,b,), ¢ = (c1,...,c,) and

d = (di,...,d,) be sequences of complex numbers @ne- (pi,...,p,),
a=(q,---.,q,) are nonnegative. Then one has the inequality
(2.16) > pilaild bl + > pilel®> qldi?

=1 i=1 =1 =1

> 2Re

i Di@;iC; i Qibidi] .
i=1 i=1

The case of equality fop, q positive holds iffa;b; = ¢;d; for anyi,j €
{1,...,n}.
Proof. From the elementary inequality for complex numbers
la|* +|b]* > 2Re [ab] , a,b € C,
with equality iff « = b, we have
(2.17) |ai|? ;% + |es|” |dj)* > 2 Re [a;cib;dy]

foranyi,j € {1,...,n}. Multiplying (2.17 by p;q; > 0 and summing over
andj from 1 to n, we deduceZ.16).
The case of equality is obvious and we omit the details. ]

Remark 2.6. Similar particular cases may be stated but we omit the details.
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The following inequality was obtained irn[ Theorem 1.1].

Theorem 2.8.1f a = (ay,...,a,), b = (by,...
numbers an@& = (cy,...,c,),d = (dy, ..., d,) are nonnegative, then

=1 =1 i=1 i=1 i=1 =1
If c;andd; (i = 1,...,n) are positive, then equality holds ia.(8) iff a = b =
k wherek = (k, k, ..., k) is a constant sequence.

Proof. We will follow the proof from [5].
From the elementary inequality

(2.19) a’>+b? > 2ab forany a,b € R
with equality iff « = b; we have
(2.20) al + b5 > 2a;b; forany i,j € {1,...,n}.

Multiplying (2.20) by ¢;d; > 0,4, j € {1,...,n} and summing overfrom 1 to
n and overj from 1 to n, we deduceZ.19).

If ¢;;d; >0 (:=1,...,n), then the equality holds ir2(18) iff a; = b; for
anyi,j € {1,...,n} which is equivalent with the fact that = b, = k£ for any
ie{l,....,n}. O

The following corollary holdsf, p. 4].

,b,) are sequences of real
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Corollary 2.9. If a andb are nonnegative sequences, then

n n n n n 2
(2.22) % [Z aiza?bi + Zbizb?%] > (Z Gi@') .
-1 =1 i—1 =1 i—1

Another corollary that may be obtained i5 p. 4 — 5].

Corollary 2.10. If a andb are sequences of positive real numbers, then

a2+ Z?—li- 7‘1—1%
2.23 Lt > S
( ) ; 2a;b; — D ie1 a.lb. ’
(2.24) @Y > = bi>2m,

i=1 =1 b =1 =
and
L2400 11

2.25 ! L > — —.
229 RIETT RPN

The following version for complex numbers also holds.
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Theorem 2.11.1fa = (ay,...,a,), b= (by,...
numbers, then fop = (p1,...,p,) @andq = (qi, ...
nonnegative real numbers, one has the inequality

(2.26) Z%’ sz' ’CL1;|2 + Zpi Z%’ ‘bi|2 > 2Re sz’az' Z Qz’[_)i] .
-1 =1 =1 =1 i—1 i—1

For P, q positive sequences, the equality holds 22¢) iff a = b = k =
(k... k).

,qn) two sequences of

The proof goes in a similar way with the one in Theor2ion making use
of the following elementary inequality holding for complex numbers
(2.27) la> + |b]* > 2Re [ab] , a,b € C;

with equality iff a = b.

The following inequality was obtained i Theorem 4.1].
Theorem 2.12.Leta = (ay, ...

_,an),l_) = (bla'--
numbers and& = (cy,...,¢,),d = (dy, ...

and~ € R such thaty? < af3, then

=1 =1 =1 =1 =1 =1

,b,) be sequences of real
,d,) be nonnegative. I, 5 > 0

(2.28)

,b,) are sequences of complex
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Proof. We will follow the proof from [5].
Sincea, 3 > 0 and+? < a4, it follows that for anyz, y € R one has

(2.29) az? + By? > 2yxy.
Choosingin.29z =a;,y =0 (i,j =1,...,n), we get
(2.30) aa? + ﬁbjz > 2ya;b; forany i,j € {1,...,n}.

If we multiply (2.30) by c;d; > 0 and sum ovef andj from 1 to n, we deduce
the desired inequality?(29). O

The following corollary holds.

Corollary 2.13. If a and b are nonnegative sequences amd3,~ are as in
Theoren2.12 then

(2.31) aibiiaf’jtﬁiaiibfEQWia?ibf,
=1 =1 =1 =1 =1 =1

n n n n n 2
=1 =1 =1 i=1 =1

The following particular case is importari, [p. 8].
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Theorem 2.14.Let a, b be sequences of real numbers.plis a sequence of
nonnegative real numbers with;" | p; > 0, then:

- - 27‘11 pia;b; Zﬂl bia; Zzl pib;
(233) D pial Y pibi > == a -
i=1 i=1

> i1 Di
In particular,
=1 =1 =1 =1 =1

Proof. We will follow the proof from [5, p. 8.

If we choose in Theorem.12 ¢; = d; = p; (i=1,...,n) anda =
Sorpib, = > piai, v = > piaib;, we observe, by théC'BS) —
inequality with the weight; (i =1,...,n) one hasy?* < a8, and then by
(2.28 we deduce.33. O]

Remark 2.7. If we assume tha andb are asynchronous, i.e.,
(a; —a;) (b; — b;) <0 forany i,5 € {1,...,n},
then byéebyéev’s inequality

Zpiai Zpibi > Zpi Zpiaibi
i=1 i=1 i=1  i=1

(2.35)

respectively

3
3
3

(2.36) a;
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we have the following refinements of {i¢B.S) —inequality

- - o Diaghi > piag Y pibi
230 Y pad pbiz Lzt Pifibi 2 iz Picti i P
i=1 i=1 > i1 Pi

" 2
> <Z piaibi>
i=1

provided) ", p;a;b; > 0, respectively

A Survey on
Cauchy-Bunyakovsky-Schwarz

2
n n n n n n
1
(2.38) E af E b? > — E a;b; E a; g b; > (E aibi> Type Discrete Inequalities
n
i=1 =1 i=1 i=1 1=1 1=1

S.S. Dragomir

provided) ", a;b; > 0.

Title Page
Contents
The following result was obtained ir3,[ Theorem 5.1]. « o
Theorem 2.15.Leta = (ay,...,a,), b = (by,...,b,), P = (p1,...,p,) and R
a=(q,---,q,) be sequences of nonnegative real numbersant> 1 with h
é + % = 1. Then one has the inequality Go Back
(2.39) ad @y pb+8Y pi> aal > aBd pbi Y gai —-
=1 =1 =1 =1 =1 =1
If p andq are sequences of positive real numbers, then the equality holds in Page 22 of 288
(2.39 iff there exists a constarit > 0 such thata? = b’ = k for eachi
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Proof. Itis, by the Arithmetic-Geometric inequality[p. 15], well known that

1 1 1 1 1
(2.40) —x+—y2x5y% for z,y >0, —+-=1, a,6>1
o I} a

with equality iff z = y.
Applying (2.40 for z = af, y = b (i,j = 1,...,n) we have

(2.41) ab] + Baf > afa;b; foranyi,j e {1,...,n}

with equality iff a3 = b/ for anyi, j € {1,...,n}.

If we multiply (2.41) by ¢;p; > 0 (4,5 € {1,...,n}) and sum ovef andj
from 1 ton we deduceZ.39.

The case of equality is obvious by the above considerations. H

The following corollary is a natural consequence of the above theorem.

Corollary 2.16. Leta, b, a and 3 be as in Theoreri.15 Then

1 n n . 1 n n n n
(2.42) a;bi;a;wgi;ai;bgﬂZ;Cﬁ;b?;

n n n n n 2
(2.43) é > a; Y bad + % > by ab] > (Z aibi> .
i=1 =1 i=1 =1

i=1
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The following result which provides a generalisation of t6€3.5) —inequality

may be obtained by Theoretl5as well |5, Theorem 5.2].

Theorem 2.17.Letx andy be sequences of positive real numbersy,If are
as above, then

n n n n 2
(2.44) (é Z Tlyr T + % Z x?yZ?B) : Z y; > <Z a:iyz) :
i=1 i=1 =1 i=1

The equality holds itk andy are proportional.

Proof. Follows by Theoren®.150n choosing; = ¢; = 2, a; = z’—, b, = z—,
ie{l,...,n}.

Remark 2.8. For a = 3 = 2, we recapture théC' BS) —inequality.

Remark 2.9. For a; = |z;|, b; = |w;|, with z;,w; € C; i = 1,...,n, we may
obtain similar inequalities for complex numbers. We omit the details.

The following inequality is known in the literature as Young’s inequality
1 1

(2.45) pr?+qy’ > pqry, x,y>0and —+-=1,p>1
p q

with equality iff 27 = yP.

The following result generalising tHé€' B.S') —inequality was obtained in[
Theorem 2.1] (see als@,[Theorem 1]).
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Theorem 2.18.Letx = (x1,...,2,),y¥ = (v1,---,yn) be sequences of com-
plex numbers ang = (p1,...,pn), 4@ = (qu,-..,q9,) be two sequences of
nonnegative real numbers.jif> 1, . + . = 1, then

1 n n 1 n n
(2.46) —> prlanl > an el + = ar |zl ™Y pr vl
p k=1 k=1 q k=1 k=1

n n
> Zpk |xk?/k| Z dk ’xkyk’ : A Survey on

Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

Proof. We shall follow the proof in{].

Choosingr = |z;| |yl , v = |=i] ly;], 4,7 € {1,...,n}, we get from .45 S.S. Dragomir
(2.47) qlzil” ly; " + p o |" 1yl " > pa |viyil 175y;] Title Page
foranyi,j € {1,...,n}. Contents

Multiplying with p;¢; > 0 and summing overand; from 1 to n, we deduce pp b
the desired resul(46). O

< >
The following corollary is a natural consequence of the above theorem [
Corollary 2.2] (see alsc3] p. 105]). o [BaEs
: . ]
Corollary 2.19. If x andy are as in Theorer@.18andm = (m4,...,m,)isa 058
sequence of nonnegative real numbers, then Quit
Page 25 of 288
1 n n 1 n n
2.48) — P Py - 1 4
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N 2
> (Z my, ’%%’) )
k=1

1 1
wherep > 1, st =1

Remark 2.10. If in (2.48 we assume thaty, = 1, k € {1,...,n}, then we
obtain [/, p. 7] (see also{, p. 105])

2
1 n n 1 n n n

@49 LSl S I LS S > (z|xkyk|) |
p k=1 k=1 q k=1 k=1 k=1

which, in the particular case = ¢ = 2 will provide the(C' BS) —inequality.

The second generalisation of th€ BS) —inequality via Young’s inequality
is incorporated in the following theorem,[Theorem 2.4] (see als&,[Theorem

2)).

Theorem 2.20.Letx, y, p, @ andp, ¢ be asin Theoreri.18 Then one has the
inequality

1 n n 1 n n
(2.50) = “pelanl” > an el + =D ak |zl ™Y iyl
p k=1 k=1 q k=1 k=1

n n
> peloallye Y an loal Ty
k=1 k=1

Proof. We shall follow the proof inT{].
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Choosing in .45, = = “x—]' y = =l we get

yjl?
(2.51) p (M) +q (M) > pq—‘xl‘ il
\yj\ |yl |yl \yj|

foranyy; #0,4,5 € {1,...,n}.
It is easy to see tha(5]) is equivalent to
(2.52) q il 1yl + p 1yl |25 > pg |al [yal "™ L] Ly

foranyi,j € {1,...,n}.
Multiplying (2.52) by p;q; > 0 (4,5 € {1,...,n}) and summing ovei and
j from 1 to n, we deduce the desired inequlali.$0). ]

The following corollary holds{, Corollary 2.5] (see alsc[ p. 106]).
Corollary 2.21. Letx, y, m andp, q be as in Corollary2.19 Then

1 n n 1 n n
(2.53) = e fwnl” >yl + =D mu faal™Y m fyil”
p k=1 k=1 q k=1 k=1

n n
> > mloel el D el [yl
k=1 k=1

Remark 2.11. If in (2.53 we assume thaty, = 1, k € {1,...,n}, then we
obtain [/, p. 8] (see also§, p. 106])

n n

@58) -3 ol Yo bl + 2 3 lanl’ 3
1 k=1

k=1 k=1 k=
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n n
>3 fanl lyel™ Y el el
k=1 k=1

which, in the particular case = ¢ = 2 will provide the(C' BS) —inequality.

The third result is embodied in the following theorem Theorem 2.7] (see
also [, Theorem 3]).

Theorem 2.22.LetX, y, p, q andp, g be as in Theoreri.18 Then one has the

inequality

1 n n 1 n n
(255) = > pilzel™> aeluel+ =D aw e pr |yl
p k=1 k=1 q k=1 k=1

n n
> " pe kgl Y pelonl” gl
= B

Proof. We shall follow the proof inT{].

If we chooser = ";’J‘l andy = {4 in (2.45 we get

q p
Yi T Ti| |Yi
(Y"1 g (1) il
|y;] |25 |5 [y
foranyz;,y; #0,4,5 € {1,...,n}, giving

(2.56) q |$i’p ’yjlq +p \yi|q \ﬂfj!p = pq ‘xzyz’ lﬂﬁj!pfl ’yj

foranyi,j € {1,...,n}.
Multiplying (2.56) by p;q; > 0 (4,5 € {1,...,n}) and summing ovei and
j from 1 to n, we deduce the desired inequali3/g5). H

[
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The following corollary is a natural consequence of the above thecigm [
106].

Corollary 2.23. Letx, y, m andp, q be as in Corollary2.19 Then one has
the inequality:

n n n n
(2.57) Z my |l” Z my |yx|* > ka |2k Y| Z my |5’3k|pi1 |yk|qi1 :
k=1 k=1 k=1 k=1

Remark 2.12. If in (2.57) we assume thaty, = 1, k = {1,...,n}, then we
obtain [/, p. 8] (see also{§, p. 10])

n n n n
DN A = N T B N e L iV
K=1 k=1 h=1 k=1

which, in the particular case = ¢ = 2 will provide the(C' BS) —inequality.

(2.58)

The fourth generalisation of th&'BS) —inequality is embodied in the fol-
lowing theorem T, Theorem 2.9] (see alsé,[Theorem 4]).

Theorem 2.24.LetX, y, p, g andp, g be as in Theorerd.18 Then one has the
inequality

1 n n 1 n n
(2.59) =Y o lwel Y an el + =D pilusl Y ar ol
q k=1 k=1 p k=1 k=1

n n

2 2

> E Qe | TRy E P el [yrl?
k=1 k=1
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Proof. We shall follow the proofinT].

Choosing in .49, « = |z;]7 [y;] . y = || [yl , we get
2 2
(2.60) oyl + q s P 1yl = paloile |yil? |2y;]

foranyi,j € {1,...,n}.
Multiply (2.60 by p;,q; > 0 (i, € {1,...,n}) and summing ovei andj
from 1 to n, we deduce the desired inequalii/§0). O

The following corollary holds{, Corollary 2.10] (see als@[ p. 107]).

Corollary 2.25. Letx, y, m andp, g be as in Corollary2.19 Then one has the
inequality:

1 n n 1 n n
(261) — ka |[Ek|2 ka |yk|q + — ka |yk|2 ka |ZL’k|p
q k=1 k=1 p k=1 k=1

" n 2 2
T A N AL AL
k=1 k=1

Remark 2.13. If in (2.61) we takem;, = 1, k € {1,...,n}, then we get

1 n n 1 n n
(2.62) = kD el + = luel* D> el
q k=1 k=1 p k=1 k=1

n

2 2

> lwwyrl Y Lol (w7,
= i

which, in the particular case = ¢ = 2 will provide the(C' BS) —inequality.
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The fifth result generalising thg”' B.S) —inequality is embodied in the fol-
lowing theorem T, Theorem 2.12] (see als&,[Theorem 5]).

Theorem 2.26.LetX, y, p, q andp, g be as in Theoreri.18 Then one has the
inequality

1 n n 1 n n
(2.63) =Y pi |l Y ax el + = > pilusl Y ar el
b E—1 k=1 q k=1 k=1
_ 2 2 “ _ —
> pelanl? el Y an Lol el
k=1 k=1

Proof. We will follow the proof in [7].

2 2
Choosing in 2.45), x = %, Yy = %, vi,x; #0,1,7 € {1,...,n}, we
J J
may write
2\ ¢ 2\ P 2 2
|yi| @ EAR lyile |zi|?
P\ 7| Ta\ 7 ZPd— 7 >
|y |21 || |y,

from where results

Pyl

2 2
(2.64) > pq lzi|? |yl |27 y;

2 2
plyil” 5] + gl [y,

foranyi,j € {1,...,n}.
Multiplying (2.64) by p;g; > 0 (i,j € {1,...,n}) and summing overand
j from 1 to n, we deduce the desired inequali3/§3). H

The following corollary holds{, Corollary 2.13] (see als@[ p. 108]).
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Corollary 2.27. Letx, y, m andp, ¢ be as in Corollary2.19 Then one has the
inequality:

1 n n 1 n n
(265) — ka |:L’k|2 ka |yk|q + - ka |yk\2 ka |ZEk|p
b k=1 k=1 q k=1 k=1

n n
2 2 _ _
> E my |$k’f’ |yk|q § mg |9Ck’p 1’yk’q t
k=1 k=1

Remark 2.14. If in (2.46) we choosen,, = 1, k € {1,...,n}, then we get],
p. 10] (see also{, p. 108])

1 n n 1 n n
(2.66) = " lzl* > lwelT+ =D D fanl?
p k=1 k=1 q k=1 k=1

n 5 9 n
> Z |kl |yn|e Z R e (7
k=1 k=1

which in the particular case = ¢ = 2 will provide the(C'BS) —inequality.

Finally, the following result generalising th€'BS) —inequality holds T,
Theorem 2.15] (see alsa,[Theorem 6]).

Theorem 2.28.Letx, y, p, g andp, ¢ be as in Theorerd.18 Then one has the
inequality:

1 n n 1 n n
(2.67) = pelen D arluel” + = an luel* D> pr |zl
p k=1 k=1 q k=1 k=1
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n n
2 2
> g Pr | Tkl |yl § Qe |7r| |kl -
k=1 k=1

Proof. We shall follow the proof inT{].
From (2.45 one has the inequality

2 D 2 q 2 2
268) (|l lul) +p (lal” ll) = pa el il ] Ly
foranyi,j € {1,...,n}.
Multiplying (2.69 by p;q; > 0 (i, € {1,...,n}) and summing ovei and
j from 1 to n, we deduce the desired inequali®/§7). O

The following corollary also holds/| Corollary 2.16] (see als@[ p. 108)).
Corollary 2.29. With the assumptions in Corollag/19, one has the inequality

(2.69) ka k| ka ( lyel” + |yk:|q)
. 2 = 2
> a7 gkl > e |zl [yl
k=1 p

Remark 2.15. If in (2.69 we choosen, = 1 (k € {1,...,

1 - 2 “ 2
(2.70) Zrmz( RS TIED ST ) S AP
k=1 k=1

which, in the particular case = ¢ = 2, provides thg C'BS) —inequality.

n}), then we get
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Fora > 1, we denote byxp, the function
(2.71) exp, : R —(0,00), exp, (z) = a".
Definition 2.1. A functionf : I C R — Ris said to be/—convex on an interval

Iif

forany z,y € I.

x+y><f(x)-2%f(y)

(2.72) f ( 5

It is obvious that any convex function dnis a.J convex function o/, but
the converse does not generally hold.
The following lemma holds (se€[Lemma 4.3]).

Lemma 2.30.Let f : I C R — R be aJ—convex function od, a > 1 and
z,y € R\ {0} withlog, 22, log, y* € I. Thenlog, |zy| € I and

(2.73)  {exp, [f (log, |zy|)]}* < exp, [f (log, 2%)] exp, [ (log, v*)]
for anyb > 1.

Proof. I, being an interval, is a convex setlifhand thus

log, |zy| = = [log, z* + log, y*] € I.

DO | —

A Survey on
Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

S.S. Dragomir

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 34 of 288

J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sever.dragomir@vu.edu.au
http://jipam.vu.edu.au/

Sincef is J—convex, one has

(2.74) f (og, |lzy|) = f E (log, z* + log, yQ)}

< f (log,, 2?) ;r f (og, y*)

Taking theexp, in both parts, we deduce

expy [f (log, [2y])] < exp, {f (log, = );rf(logay )]

= {exp, [f (log, 2°)] exp, [f (log, y*)] }* ,

which is equivalent to4.73). O

[NIE

The following generalisation of theC'BS) —inequality in terms of a/—
convex function holds/j, Theorem 4.4].

Theorem 2.31.Let f : [ C R — R be aJ—convex function o, a,b > 1
anda = (ay,...,a,), b = (b1,...,b,) sequences of nonzero real numbers. If
log, a2, log, b2 € I forall k € {1,...,n}, then one has the inequality:

(2.75) {Z expy, [f (log, !akbk!)]}
k=1

< zp 7 (tog, 2)] 3 expy [ (1o, )]

k=1
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Proof. Using Lemma2.30and the(C' B.S) —inequality one has

n

Z expy [f (log, |axby|)]
k=1

< [epr [f (loga ai)] expy, [f (IOga bi)ﬂ

[SII

k=1
< ( {lexpy [f (o, a})]1*} 37 { [expy [ (10, 28)]]*} )
k=1 k=1
which is clearly equivalent ta(75). O

Remark 2.16. If in (2.75 we choose = b > 1 and f (z) = z, x € R, then we
recapture theC'BS) —inequality.

The following result was proved in D, Theorem 2].

Theorem 2.32.Let A be a subset of real numbels f : A — Randa =
(a1,...,a,), b = (b1,...,b,) sequences of real numbers with the properties
that

(i) ab;, a2, b? € Aforanyi € {1,...,n},

(i) f(a?), f(b?) > 0foranyi € {1,...,n},
(i11) f2 (a;b;) < f(a?) f(b?) foranyi e {1,...,n}.
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Then one has the inequality:

(2.76) [men] W ACHDIFACHE

Proof. We give here a simpler proof than that found inJ]
We have

Z [ (aib;)

< Z | f (aibi)]

< Z ([f (a?)]i,)? ‘ ([f (bf)P)z] (by the(C'BS)-ineq.)
- 1Sy
and the inequalityd.76) is proved. n

Remark 2.17. It is obvious that forA = R and f (x) = z, we recapture the
(CBS) —inequality.

Assume thatp : N — N is Euler’s indicator. In 1940, T. Popoviciu {]
proved the following inequality fop

(2.77) [p (ab))* < ¢ (a®) ¢ (b%) for any natural number, b;

A Survey on
Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

S.S. Dragomir

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 37 of 288

J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sever.dragomir@vu.edu.au
http://jipam.vu.edu.au/

with equality iff « andb have the same prime factors.
A simple proof of this fact may be done by using the representation

-n (-4 (1-2).

wheren = pi"p3? - - - pp* [9, p. 109].
The following generalisation of Popoviciu’s result holds[ Theorem 1].

Theorem 2.33.Leta;, b, € N (i = 1,...,n). Then one has the inequality

[igp (aibi)] < i @ (a?) igp (bf) .

Proof. Follows by Theoren2.320n taking into account that, by (77),

(2.78)

(o (a:b)]” < ¢ (a?) ¢ (b2) foranyie {1,....n}.
]

Further, let us denote by(n) the sum of all relatively prime numbers with
n and less tham. Then the following result also holds ([, Theorem 1].

Theorem 2.34.Leta;,b; € N (i = 1,...,n). Then one has the inequality

n

[Z s <aibi>r < Z s(af) ) s (57).

i=1

(2.79)
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Proof. It is known (see for example)[ p. 109]) that for any: € N one has

(2.80) s(n) = %ngp (n).
Thus
(2.81) s (aibi)f =1 fb  (a;bs) < iafb?@ (a?) © (b?) =5 (a?) S (bf)

foreachi € {1,...,n}.
Using Theoren?.32we then deduce the desired inequality/©). O

The following corollaries of Theorer.32are also natural to be considered
[10, p. 126].

Corollary 2.35. Leta;,b; e R (i =1,...,
x € R. Then one has the inequality

[Z exp, (a;b;)| < Z expa ZQ) z”: exp, (b?) .
i=1

Corollary 2.36. Leta;,b; € (—1,1) (i=1,...,
the inequality:

n) anda > 1. Denoteexp, © = a”,

(2.82)

n) andm > 0. Then one has

n

I R R
(2.83) [ZW] S23(1_a) 2(1—bf)m

=1
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The following result holds12, Remark 2].

Theorem 2.37.LetF : (—r,r) = R, F (z) = Y22, apaz® withay, > 0, k € N.

Ifa=(a,...,a,),b=(by,...,b,) are sequences of real numbers such that

(2.84) aib;, a3, b7 € (—r,r) foranyie {1,...,n},
then one has the inequality:

ZF (@) SO F (%) >

i=1

n 2

=1

(2.85)

Proof. Firstly, let us observe that if,y € R such thatry, 2%, y* € (—r,7),
then one has the inequality

(2.86) [F(zy)]? < F («®) F (v?).

Indeed, by théC B.S) —inequality, we have

n 2 n n
Z ak:vkyk] < Z apxk Z apy®, n>0.
k=0 k=0 k=0

Taking the limit as» — oo in (2.87), we deduceZ.86).

(2.87)
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Using the(C'BS) —inequality and 2.86) we have

i=1
n , 1\ 2 n ) 1\ 2 %
S Z([F (%)}2) ([F (bz)]2> A Survey on
i=1 i=1 Cauchy-Bunyakovsky-Schwarz
1 Type Discrete Inequalities
n n 2
= Z F (CL?) Z F (b?) , S.S. Dragomir
i=1 =1
which is clearly equivalent td?(85). ] Title Page
The following particular inequalities ¢” B.S) —type hold [L2, p. 164]. Contents
1. If a, b are sequences of real numbers, then one has the inequality <4« 33
n n [ n 2 4 3
2.88 2 b)) > b ;
( ) ; exp (ak) kz:; exp ( k) > ; exp (ay k)] o Back
n n [ n 2 Close
. 2 . 2 .
(2.89) Z sinh (ak) Z sinh (bk) > Z sinh (agby)| ; Quit
k=1 k=1 L k=1
n n [ n 2 Page 41 of 288
(2.90) Z cosh (a3) Z cosh (b7) > Z cosh (akbk)] :
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2. If a, b are such that,;,b; € (—1,1),i € {1,...,

inequalities

(2.91)

Z tan (ai) Z tan (bi) >
k=1 k=1 k=

(2.92) Z arcsin (aZ) Z arcsin (bz) >
k=1 k=1 L k=
T (1+4a (1
om o[ (125 i1 25)
k=1 k=1

3

n}, then one has the
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The following result holds (see alsad, Theorem 2] for a generalisation for
positive linear functionals).

Theorem 2.38.Let ' : (—r,r) — R, F(z) = > po,apx® with ap, > 0,

keN.Ifa=(ay,...,a,),b=(b1,...,b,) are sequences of nonnegative real
numbers such that
(2.96) a;b;, a®bi ™, aZ”*b® € (0,7) foranyi € {1,...,n}; a €10,2],

then one has the inequality

ZF<] <3P Y F ).
i=1 i=1

Proof. Firstly, we note that for any.,y > 0 such thatry, x“y?>~%, 22 y* €
(0,7) one has

(2.98)

(2.97)

[F (ay)]* < F (2°y*) F (2%

Indeed, using Callebaut’s inequality, i.e., we recallljt [

(2.99)
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Taking the limit asn — oo, we deduceZ.99).
Using the(C' BS) —inequality and 2.99 we may write:

bi) §Z|F(aibi>’

i Ve

n 9 N 9 % A Survey on
1 CoraNT: Cauchy-Bunyakovsky-Sch
< {z 7 (@)Y ([F ))) } s
= = 1 S.S. Dragomir
n 2
= ZF (agb7™) Y F (a7 0f)
i=1 Title Page
which is clearly equivalent ta@?(97). O Contents
The following particular inequalities also hold, pp. 165-166]. 4« 4
1. Leta andb be sequences of nonnegative real numbers. Then one has the ¢ >
inequalities Go Back
n 72 n Close
(2.101) [Z exp (agby)| < Zexp (agbi ™) Zexp (ai “b7) ; Quit
k=1 | k=1

Page 44 of 288

n T n
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n 2 n
(2.103) [Z cosh (akbk)] < " cosh (agby ™) Zcosh (a2-20)
k=1 k=1

2. Leta andb be such thaty, b, € (0,1) foranyk € {1,...,n}. Then one
has the inequalities:

n 2 n
(2.104) [Z tan (akbk)] < Ztan ap Ztan b
k=1 k=1

A Survey on
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Type Discrete Inequalities

(2.105) [Z arcsin (akbk)] S.S. Dragomir
& . a12—a & . 2 ara Title Page
< Z arcsin (ak b, ) Z arcsin (ak bk) :
= Contents
) 44 >
- 1+ akbk
2.106) {1 < >
(2.106) {n[H<1_akbk) }
k=1 Go Back
n ar2—a n 2—aja
Pl 1 —agb, h 1 —ay b
- =1 Quit
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Lr:[l <1 T )] " Lr:[l <1 e b>] |

The following generalisation of the” B.S) — inequality for sequences of real
numbers is known in the literature as Wagner’s inequality},[or [14] (see also

[4, p. 85]).

_ A Survey on
Theorem 2.39.Leta = (a4, ...,a,) andb = (by,...,b,) be sequences of real Cauchy-B_unyakovsky-Sclz_hwarz
numbers. 1) < z < 1, then one has the inequality Type Discrete Inequalties
S.S. Dragomir
2
2.108 b i
( ) (Z o 1<;< " ) Title Page
1FISN
Contents
Zak—l—Z:U Z ala]] [Zb2+2$ Z bb] b
1<i<j<n 1<i<j<n «
- < >
Proof. We shall follow the proof in 5] (see also4, p. 85]).
For anyz € [0, 1], consider the quadratic polynomial 4n Go Back

Close
n

Z (ary — bk)] Quit

h=1 Page 46 of 288

(1—=x) [ 2Zak—2y2akbk+2b2]

n

P(y):=(1 —x)Z(aky —bk)2 +u

k=1
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n 2 n n n 2
) ) )
k=1 k=1 k=1 k=1
n 2 n
= (1—35)Za2+:1:< ak> y: — 2y (1—£E)Zakbk
k=1 k=1 k=1
n n n n 2
+xZakZbk +(1—:1:)Zbi+x(Zbk>
k=1 k=1 k=1 k=1

n n 2 n
— Zai—f—l’ (Zak> —Zaz yQ

3

k=1 k=1 k=1
— 2y [Zakbk +x <ZakZbk — Zakbk)]
k=1 k=1 k=1 k=1

n n 2 n
> e (Zbk> -y
k=1 k=1 k=1
Since, it is obvious that:

n 2 n
k=1

k=1 1<i<j<n
n n n
E Qe E bk — E akbk = E aibj
k=1 k=1 k=1 1<i#j<n
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and

Zb2_2 > by,

(&)

1<i<j<n
we get
P(y) = (Z az + 2z Z aiaj> >
k=1 1<i<j<n
—2y<2akbk+x Z >+Zb2+2x Z bib;.
k=1 1<i#j<n 1<i<j<n

Taking into consideration, by the definition 8f that P (y) > 0 for anyy € R,
it follows that the discriminani\ < 0, i.e.,

2
1
Z Z <Z akbk +x Z aibj)
1<i#j<n
(Zak+2$ Z ala]) (sz + 2z Z b;b; )
1<i<j<n 1<i<j<n
and the inequality4.109 is proved. O

Remark 2.18. If = = 0, then from £.108 we recapture th¢C' B.S) —inequality
for real numbers.
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The following inequality which provides a version for complex numbers of
Wagner’s result holds![].

Theorem 2.40.Leta = (ay,...,a,) andb = (by,...,b,) be sequences of
complex numbers. Then for amy= [0, 1] one has the inequality

2

n
(2.109) E Re (akbk) +z E Re (aibj)
. A Survey on
= < <
k=1 1<iZj<n Cauchy-Bunyakovsky-Schwarz
n ) Type Discrete Inequalities
S Z |ak| +2 Z Re (aiaj> S.S. Dragomir
k=1 1<i<j<n

[Z |bk|? + 22 Z Re (bil_)j)] : Title Page
k=1 1<i<j<n
Contents

Proof. Start with the functiory : R — R,

9 44 44
(2.110) F)=0—2)> [tap—b* + | (tay — by) < >
k=1 k=1 Go Back
We have
" Close
(2111) f (t) = (1 — .I‘) (tak — bk) (tC_Lk — Z_Jk) Quit
=t . i i Page 49 of 288
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:(1_3;) tQZ’ak’2—thkak—tZGkbk"‘Z’bkF]
— — = k=1
+ t22|a| —tzbkzak
k=1 =

—tZak ng -+ Z |bk|2]
k=1 k=1 1

t2

Eol
Il 3
—_
Q
-
bl
I 3
_
S
e
IS
—_ 1
~

Observe that

(2.112)
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= i |CLZ'|2 + Z (lz'C_Lj —+ Z CLi(_lj

1<i<j<n 1<j<i<n
= E |az| +2 E Re (a;a;)
1<i<j<n

and, similarly,

2 n
(2.113) => i’ +2 > Re(biby).
k=1 i=1 1<i<j<n
Also . . N
Qe l_?k = CLiEi + al_J
k=1 k=1 i=1 1<i#j<n
and thus

(2.114) Re < ag
k

3
3
—_
(=l
el
SN——
Il
.
Il 3
—

=1 k= 1<ij<n
Utilising (2.1129 — (2.114, by (2.111), we deduce
(2.115) f(t) = Z|ak] +2r Y Re(aa)|
1<i<j<n
2 ZRe(akl_)k)—l—x Z Re (ail_)j)]t
k=1 1<i#j<n
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k=1

1<i<j<n

Since, by 2.110, f (t) > 0 for anyt € R, it follows that the discriminant of
the quadratic function given by (119 is negative, i.e.,

1
0>-A
4
n B B 2 A Survey on
— 5. hy- kovsky-Sch
= |2_Re(ab) +@ 3 Re(ab;) S Vpe Discrete Inctuals.
k=1 1<i#j<n
S.S. Dragomir
Z\akl + 2z Z Re (a;a; ] [Z]bkl + 2z Z Re (biby)
1<i<j<n 1<i<j=n Title Page
and the inequalityZ.109 is proved. O Contents
Remark 2.19. If z = 0, then we get théC'BS) —inequality <« >
(2.116) > Re (akbk)] < ar? > (bl P —
k=1 k=1 k=1
Close
Quit
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The following result was proved inJ.

Theorem 3.1.Leta = (a1, ...,a,) andb = (b1, ...,b,) be sequences of real
numbers. Then one has the inequality

n ) n ) n 2 A Survey on
_ Cauchy-B kovsky-Sch
@D D aid b |2 b "o icts honies
=1 =1 =1
n n n n S.S. Dragomir
k=1 k=1 k=1 k=1 .
Title Page
Proof. We will follow the proof from [L]. . o Contents
For anyi, j € {1,...,n} the next elementary inequality is true:
<44 >
(3.2) |aib; — a;bi| > [|a;bs| — |a;bi] - < >
By multiplying this inequality withja;b; — a;b;| > 0 we get Go Back
(33) (azb] — a’jbi)2 Close
> [(aibj — a;b;) (|ai| |b;] — |az] [bs])] Quit
= la; |a;| bj [b5] + b; |bs] aj as| — |a;| baj [bj] — a;bj |ag| bi]] - Page 55 of 288
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Summing 8.3) over: andj from 1 to n, we deduce

n

> (aiby —a;by)?

i,j=1
> Y ailail by [bj] + bi [bi] aj |ag] — |ai| biag [b;] — aib; |as| [bi
i,j=1
> a; |a;| bi |b;| + b; |b;| a;|la;| — |a;| bya; |b;| — a;b; |a;] |bi])], AS
= Z( | | J| J| | | ]| ]| | | J| J| ]| ]|| |) Cauchy-Bunygli\é?/)sllglr-]Schwarz
=1 Type Discrete Inequalities
giving the desired inequality3(1). O S.S. Dragomir
The following corollary is a natural consequence®fl [1, Corollary 4].
Title Page
Corollary 3.2. Leta be a sequence of real numbers. Then
Contents
2
1 & 1 & 1 & 1 & 1 & >
<3-4>—Zai—<‘2ak> > - ] =3 a0 3 | 20 -
"= "= [t "= [t < 4
There are some particular inequalities that may also be deduced from the Go Back
above Theorer3.1(see [, p. 80]). Close
1. Suppose that for andb sequences of real numbers, one has(a;,) = Quit
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sgn (by) = ex € {—1,1}. Then one has the inequality

35) > ap» b- (Z akbk)
k=1

k=1 k=1
n n n 2
> Z €Ly Z ekbi — <Z ekakbk) >0
k=1 k=1 k=1

2. Ifa=(ay,...,as,),then we have the inequality

2n 2n 2 2n 2n

(3.6) QnZai - [Z(—l)k ak] > ZakZ(—l)k lag|| > 0.

k=1 k=1 k=1 k=1

3. 1fa=(ay,...,as,1), then we have the inequality

B7) (2n+1)) a;— (Z (—1)kak>

k=1 k=1
2n+1 2n+1
> ar > (=D axl| > 0.
k=1 k=1

The following version for complex numbers is valid as well.

A Survey on
Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

S.S. Dragomir

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
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Theorem 3.3.Leta = (ay,...,a,) andb = (by,...,b,) be sequences of
complex numbers. Then one has the inequality

n n n 2
(38) > lai" > bl —| > aib
=1 =1 =1
n n n n
i=1 =1 =1 =1
A Survey on
Proof. We have for any, j € {1,...,n} that R A
|aibj — a;bi| > |[ai| [bj] — [ay| [bi]] - S.S. Dragomir

Multiplying by |a;b; — a;b;| > 0, we get

Title Page
@by — agbil® > [lail @ |b;| b + |ag @ |b:] bi — las| bi [bj| @5 — b @ [ay| by Contents
Summing ovei andj from 1 ton and using the Lagrange’s identity for complex 44 44
numbers: < >
2
. - a 1 & 9 Go Back
il ST = S T ab] =2 faib; — ajbil
izl ZZ1 221 2 ”21 ! ! Close
we deduce the desired inequali ). H Quit

_ . . .. . Page 58 of 288
Remark 3.1. Similar particular inequalities may be stated, but we omit the

details.
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The following result holdsT, Theorem 6].

Theorem 3.4.Leta = (ai,...,a,), b = (bl,..., ») be sequences of real
numbers and& = (e,...,e,) be such thad " e = 1. Then the following
inequality holds
3.9 2 H
( ) Z a; Z bz A Survey on
=1 =1 Cauchy-Bunyakovsky-Schwarz
n 2 Type Discrete Inequalities
> (S S S Yoean
k=1 k=1

n 2
> (Z akbk> ) Title Page
k=1 Contents
Proof. We will follow the proof from [1]. <« >
From the(C'BS) —inequality, one has p >

Go Back

Close

(3.10) zn:
k=1

(G Eh- G
ARl Gl )

J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003
http://jipam.vu.edu.au



http://jipam.vu.edu.au/
mailto:sever.dragomir@vu.edu.au
http://jipam.vu.edu.au/

Sinced|_, ez = 1, a simple calculation shows that

5[ () z (5 )

k=1 =1 k=1 k=1

n n 12 n n 2
Z [bk — <Z ezbz> Ck = Z bz — (Z ekbk> s
k=1 i=1 i k=1 k=1

n n n
= E arby, — E €rLag E erby
k=1 k=1 k=1

and then the inequality3(10 becomes
n n 2 n n 2
(311) Z CL% — (Z ekak> Z bz - (Z Gkbk>
k=1 k=1 k=1 k=1
n n n 2
Z (Z akbk — Z €rLar Z ekbk> Z 0.
k=1

k=1 k=1

Using the elementary inequality

(m? = 1) (p* — %) < (mp — 1), m,l,p,geR

A Survey on
Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

S.S. Dragomir
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for the choices

n

= g Crag

k=1

n 3
e (z bz)
k=1

the above inequality3(11) provides the following result

(3.12) (Zai) (Zbi) -
k=1

k=1

n n
> erar Y ey
=1 k=1
n n n
Z arby — Z €rg Z erbr
=1 k=1 =1

2
>

(£4) () -

then, by taking the square root i.(2 we deduce the first part 08(9).
The second part is obvious, and the theorem is proved. O

Since

N

n

n
E eray E exrby
=1

k=1

The following corollary is a natural consequence of the above theorem |
Corollary 7].

A Survey on
Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities
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Corollary 3.5. Leta, b, € be as in Theorer8.4. If > or_, agby = 0, then one
has the inequality:

k=1 k=1 k=1

The following inequalities are interesting as wel] p. 81].

1. For anya, b one has the inequality A Survey on

Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

(3-14) Z ag Z b2 S.S. Dragomir

k=1
1 n n 2
> [ Z apby — — Z ay Z bi| + by, ] Title Page
k=1 [ k=1 k=1
. 9 Contents
b=l < >
2. 1f >0 agb, = 0, then Go Back

2 /o, 2 Close
o9  Yayuizh(Ya) (n)- =
k=1 k=1 k=1
Page 62 of 288

In a similar manner, we may state and prove the following result for complex
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Theorem 3.6.Leta = (ay,...,a,), b = (b1,...,b,) be sequences of complex
numbers an& = (ey,...,e,) a sequence of complex numbers satisfying the
conditiond_" | |e;]* = 1. Then the following refinement of th€ B.S) —inequality
holds

3.16) > lail* > |bif
i=1 i=1
n n n 2
> [Zakgk_zakék'zekgk ]
k=1 k=1 k=1
" 2
Z akBk
k=1

The proof is similar to the one in Theore®¥ on using the corresponding
(C'BS) —inequality for complex numbers.

+

n n
E ey - E exby
k=1 k=1

Remark 3.2. Similar particular inequalities may be stated, but we omit the
details.

The following lemma holds.

Lemma 3.7. Leta = (ay,...,a,) be a sequence of real numbers apd=
(p1,-.-.pn) @ sequence of positive real numbers wit{_, p; = 1. Then one

A Survey on
Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

S.S. Dragomir
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has the inequality:

(317) Zpla? - (Z pzaz> sz ’az‘ a; — sz ‘az’ szaz .

Proof. By the properties of moduli we have

a;)| 2 |(lai] = lay]) (a; = a;)]

,n}. This is equivalent to

(ai —a;)* = [(a; — a;) (a; —
foranyi,j € {1,...
(3.18) a? — 2a;a; + a? > ||ail a; + |aj| aj — |ai] a; — |aj] a;l

foranyi,j € {1,...,n}.
If we multiply (3.18 by p;,p; > 0 and sum ovei and; from 1 to n we
deduce

oo pia; 2> piai Y piag+ Y pi ¥ pial
J=1 =1 =1 7=1 =1 7=1

n
> Zpiijai| a; + |aj| aj — [ai| a; — |a;| ai‘
ij=1

n
Z pip; (|lai| a; + |aj| aj — |ai| a; — |a;] a;)|
ij=1

which is clearly equivalent ta3(17). ]

A Survey on
Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities
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Using the above lemma, we may prove the following refinement of the
(C'BS) -inequality.

Theorem 3.8.Leta = (ay,...,a,) andb = (by,...,b,) be two sequences of
real numbers. Then one has the inequality

n n n 2
3.19) > a’) b7 - (Z aibi>
=1 =1 =

A Survey on
Z sgn CLZ |b | b Z |a b | Z a; b > 0. Cauchy-Bunyakovsky-Schwarz
i—1 Type Discrete Inequalities
Proof. If we choose (fora,- #0,i€{1,...,n})in(3.17), that S.S. Dragomir
2
a; by .
bi==n =30 Ti= — ZE{l...n} Title Page
22_1 CLZ‘ i? Y ) ) g
we get Contents
2 44 44
> (“‘)2 i ik
A0 ~ < >
Zkz Lap \a Zk T
Go Back
R R e D et
o Close
Zk 1% ai| a Zk 1% a; i1 Zk A
Quit

from where we get

g <2“1a” Zu‘zz‘ b-lbi_Z?zlwaibi\Z?zlaibi

n n 212
Z CL Z CL J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003
i k=1%k E k=1 "k E -1@ °
=1 ( k=1 k ( k=1 k> http://jipam.vu.edu.au
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which is clearly equivalent ta3(19. O
The case for complex numbers is as follows.

Lemma 3.9. Letz = (z,..., z,) be a sequence of complex numbers and

(p1,-...,pn) @ sequence of positive real numbers Wittf_, p; = 1. Then one

has the inequality:

2
>

3200 > pilal -
=1

n n n n
Zpizz‘ Zpi|zz‘|zi_zpi‘zi|zpizi .
i=1 i=1 i=1 i=1

Proof. By the properties of moduli for complex numbers we have

2
20 = 2" = [(lz] = |25]) (2 — )]
foranyi,j € {1,...,n}, which is clearly equivalent to
|zl — 2Re (2:2;) + |21” > ||zl 2 + 23] 25 — 2 25] — |2l 5]

foranyi,j € {1,...,n}.
If we multiply with p;p;, > 0 and sum ovet and; from 1 to n, we deduce
the desired inequality3(20). O

Now, in a similar manner to the one in Theor&®, we may state the fol-
lowing result for complex numbers.

A Survey on
Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities
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Theorem 3.10.Leta = (ay,...,a,) (a; #0, i = 1,...,n)andb = (by,...,b,)
be two sequences of complex numbers. Then one has the inequality:

(3:21) D fail* Y Ibi* = | aib
i=1 i=1 i=1

2

a,l n n ~
=1 =1 =1
A Survey on
Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities
The following result was obtained in.[ Theorem 9] (see alsd’[ Theorem S.5. Dragomir
3.10)).
Theorem 3.11.Leta = (ay,...,a,), b = (by,...,b,) be sequences of regl Title Page
numbers ang = (p1,...,pn), @ = (qi,- .-, q,) be sequences of nonnegative
real numbers such thaiy, > ¢, for anyk € {1,...,n}. Then we have the Conients
inequality <« >
(322) > mal Y pilf ¢ >
k=1 k=1 Go Back
— 1 2
n Close
> Z (pr — qr) arbi| + Z Qe Z arbi .
k=1 Quit
| n n 2 Page 67 of 288
> Z(Pk — Qi) arby| + ] > <Zpkakbk> :
Ll k=1 k=1 J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003
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Proof. We shall follow the proof in].
Sincepy, — q. > 0, then the(C'BS) —inequality for the weights;, := py. — qx
will give

(3.23) <Z Prai — Z qwi) (Zpkbi - Z qkbi>
k=1 k=1 k=1 k=1

n 2
> [Z (Px — ) a‘kbk] : A Survey on

k=1 Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

Using the elementary inequality

S.S. Dragomir
(ac — bd)2 > (a2 — b2) (02 — d2) , a,bc,deR
) Title Page
for the choices
Contents
n 3 n 3 n 3 « o
- (z p) e (z q> e (z pkbz)
k=1 k=1 k=1 | >
and ) Go Back
n 2
Close
- (3wt )
k=1 Quit
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we deduce by3.23 that

2

N

1
n 2
(%)
k=1

> [ (Pr — Q) akbk] :

k=1

(3.24) (Zmﬁ) (Zpkbi) —(quai)
k=1 k=1 k=1

Since, obviously, A Survey on

Cauchy-Bunyakovsky-Schwarz
1 1
n 2 n n 2 n 2
2 2 2 2 S.S. Dragomir
( > pkak> < > pkbk> > ( > qkak> ( > kak> ?
k=1 k=1 k=1 k=1

Type Discrete Inequalities
then, by 8.24), on taking the square root, we would get Title Page

NI

Contents

n 3/ n 3
(Z pkai) (Z pkbi> XX »»
k=1 k=1

1 < >
n 2 n 2 n
> (Z qmﬁ) (Z qkbi> + (pr — qx) arby| , Go Back
= k=t h=1 Close
which provides the first inequality ir8(22). Quit

The other inequalities are obvious and we omit the details. N Page 69 of 288

The following corollary is a natural consequence of the above theorem |
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Corollary 3.12. Leta, b be sequences of real numbers and (s, ..., s,) be
such that) < s, < 1foranyk € {1,...,n}. Then one has the inequalities

2

r 1
n n n n n 2
325) > apd bp> [|D (1 - se)abi| + (Z skazzskbz>
k=1 k=1 | k=1 k=1 k=1
[ n n 2
> Z (1 — si) apby| + Z spaby ]
L k=1 k=1
" 2
Z Zakbk> .
k=1

Remark 3.3. Assume tha#, b ands are as in Corollary3.12 The following
inequalities hold (see’], p. 15]).

a) If >, arby, = 0, then

n n n 2
(3.26) dap) >4 (Z skakbk> .
=1 k=1 k=1
b) If ZZ:l Spapbr = 0, then

2
n

327) > a zn: b? >
k=1

k=1

n

Z akbk

k=1

1
n n 2
(St Yoot
k=1 k=1

A Survey on
Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities
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In particular, we may obtain the following particular inequalities involving
trigonometric functions (see][p. 15])

(3.28) ZakZbQ
k=1

N|—=

n n n
> Z agby, cos® oy | + ai sin 2ayy, Z bz sin? oy,
- 9 A Survey on
n n Cauchy-Bunyakovsky-Schwarz
> Z apby, cos® ay| + apby, sin2 ap, Type Discrete Inequalities
LI k=1 k=1 S.S. Dragomir
n 2
> Z aiby, | .
Title Page
k=1
Whereak, bp,ap € R, k=1,....n CEIEES
If one would assume that,_, a;b, = 0, then < >
2 < 4
2
(3.29) Z ay, Z b, >4 Z apby sin® ay | . Go Back
k=1
N oy Close
If > r_; axby sin® oy, = 0, then _
Quit
17 2
n n n 2 Page 71 of 288
(3.30) Z ay, Z b2 Z aibr| + Z az sin? oy, Z bi sin? oy,
k=1 k=1 k=1 k=1 J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003
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The following lemma holds’, Lemma 4.1].

Lemma 3.13. Consider the sequences of real numbers (z,...,x,),y =
(Y1, -y Yn) ANAZ = (21, ..., 2,) . If

(3.31) yi < |rrz| foranyk € {1,...,n},

then one has the inequality: A Survey on

Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

n 2 n n
(3.32) (Z ’yk|> < Z ‘xk| Z ‘Zk‘ . S.S. Dragomir
k=1 k=1 k=1

Proof. We will follow the proof in [?]. Using the condition §.31) and the

Title Page
(CBS) —inequality, we have
Contents
- g 1 1
Z Y| < Z |25 2 |2k ]2 < >
k=1 k=1 p >
1
. N2y 2] Go Back
< 32 (Ilnt?) 32 (1)
k=1 k=1 Close

Page 72 of 288

n n 3 Qui
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The following result holds4, Theorem 4.6].

Theorem 3.14.Leta = (ay,...,a,), b = (by,...
sequences of real numbers such that

(0) |bk| + |ex] #0 (ke {1,...,n});

2|bgci
[br [+ k|

(41) |ax| < foranyk € {1,...,n}.

Then one has the inequality
2 ZZ:1 123 ZZ:1 ||

lag| < = )
; > ot (0k] + lex])

Proof. We will follow the proof in [/]. By (ii) we observe that

(3.33)

2 |b|
m,SM_ foranyk € {1,...,n}
x| + [c| 2 ||
and thus
(334) Ty = 2 |bk’ — |ak| >0 and

2k = 2ck| — |lag] >0 foranyk e {1,...,n}.
A simple calculation also shows that the relat{@i) is equivalent to

(3.35)

,bp) andc = (cq, ...

a; < (21bx| — |ax]) (2|ck| — |ax|) foranyk e {1,...,n}.

,cn) be

A Survey on
Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities
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If we considery,, := a; and takery, z, (k=1,...,n) as defined by3.39),
then we gety? < zjz; (with z, 2, > 0) foranyk € {1,...,n}. Applying
Lemma3.13we deduce

(3.36) (Zm) < <2Z|bk|—z|ak|> <2Z|ck|—z|ak|>
k=1 k=1 k=1 k=1 k=1

which is clearly equivalent ta3(33). ]

The following corollary is a natural consequence of the above theorem |
Corollary 4.7].

Corollary 3.15. For any sequenc® andy of real numbers, withwy |+ |yx| # 0
(k=1,...,n),0ne has:

(3.37) S lmnd 23 e S o
[zl + [l > ket (] + lykl)

For two positive real numbers, let us recall the following means

a+b

Ala,b) = (the arithmetic mean

G (a,b) :=+Vab  (the geometric mean

and

2 .
H(a,b) := " (the harmonic megn

Q=
o=

A Survey on
Cauchy-Bunyakovsky-Schwarz
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We remark that ih = (aq,. ..,
numbers, then obviously

and, by thgC'BS) —inequality,

The following similar result for harmonic means also holdsd. 19].

an),B:(bl,...,

Theorem 3.16. For any two sequences of positive real numb&rmsnd b we
have the property:

Proof. Follows by Corollary3.150n choosingry, = ag, yx = bx, and multiply-
ing the inequality 8.37) with 2. O

The following refinement of théC' B.S) —inequality holds 7, Corollary 4.9].

This result is known in the literature &&ine’s inequality [2].

Theorem 3.17.For any two sequences of real numbers= (py, . ..
(q1,- -+ qn) With [pg| + [qi] # 0 (k= 1,.

n 2 2

P4

(3-41) (E kak) < E pk"’qk L
k=1

— Pita@

upn)’ q-=
) , one has the inequality:

ZPkZQk

k=1

b,) are sequences of real
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Proof. We shall follow the proof in I]. The first inequality is obvious by

. 2.2
Lemma3.130n choosing; = prqx, x = pi+q; andz;, = P%fgﬁ (k=1,...,n).

The second inequality follows by CorollaB/150n choosingr;, = p? and
=q¢ (k=1,...,n). O

Remark 3.4. The following particular inequality is obvious b$.41)

n 2 n
E sinagcosag | <n E sin? oy, cos? ay,
i=1

=1

n n
< g sin? oy, E cos? Qag;
i=1 i=1

(3.42)

foranya, e R, k€ {1,...,n}.

The following result was proved ir3[ Theorem 1].

Theorem 3.18.Leta = (a;)
numbers such that

ien s b= (b;);cn » D = (i) ;ey b€ SEQUENCES Of real

(i) a; # ajandb; # b; fori # j,i,5 € N;
(27) p; > Oforall i € N.

A Survey on
Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

S.S. Dragomir

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 76 of 288

J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sever.dragomir@vu.edu.au
http://jipam.vu.edu.au/

Then for anyH a finite part ofN one has the inequality:

2
(3.43) Zpia? Zpib? - (Z pﬂz’@') > max{A, B} >0,

i€H 1€eH i€H

where

2
[Zz’eriaibi Zjerj“j — D ien Dia} Zjerij}

(3.44) A := max

2
ﬂ%flg Py ZiGH pia? - (ZieJ piai)

and

2
[Zieriaibi Zjejpjbj - Zz‘erib? Zjejpja]}

(3.45) B := max

JJ%égI Py ZieH pib? - (Zz‘eJ pibi)g

and Py := 3., p;.

Proof. We shall follow the proof in .

Let J be a part of. Define the mapping; : R — R given by

fr(t) = Zpia? Z pib; + sz‘ (b + 1)

icH i€H\J ieJ

- Z pia;b; + Zpiai (b; +1)

i€H\J ieJ
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Then by theC'BSS) —inequality we have thaf, (t) > 0 for all t € R.
On the other hand we have

2
fr(t)= Zpi&? [Z pib? +2t Zpibi + tQPJ - [Z piab; +1t Zpiai]

i€H 1€H i€H i€H ieJ
2
e Py S - (zp>
i€H ieJ
A Survey on
Cauchy-Bunyakovsky-Schwarz
+ 2t Zpia? Zpibi - Zpi@ibi Zpiai] Type Discrete Inequalities
i€H ieJ i€H ieJ :
5 S.S. Dragomir
+ sz‘a? Zpib? — sz‘@ibi
icH ieH icH Title Page
forallt € R. Contents
Since <44 >
P> piai = | Y piai | =P pial = (> pai| >0
1€H ied ieJ i€J Go Back
asa; # a; foralli,j € {1,...,n} withi # j, then, by the inequality; (t) > 0 Cloes
for anyt € R we get that Quit
2 Page 78 of 288
1
0 > —A = Zalbl i — iCL? b
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2
— | Py pia} - <Zpiai>

i€H ieJ
2
S St - (zpia,-bi)
i€H 1€H i€H
from where results the inequality
2
S e Yt~ (zpiaibi) -
1€H i€H i€H

The second part of the proof goes likewise for the mapping R — R
given by

gr) = | Y pai+) piai )] Y pib}

i€H\J icJ icH
2
- Z pia;b; + sz‘bi (a; +1)
i€H\J ieJ
and we omit the details. O

The following corollary also holds3| Corollary 1].
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Corollary 3.19. With the assumptions of Theorémi8and if

2
(3.46) C = (> iem Diibi >y Pitti — D i py Pi3 Y ey Dibi]
. o 2 2 )
P Y icn piai — (ZzEH piai)
2
(3.47) D= [ icn Piaibi Y icpy Pibi — i Dib] Xy Pic]
. T 2 3
Py Y e Pib? — (Xier pibs)

then one has the inequality

2
sz-a? Zpib? - (Z piaibi) > max {C, D} > 0.

i€H 1€EH i€H

(3.48)
The following corollary also holds3| Corollary 2].

Corollary 3.20. If a;, b; # 0 for i € NandH is a finite part ofN, then one has
the inequality

2
(3.49) ZPM?ZPib? - (ZPN#%)

i€eH i€H i€H
> —1 max{zjerjC? Zjerjd?} >0
= card (H) — 1 Dien Pit; D e pib? [ T
where
(3.50) cj = aj Zpiaibi — b; Zpi%% jeH

1€eH i€H
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and

(3.51) d; == a; sz’b? — b; sz‘aibia Jj€H.

i€H i€H

Proof. Choosing in Theorer.18 J = {j}, we get the inequality

2 2 .2
2 2 Pj¢; .
2 D2 — abi | > , JEH

i€H 1€H i€H 770

from where we obtain

2
<Z pia; — pﬂ?) Zpia? Zpib? - (Z pial-bi> > p;c; forany j e H.

ieH i€H i€eH i€H

Summing these inequalities oveE H, we get

2
lcard (H) = 11> pia; | > pial Y pib; — (Zpia/ibi> > pic

i€H i€H 1€H i€H JjeEH
from where we get the first part 08.49.

The second part goes likewise and we omit the details. O

Remark 3.5. The following particular inequalities provide refinement for the
(CBS) —inequality [3, p. 60 — p. 61].
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1. Assume thad = (ay,...,a,), b = (by,...,b,) are nonconstant se-
guences of real numbers. Then

(3.52) Zn: a? Zn: by — Zn: a;b;
i=1 =1 i=1

[Z? 1@ a; 21 1 b Zz 1@ Z:L:l aibi]2

> max )

nza _(z 1%)2 A Survey on

Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

[Zz 1b Zz laZ i Zz 1 Zz 1 z] S:S. Dragomir
30— (X0 )
i=1

Title Page
b ; Contents
2. Assume thai andb are sequences of real numbers with not all elements
equal to zero, then 4« (44
n n n 2 4 }
2 2
(3.53) Z a; Z by — Z a;b; Go Back
=1 =1 =1
o2 Close
N e Z?:l (a; > iy aibi —b; 00, af) .
= 1 Z?—l CLZ ) Quit
Page 82 of 288
22:1 (aj > iy ai = bid i ai z)
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The following refinement of théC' BS) —inequality was proved by N.G. de
Bruijn in 1960, [] (see also}, p. 89]).

Theorem 3.21.1f a = (ay,...,a,) IS a sequence of real numbers and=

(z1,...,2,) is a sequence of complex numbers, then
(3.54) > | < 5 > ap [Z al® + ) 22 ] .
k=1 k=1 k=1 k=1

Equality holds in8.54) ifand only if fork € {1,...,n}, a, = Re (Az), where
A is a complex number such that;’_, A%z} is a nonnegative real number.

Proof. We shall follow the proof in}, p. 89 —p. 90].
By a simultaneous rotation of all the’s about the origin, we get

Z Q2 Z 0.
k=1
This rotation does not affect the moduli
S, [+
k=1 k=1

Hence, itis sufficient to prove inequality.64) for the case wher®_;_| ayz, >
0.

and |z;| for ke {1,...,n}.

Y

A Survey on
Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

S.S. Dragomir

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 83 of 288

J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sever.dragomir@vu.edu.au
http://jipam.vu.edu.au/

If we putz, = x + iy, (k € {1,...,n}), then, by theC'BS) —inequality
for real numbers, we have

n 2 n 2 n n

E : _ 2 2
ap2p| = E ar2y < E aj, E Ty

k=1 k=1 k=1

k=1

(3.55)

Since
222 = |z|* + Re 22 forany ke {1,...,n}

we obtain, by 8.55), that

2
n 1 n n n
(3.56) Z agzp| < 5 a [Z 2|* + Z Re 2}
k=1 k=1 k=1 k=1

As

ZRezz = Re (Zz,?) < Zzﬁ ,

k=1 k=1 k=1
then by 8.56 we deduce the desired inequaliB.%4). O

The following refinement of théC'B.S) —inequality for sequences of real num-

bers was obtained in 1966 by H.W. McLaughlii p. 66].
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Theorem 3.22.If a = (ay, ..
numbers, then

($on)

. ag,), b = (by,..., by,) are sequences of real

n

2 2n 2n
> (abnyi— an+z‘bi)] <D ai) b
i=1  i=1

(3.57)

i=1 =1

with equality if and only if for any, j € {1,...,n}

(3.58) a;bj — ajb; — anqibpy; + ang by =0
and
(3.59) aibpyj — by + apgibj — apg by = 0.

Proof. We shall follow the proof in§] by M.O. Drimbe.
The following identity may be obtained by direct computation

2n 2n 2n 2 n 2
(3.60) Z a; Z b; — (Z az‘bi> - [Z (aibpsi — an-i—ibi)]
=1 =1 i=1 i=1
= Z (aibj — ajb; — Gniibnij + Qnsibnii)?

1<i<j<n

+ Z (@ibny; — Ajbpsi + Anyibj — anyjbi)? .

1<i<j<n

It is obvious that8.57) is a simple consequence of the identizyd0). The case
of equality is also obvious. O
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Remark 3.6. For other similar(C'BS) —type inequalties see the survey paper
[7]. An analogous inequality to3(57) for sequencea andb having4n terms
each may be found in/[ p. 70].

We will present now the version due to Mitrin@yiP&aric and Fink |, p. 87]
of Daykin-Eliezer-Carlitz's refinement of the discrété B.S) —inequality [].

Theorem 3.23.Leta = (ay,...,a,) andb = (by,. ..
positive numbers. The ineuality

(Z m-) < Z f (aib;) Z g(aib;) <> a Z b?

holds if and only if

, b,) be two sequences of

(3.61)

(3.62)  (a,b) g (a,b) = a7,

(3.63) F (ka, kb) = K2 (a,b) |
bf (a,1)  af(b,1) a b

(3.64) af 1) bfa) b ta

foranya,b, k > 0.

Proof. We shall follow the proof inj, p. 88 —p. 89].
Necessitylndeed, fom = 1, the inequality 8.61) becomes

(ab)* < f(a,b) g (a,b) <@,  a,b>0

A Survey on
Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

S.S. Dragomir

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 86 of 288

J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sever.dragomir@vu.edu.au
http://jipam.vu.edu.au/

which gives the condition3(62).
Forn = 21in (3.61), using 3.62), we get

2a1byasby < f (a1, b1) g (ag, b)) + f (az,bs) g (a1,b1) < a2b3 + a3b?.
By eliminatingg, we get

f(alabl) asbs f(QQ;bQ) arby ayby asby
3.65 2 < 4 ) < _
( ) f(ame) a1by f(alabl) agby asby a1by
By substituting in 8.69 a, b for a1, b; andka, kb for as, by (k > 0), we get
f(a,b) o  f(ka,kb) _,
2 < k k<2
STta)” T i@y ¢S

and this is valid only ift*f (a,b) (f (ka, kb)) = 1, i.e., the condition .63
holds.
Using 3.69, fora; = a, by = b, as = b, b = 1, we have
f(a,1)

(3.66) 2 o) TRy Sy

The first inequality in 8.66) is always satisfied while the second inequality is
equivalent to 8.64).

SufficiencySuppose that3(62 holds. Then inequality3.61) can be written in
the form

2 Z a;bia;b; < Z Lf (as,b:) g (aj,b;) + f (a;,b;) g (ai, b;)]

1<i<j<n 1<i<j<n

< 2

1<i<j<n

2b2 + 0L2b2 .
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Therefore, it is enough to prove

(3.67) 2a;bia;b; < f (ai, bi) g (ay,

< a;b; + alby.

bj) + f(a;,b;) g (ai, bi)

Suppose that3(64) holds. Then 8.66 holds and putting: = i b= ‘;—j in
(3.66 and using 8.63, we get

9 < [ (ai, by) ~a;b; [ (a;,b;) b < aib; n a;b;
- f (a], ) aibi f (ai, bl) &jb]’ - ajbi &ibj‘
Multiplying the last inequality byz;b;a;b; and using §.62), we obtain 8.67).

0
Remark 3.7. In [&] (see [5, p. 89]) the condition§.64) is given as

F(b,1) < f(a1), ﬂgngfgn

Remark 3.8. O.E. Daykin, C.J. Eliezer and C. Carlitz] stated that examples
for f,g satisfying B.62 — (3. 64) were obtained in the literature. The choice
f(zy) =2+ g(z,y) = 27,7 Will give theMilne’s inequality

- i
(3.69) <Z¥&><§:a+ﬁ §3j+w§2hazy3

For a different proof of this fact, see Sectidr.

(3.68) for a >b>0.

A Survey on
Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

S.S. Dragomir

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 88 of 288

J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sever.dragomir@vu.edu.au
http://jipam.vu.edu.au/

The choicef (z,y) = 'y, g (z,y) = 2!~y (a € [0, 1]) will give

the Callebaut inequality

(3.70) (zn: aibi> < Z alteb- az al~opte < iaf : ibf.
=1 =1

=1 =1

We will use the following version of Dunkl-Williams’ inequality established in

1964 in inner product space9 [
Lemma 3.24. Leta, b be two non-null complex numbers. Then

(3.71) la—b| > = (

|
Proof. We start with the identlty (see alspd, [pp. 515 -516])

-l = () G- )

[a| o] |
—2-2Re (ﬁ-ﬁ)
la| [b]

1
| 1] (2al[o] = 2Re (a-))
1
= |CL| ’b| [2 ’CL‘ ‘b| - (|(I|2 + ’b|2 - ’CL - bF)}
1

= la] |D] [|a—b| — (|a] — b)) }
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Hence
a b [* (Ja] = [p)?

1 2
a— b — {— (la] + |br>]
2 o "l T 2l

and 3.7]) is proved. ]

[(Jal + [6)* [ — 0]

Using the above result, we may prove the following refinement of@heS) —
inequality for complex numbers.

Theorem 3.25.1f a = (ai,...,a,), b = (b1,...,b,) are two sequences of A Survey on
nonzero complex numbers, then S S OIS S
ype Discrete Inequalities
n n S.S. Dragomir
2 2
3.72) D larl* > Iokl* -
k=1 k=1 k=1 m—
n itle Page
1 L L T 1 P [ P
> = b — asb; PREITAY) - ——a;| >0.
2§ 2 [P — b g ot~ [t (] 2 Contents
. . . . 44 44
Proof. The inequality 8.71) is clearly equivalent to
< >
1 b a 2
(3.73) la — b > Z 7| —b+ " |’ - H b Go Back
Close

foranya,b € C, a,b # 0. _
We know the Lagrange’s identity for sequences of complex numbers Quit

2 n Page 90 of 288
1
(3.74) Z\ak| Z|bk| - Zakbk :§Z|aibj—ajbi12.

k=1 ij=1
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By (3.73, we have

L P 11 P (A
— CLZ'b b + J b — J
4 ail o5 ™ ™ T o]

|C_Li CLJb | C_iji

Summing overi, j from 1 to n and using the C' B.S) —inequality for double
sums, we deduce(72. ]

In 1992, H. Alzer [L.(] presented the following refinement of the Cauchy-Schwarz

inequality written in the form

(3.75) (Z xk%) < Z Yk Z T3k
s i

Theorem 3.26.Letz;, andy, (k= 1,...,n) be real numbers satisfying =
ro<z <F << Imandl <y, <y, <0 <y Then

(3.76) (Z iEk?/k) < Zykz [ - lxk 1%] Y
| k=1

with equality holding ifand only i, = kz; (k=1,...,n)andy; = --- = y,.

In 1998, Liu Zheng 1] pointed out an error in the proof given in (],
which can be corrected as shown in]. Moreover, Liu Zheng established the
following result which sharpeng(76).
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Theorem 3.27.Letz, andy, (k=1,...,
r <2 << mand0 <y, <ypo1 <o <y Then

(3.77) <Z xkﬁUk) < Z Yk Z Ok Yk,
Bl =1 ke

with

Th+1, koo,

(378) 51 = CC'% and 5k = 8—k‘xk — ml’k_l

(k>2).

Equality holds in 8.77) if and only ifz, = kzy (k=1,...,n) andy; =
Yn-

In 1999, H. Alzer improved the above results as follows.
To present his results, we will follow.[].

In order to prove the main result, we need some technical lemmas.

Lemma 3.28.Letz, (k =1,...,n) be real numbers such that

O<op<2<.<m
2 n

Then
(3.79) QZxk (n+1) z,,

with equality holding ifand only it = kxzy (k=1,...,n).

n) be real numbers satisfying <
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A proof of Lemma3.28is given in [LO].

Lemma 3.29.Letz, (k = 1,...,n) be real numbers such that

x x
D<a <2< .. <2
2 n

Then
“ ’ "3k +1
3.80 < k)

with equality holding if and only it = kz; (k=1,...,n).
Proof. Let

Sn:Sn(ZL‘l,...

Then we have fon > 2 :

3k; 1 —1

(3.81) Sy, — Sp_1 = Z + -2z, Zxk + (n )
k=1
We differentiate with respect to, and use §.79 andx, > "5, ;. This
yields
n—1
3(n—1
f,(xn): ( 9 )-Tn 2;xk>_xn—l>0
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and

(382  f(w)> [ (

We use induction om to establish that,,_; (x4, ...

n
Ty
n—1 !

_Z3k+1x2_

=Ty (.

) CBn—l) 3

say.

xn 12%4‘ )x

sw

We haveT; (z1) = 0. Letn > 3; applying 8.79 we obtain

and

(3.83)

Using the induction hypothesis, » (z1, . ..

(3.84)

0 3n+ 2 2n
Tn— g ey bn— - n—1
(n—2)(n+1)
no1 >0
2(n—1) "

n—1
Tn—l (Ih s 71:71—1) Z Tn—l <$17 vy Tp—2, —xn—2> .

Tn—l (IL‘l, ceey Tp—2,

n

n—2

-1
Tn

n—2

,Tn_2) > 0and @.79, we get

)

,.Tn_l) > 0 forn > 2.
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From (3.83 and 3.84) we concludél}, ; (x1,...,2z,1) > 0forn > 2 so that
(3.81) and 3.82 imply

This proves inequality3.80. We discuss the cases of equality. A simple cal-

culation reveals that,, (1, 2x1,...,nx;) = 0. We use induction on to prove
the implication
(3.86) Sp(1,...,xy) =0=ap =ka; for k=1,... n.

If n = 1, then 3.86) is obviously true. Next, we assume th&t§6 holds
with n — 1 instead ofn. Letn > 2 and S, (z1,...,z,) = 0. Then (.89

leads toS,,_; (z1,...,2,-1) = 0 which impliesz), = kz; fork =1,...,n —
1. Thus, we haves,, (x1,2x1,...,(n —1)zy,2,) = 0 which is equivalent to
(xn, — nzy) (32, —nxy) = 0. Sincedzx,, > nx,, we getr,, = nz;. O

Lemma 3.30.Letz; (k =1,...,n) be real numbers such that

x x
D<o < 2<...<
2 n

If the natural numbers andq satisfyn > ¢ + 1, then

q 2 q 9
3n +1
(387) 0< ( E xk) — 2qz, E Ty + %l’i

k=1 k=1
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Proof. We denote the expression on the right-hand side3d 7 by u (z,,) .
Then we differentiate with respect tg, and apply 8.79, =, > (g) x, and
n > g+ 1. This yields

1, (Bn+1)q
—u (zT,) = Tn—2q ) Tk
S (@) o ;
(3n+1)q
5 zn— (¢+ 1),
3n—2q—1
> 5 ¢ >0

Hence, we get

)n
(3.88) wu(z,) >u <§xq) (37 Z — 2nz, Z Ty + (Z :L‘k>
Let .
t+ 1)t
v(t) = %@—%Zxk andt>q+1;

k=1
from (3.79 we conclude that

6t + 1 : 2q + 3
/ —
v(t)qu—ZkE_lxkz 1 xq > 0.

This implies that the expression on the right-hand sid&éfq) is increasing on
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[q + 1, 00) with respect tow. Sincen > ¢ + 1, we get from 8.89):

(Bg+4)(g+1) , d O\
(389) u(w,) > 1 xq—2<q+1>xq’;xk+(;xk)

=P, (x1,...,24), say.

We use induction o to show that?, (zy,...,z,) > 0 for ¢ > 1. We have
Py (z1) = x% If P,y (21,...,24-1) > 0, then we obtain foy > 2 :

q—1

(3 —|—1
(3.90) P, (x1,...,24) > 2q(x4—1 — E T — —————— (39 2_1
3q—1
+%x3:w(xq), say.

We differentiate with respect to, and use §.79 andz, > (q_%) Zq—1. Then
we get

1
3¢ —1 < ¢* (¢ +1)
(z,) = —2 >L T >0
i [ e e 2 B

k=1
and
(3.91) w(zy) > w (q - 1xq1)
-1
q A —q—1 <
g1 q‘ll 4(g—1) o szk]
q k=1
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(3(] - 1) q$2
4(g—1)

From (3.89, (3.90 and @3.91), we obtainu (x,) > 0. O

>

We are now in a position to prove the following companion of inequalities

(3.79 and B.77) (see I.7]).
Theorem 3.31.The inequality

2
n n n 6
. < 2

(3.92) (Z xkﬁUk) <D Uk (Oé +3 ) Uk

k=1 k=1 k=1
holds for all natural numbers and for all real numbers;, andy, (k =1,...,n)
with

) Tn
(393) O<1’1§?§§W and0<yn§yn_1§§y1,
if and only if
O‘Zz and 3 >1—a.

Proof. First, we assume thaB (92 is valid for alln > 1 and for all real numbers
xp andy, (k=1,...,n) which satisfy 8.93. We setr, = k andy, = 1
(k=1,...,n). Then 3.92 leads to

(3.94)

03(@—2)2n+a+35—§ (n>1).
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This impliesa > % And, (3.94) with n = 1 yieldsa + 3 > 1.
Now, we suppose that > % and > 1 — «. Then we obtain fok > 1 :
B l—a _3 1

Z o> -
Oé—i-k_Oé—i- 2 _4+4k;’

so that is suffices to show thai.02) holds witha = 2 andg = 1. Let

n 2
F( ?/1,--->yn Zykzgk—i_lxiyk— (kayk)
k=1 k=1

and
Fq(y):F(y)"'ayayq-‘rla"')yn) (]-ngn_l)

We shall prove that, is strictly increasing ofy,1, o). Sincey,+; < y,, we
obtain

(3.95) Fy(Yg) = Fy (Yg+1) = For (Yg1) (1 <g<n-—1),

and LemmaB.29imply

Fy, - otn) = Fi (1) > Fi (1) = Fa (1) > Fa ()
> > Fyy (Yno1) = Foor ()
2
"3k + 1 -
— 2 n .I‘Q— €T >0
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If £ (y1,...,ys) = 0, then we conclude from the strict monotonicity &f and
from Lemma3.29thaty, = --- =y, andzy = kxy (k=1,...,n).
It remains to show thatk, is strictly increasing oty,1, ). Lety > y,1;
we differentiatef;, and apply Lemma&.29 This yields
3k +1
+q Z szyk

q
Fy) =29 |03 402 <Z)
k=1 k=q+1
+ Z yk23k+1$i—2 Z $kyk29€k

k=q+1 k=1 k=q+1

n

and

2
1 3k +1 1
§F; (y) = QZ T Ty — (Zxk> >0
k=1
Hence, we have

(3.96) F,(y)> F, (yqr1)

n q q 2
3k +1 1
= <2qu+1 + E yk) e xi - 5 < E xk)
k

k=q+1

+ Zyk

k q+1

2
(3k + 1)q 1 1
=1

=1

From Lemma3.29 and Lemma3.30 we obtainFy (y,+1) > 0, so that .96
implies F (y) > 0 for y > y,,,1. This completes the proof of the theorem[]
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Remark 3.9. The proof of the theorem reveals that the sign of equality holds

in (3.92 (witha = 2 and = 1) ifand only ifz;, = kz; (k=1,...,n) and
Yr=""" = Y.
Remark 3.10. If §; is defined by%.79), then we have fok > 2 :

o (3 a)= 12 G (=)

which implies that inequality3(92) (with o = 2 and 8 = 1) sharpens§.77).

Remark 3.11. It is shown in [L(] that if a sequencéz;) satisfiesry, = 0 and
2z, < wp_1 + zp (k> 1), then(Zk) is increasing. Hence, inequalit.©2)
is valid for all sequencegr;,) which are positive and convex.
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The following result was obtained iri,[ Theorem].

Theorem 4.1.Leta = (ai,...,a,), b = (b1,...,b,) be sequences of real
numbers an® = (p1,...,pn),a = (¢1,---,q,) be sequences of nonnegative
real numbers such that, > ¢, foranyk € {1,...,n}. Then one has the
inequality

N[

1
(Z pib?> - Zpiaibi
i=1 i=1

> (i:%ﬁ) 2 <zn: qﬂ;?) 2 -
i—1 i—1

Proof. We shall follow the proof in]].
Sincepy, — g, > 0, then the(C'BS) —inequality for the weights;, = py. — g
(k€ {1,...,n}) will produce

(4.2) (Z praz—y qwi) (Z prbi—> kaz) > [
k=1 P k=1 k=1

Using the elementary inequality

(4.1) (i Pﬂ?)

> 0.

zn: q;a;b;
i=1

3

2
(Pk—qr) akbk] .
k=1

(ac — bd)* > (a2 — b2) (02 — d2), a,b,c,d € R
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for the choices

1 1 1
. (zpkaz) b (z q> e (z pkbz)
k=1 k=1 k=1
n 3
d= (Z kai>
k=1
we deduce by4.2), that
1
n 2 n n
k=1 k=1 k=1
> prarbe — Y qrarbs
k=1 k=1

proving the desired inequalityi (1).

N =

N =

1

n 2
k=1

> prarbs
k=1

> > -

The following corollary holds ], Corollary 1].

Corollary 4.2. Leta andb be as in Theorent.1. Denote

Sn(1) =4{x=(21,...,2,)|0<2; <1, i €{1,...,n}}.

Then

o (54) (50) -

=

n
E Clibi
i=1

> qraiby
|
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> 0.

= sup Z mia? Z J]ib? — Z x;a;b;
XESRH(1) i=1 i=1 =1

Remark 4.1. The following inequality is a natural particular case that may be
obtained from4.1) [1, p. 79]

(4.4) (Z ai)z (Z b?>2 >
> [Z a? trng(ai)] [Z b? trigg(ai)] -

=1

n

Z a;b; trig? (o)

i=1

>0

9

wheretrig (z) = sinz or cosz, x € Randa = (o, ..., a,) is a sequence of

real numbers.

Let P, (N) be the family of finite parts of the set of natural numbitsS (K)
the linear space of real or complex numbers, i.e.,

S (K) = {xx = (z;) z; €K, i € N}

1€N

andS, (R) the family of nonnegative real sequences. Define the mapping

(45) S<§7 Liv ?) = (Zpl |331’2 Zpl ’%‘2) - szngz

iel iel el

Y
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wherep € S, (R), I € Pf(N) andx,y € S (K).
The following superadditivity property in terms of weights holédsg. 16].

Theorem 4.3.For anyp.q € 5+ (R), I € P, (N) andx,y € S (K) we have
(4.6) SP+a.l,xy)>Sm1.xy) +5(@l,xYy) =0

Proof. Using the(C'BS) —inequality for real numbers

4.7) (a2 + bQ)% (02 + d2)% >ac+bd; a,b,c,d >0,
we have
: }
S(p.1,x,y) = (sz i |* + Z i |33z|2> (sz lyil” + ZQi |?/z|2>
i€l iel iel il
- Zpi%ﬂi + Z ¢%TiYi
i€l i€l

1 1
2 2

> (sz |$z|2) (ZPZ |yz|2>

iel el
1 1
2 2
+ (Z% ] ) (qu il ) -
il il

= S(ﬁ7l7i7y) +S<Q7[7ivy)7

N

Zpixi?z‘

i€l

- Z qiTiY;

i€l

and the inequality4.6) is proved. O
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The following corollary concerning the monotonicity 6f(-, 7,X,y) also
holds [2, p. 16].

Corollary 4.4. For anyp,q € S+ (R) withp > qand! € P;(N), X,y €
S (K) one has the inequality:

(4.8) S(p,1,xy) >S5, 1,x,y) > 0.
Proof. Using Theoren#.3, we have
S(ﬁ,[,i,?) = S((ﬁ_q) +QJ [7§7?) Z S(ﬁ_q7[7§7y) +S((_17 [7§7y)
giving

S(ﬁajviay) - S((_Llaiay) > S(ﬁ_Q7lvivy) >0
and the inequality4.8) is proved. H
Remark 4.2. The following inequalities follow by the above resuitsg. 17].

1. Letay; e R (i€ {l,...,n})andz;,y; € K(ie{l,...,n}). Then one
has the inequality:

1
n n 2 n
(4.9) <Z |xi|22\yil2> 1>z
i=1 i=1 i=1
1
> <Z ;] sin® Z |i|* sin® Oéi) 2 -
i=1

i=1

n
E .Izgz Sil’l2 Q;
i=1
n
E : — 2
ZT;Y; COS™ O

=1

1=

2

n n
+ (Z |25]* cos® a; Z lyi|” cos? Oéi> —
i=1 i=1

> 0.
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2. DenoteS, (1) := {p € S; (R) |p; <1foralli e {1,...,n}}. Then for
all X,y € S (K) one has the bound (see also Corollary):

(4.10) OS(Z\xi\zz\yf) _
i=1 i=1
= s (sz!xz sz\yz > -

PESR(1

iYi

Zpiﬂfiﬂi
i=1
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Title Page
3 Contents
el el el
The following superadditivity property as an index set mapping haifls [ ¢ >
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we have

S(ﬁ,IU J,i,y)
1 1
2 2
(St Snint) (Sl + Soiu
icl jeJ iel jeJ
- Zpi%ﬂi + ijxj?jj
el jet A Survey on
i 1 1 1 Cauchy-Bunyakovsky-Schwarz
2 2 2 2 Type Discrete Inequalities
> (sz‘|$z‘| ) (sz‘ |yil ) + (ij |4 ) (ij |y )
icl icl jeJ jeJ S.S. Dragomir
- Zpixigi - ij%@j Title Page
iel jeJ
= S(p,1.X,¥) + 5 (P, JX.¥) =CTets
and the inequality4.12) is proved. O . L
. . . < 4
The following corollary concerning the monotonicity 8f(p, -, X,¥) as an
index set mapping also holds, [p. 16]. Go Back
Corollary 4.6. Forany!, J € P; (N)with7 D J # (0, one has Close
(4.14) S(p,1,X,5) > S (P, /,X,¥) > 0. Quit

. : Page 110 of 288
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giving
S(ﬁ? I7§7y) - S(ﬁ? J7§7y> Z S(ﬁ? ]\J7§7y) Z 0
which proves the desired inequali®.(4). O

Remark 4.3. The following inequalities follow by the above resultsp. 17].

1. Letp, > 0(:e{1,...,2n}) andx;,y; € K (i € {1,...,2n}). Then we
have the inequality

2n 2n % 2n
(4.15) (Z pi |zl sz' |y¢|2> - szwi@i
i=1 i=1 i=1
1
n n 2
> (Zpgi |72i]? ZP% |yzi|2> -
i=1 i=1 Title Page
1
= _ ? Contents
+ <Z Pai-t || Zp%—l |y2i—1|2)
i=1 i=1

A Survey on
Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

S.S. Dragomir
n

44 42
. _ < >
- me—lﬂfzi—lyzi—l
i=1 Go Back
2 0. Close
2. We have the bound Quit

Page 111 of 288

J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003
http://jipam.vu.edu.au

(4.16) (sz‘xz‘zzpz‘yzfz) -
i=1 i=1

Zpil’igi
i=1



http://jipam.vu.edu.au/
mailto:sever.dragomir@vu.edu.au
http://jipam.vu.edu.au/

D=

= Ssup (sz |xz| sz|yz > - szngz
telogml icl icl iel

3. Define the sequence

n n %
(4.17) S 1= (meiﬁZmW) E
=1 1=1

Whereﬁ = (pi)ieN S S+ (R) ;X = <xi)i€N Y = (yi)ieN S (K) . Then
S, IS monotontic nondecreasing and we have the following lower bound

NI

1
@18) S, > max {(pi e+ ;15 (0wl + s uil?)

— |pixiyi +pj$j§j|}

> 0.

With the notations in Sectiof.2, define the mapping

(4.19) SELXY) =Y pilwl®Y pilul’ -

el el

Z plxlyl

el

Y

wherep € S; (R), I € P;(N) andx,y € S (K).

>0
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Denote also by- ||, ,; the weighted Euclidean norm

(4.20) Xl == <Z€ 4] > , L€ S, (R), HePr(N).

1€H

The following strong superadditivity property in terms of weights hoigs [
p. 18].

Theorem 4.7.For anyp,q € S+ (R), I € P;(N) andx,y € S (K) we have
X5 15l

Xllqr  [1¥lqr

Proof. We have
(4.22) S(p+ql,xYy)

_ (Zpi i’ + > g \in2> (Zpi il +> a Iyi|2>

iel iel iel iel
2
- Zpixigi + Z ¢iTiYi
iel el
> pilnl ) pilul + )@ lel Y alul’
iel iel icl iel
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> pirid;

el

Z 4Ty

(oo

=S LXY)+S@Lxy)+> pilul®> alul’
el el
+Zqz' ’xz‘2zpz‘yz|2 —2 Zpil’iﬂi Zqz‘ﬂiiﬂi :
el el el el
. . A Survey on
By (CBS) —inequality, we have Cauchy-Bunyakovsky-Schwarz

Type Discrete Inequalities

S lzpl |:B2|2 Zpi |yi|2 Z qi |$Z|2 Z i |yi|2] S.S. Dragomir

N

Z DiTiY; Z qiT;Yi

i€l i€l i€l i€l i€l i€l
Title Page
and thus
Contents
(4.23) ZPH%FZ% |?Jz’|2+zqz‘ ’$z|22pz|yz|2 <44 44
i€l i€l i€l i€l
1 1 < | 2
2 2
-2 Zpixzﬂz‘ Z G| = (Z D \xl|2> (Z i \y2|2> Go Back
i€l i€l i€l i€l Close
: ok ou
uit
- Z%‘ |33z’2 Zpi ’:%"2 :
i€l i€l Page 114 of 288
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The following corollary concerning a strong monotonicity result also holds
[2, p. 18].

Corollary 4.8. For anyp,q € S, (R) withp > q one has the inequality:

€
(4.24) S(p,1,x,y)—S(q,1,X,y)
X1 IngIPe
> | det > 0.
X5, 1¥ll5—q:
Remark 4.4. The following refinement of th&' BS) —inequality is a natural
consequence oft(21) [2, p. 19]

2
(4.25) Z ‘xz|2 Z |yz|2 - Z il
i€l iel il
2
> Z \xz|2 sin? oy Z |yi|2 sin? oy — Z z,;7; sin? oy
iel iel icl
2
+ Z |x1|2 cos 2q; Z ]yi|2 cos 2o — Z ;i oS 2oy
i€l i€l i€l
1 A 2
2 . o 2 2 . o 2
(Z |z;]” sin 04,-) (Z |y~ sin ai)
i€l iel
+ | det > 0.

N
[N

(z l? cos? ai)

iel

(Z 2] cos 20@-)
L \ie1
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wherea; € R,i € 1.

We assume that we are under the hypothesis and notations in Séclidre-
consider the functiona$ (-,-,-,-) : Sy (R) x P;(N) x S (K) x S (K) — R,

_ AS
(4'26) S p’ I X y sz ‘xl| sz |yl’ szxlyl Cauchy-Bunyel:I:\(/J?/)s/Ig/r-]Schwarz
il iel iel Type Discrete Inequalities
The following strong supperadditivity property as an index set mapping holds SIS EBraonir
[2, p. 18].
Theorem 4.9.Foranyp € S, (R), I,J € Py (N)\ {0} withInJ = 0 and Title Page
X,y € S(K), we have
Contents
_ _ 2
X5, ¥l < >
> | det >0
%oy 115 20 2ok
Proof. We have Close
_ uit
4.28) 5(p,1UJXY) <
Page 116 of 288
= (sz' ji|* + ij |93j|2> (Zpi il + ij ij|2>
il jEJ icl jeJ J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003
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2

- Z DiTiYi + Z PiZ;y;

iel jel

> pilail® Y pilyl® ) pilal® Y wylyl

iel i€l jeJ jeJ
2 2 2 2
+§ i |4 E ;i Y5l +§ i |vil E pj ||

i€l jeJ i€l jeJ
>2

- ( Zpi%'?]i ijfj@j

icl jel
- ‘g(ﬁu ]7i7y) + g(ﬁa J7i7y) + sz ‘xz|2zpj |yj|2

+

icl jes
> il il = 20> paad| | > pirsws)| -
il e icl jel

By the (C'BS) —inequality, we have

Z Piil; Z PiTiY;

iel jeI

|

dopileil® Y pilul® Yyl Y vyl

il el jed jeJ
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and thus

2 2 2 2
4.29) D “pilwil”> pilylP+ D pilyil* D pi el
el jeJ i€l jedJ

1
D vl | Y piwsds) = <Zpi\xi|2> (ij \?Jj\2>
i€l jel el JjeJ
1
2 ’ 2 A Survey on
- (Z Di |yz| ) <Z by |$]| ) . Cauchy-Bunyakovsky-Schwarz

=

-2

N

icl jeJ Type Discrete Inequalities
SS.D i
If we use now ¢.28 and ¢.29, we may deduce the desired inequalidyX?). S
O
Title Page
The following corollary concerning strong monotonicity also holdsg.
18]. Contents
Corollary 4.10. ForanyI, J € Py (N)\ {0} with I D J one has the inequality « dd
< >
Hi”ﬁj ||yl|§,J Close
> | det > 0. _
I=lpns 1550 Qult

Page 118 of 288
Remark 4.5. The following refinement of th&'BS) —inequality is a natural

consequence oft(27) [2, p. 19].
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Suppose; > 0,i € {1,...,2n} andx;,y; € K,i € {1,...,2n}. Then we
have the inequality

2

2n 2n 2n
(4.31) Zpi s Zpi lil* — Zpixigi
i=1 i=1 i=1
> ZP% |24 ZP% lyail” — Zp%fzi%i
i=1 i=1 i=1

n n n
2 2 _
+ P2i—1 |$2i—1| P2i—1 |y2¢—1’ - P2i—122i—-1Y2i—1
i=1 i=1 i=1

— 1 1 T 2

n 2 n 2
(Zl D2i |$2i|2) (Z D2 |y2i|2>
i= i=1

+ | det > 0.

1
n 2 n 2
<§ :p2i71 ‘x2i1’2) (E :p2i71 |y21'1‘2>
i=1 i=1

2

|

2

Let P, (N) be the family of finite parts of the set of natural numbefgR)
the linear space of real sequences &hdR) the family of nonnegative real
sequences.
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Consider the mapping' : S (R) x P (N)

= pial > pibi -

el i€l
The following identity holds 3, p. 115].
Lemma 4.11.For anyp,q € S. (R) one has

(4.32) C’ p,I a, b

(4.33) C(p+q,/,ab)

x S(R) x S(R) — R

<§3M%@>5

el

=C(p,1,a,b)+C(q,/,ab)
+ Z pig; (aib; — a;b;)”.

(4,9)eIxI

Proof. Using the well-known Lagrange’s identity, we have

(4.34) C(p.I,a,b) =<

(i,5)eIxT

Thus

(3,§)eIxTI

> pipy (aiby — ;b))

aib; — ajb;)?

1
> pipj(aib; —a;b)* + 3 > aig; (aib; — aby)?

(4,5)eIxI

1 , 1
t3 > pigs (aiby —ajb)’ + 5

> pigi(aib; — ajby)’

(i,§)eIxTI
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C(p,[,a b)—l—C(q,I,ab Z pig; (a;b; b)

(4,5)eIxI

since, by symmetry,

> pigj (aib; — = Y pigi(aib; — ab)’.

(4,5)eIxI (i,5)eIxI

Consider the following mapping:

3
D (p.1,ab) = [C (p.1,ab)]’ Zpiagzpibg_<zpiaibi> .

icl i€l i€l

The following result has been obtained 4 p. 88] as a particular case of a
more general result holding in inner product spaces.

Theorem 4.12.Foranyp,q € S, (R), I € P; (N)anda,b € S (R), we have
the superadditive property

(4.35) D(p+4q,l.a,b) >D(p,[,a,b)+D(q,I,ab)>0.

Proof. We will give here an elementary proof following the one inp. 116 —
p. 117].
By Lemma4.11, we obviously have

(4.36) D*(p+q,/,a,b) = D*(p,/,a,b) + D*(q,1,a,b)

+ Z Pig; (aib]’ — Ciji)2 .

(i) eIxT
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We claim that

(437) Z Diq; (a,»bj - CijZ')Z Z 2D (ﬁ, I, 5., E) D (a, I, 5., E) .

(4,)eIxI

Taking the square in both sides @f87), we must prove that

2
(4.38) ZPM? Z qibf + Z Qia? Zpib? —2 Zpiaibi Z Qiaibi]

el iel el icl iel el

A Survey on
2 Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities
[ Y (zpiaibi)
icl el i€l S.S. Dragomir
2
X Z o Z a:b; — (Z qiaibi> . Title Page
i€l el i€l Contents
Let us denote « b
1 1 1
2 2 2 < >
2 2 2
a:= (Zpi%') , X = (Z qiai> , b= (Zpibi> ,
icl icl iel Go Back

1

) 2 Close

= zb , Ci= iaibi, Z = lalbl

vim |2 2y 2 it
i€l i€l i€l

With these notationsi(38 may be written in the following form Page 122 of 288
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Using the elementary inequality

(m? —n?) (0* — ¢*) < (mp —ng)®, m,n,p,q €R
we may state that
(4.40) 4 (abzy — 02)2 >4 (a2b2 — 02) (x2y2 — 22) > 0.

Since, by thd C'BS) —inequality, we observe thabzy > |cz| > |cz|, we can
state that

a’y? + b*x? — 2cz > 2 (abxy — cz) > 0

A Survey on
g ivin g Cauchy-Bunyakovsky-Schwarz
5 5 5 o 9 ) Type Discrete Inequalities
(4.41) (a®y? 4+ b*2® — 2cz)” > 4 (abay — c2)” . 5.5, Dragomi
Utilizing (4.40 and ¢@.41) we deduce the inequalityt(39, and @.37) is proved.
Finally, by (4.36 and @.37) we have _
. . - Title Page
2 [— — — — — — —
D*(p+q.l,ab) > [D(p,[,ab)+D(qlab)], Contents
i.e., the superadditivity propertyt (39. O o S
Remark 4.6. The following refinement of th&'BS) — inequality holds {, p. P >
89]
i Go Back
4.42) |3 a2y b2 - (Z ain) Close
i€l i€l i€l Quit

27 3 Page 123 of 288
> Z a? sin? oy Z b? sin? oy — (Z a;b; sin® ozl)
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27 3
+ Z a? cos 2a; Z bf cos? a; — (Z a;b; cos® oz,) >0

iel iel i€l

foranya; € R,i € {1,...,n}.

Assume that we are under the hypothesis and notations in SéctioRecon-
sider the functional’ : S (R) x Ps (N) x S (R) x S (R) — R given by

= pa; Y pib} - <Z piaibi> 2

el el el

(4.43) C p,] a, b

The following identity holds.

Lemma4.13.Forany!, J € Py (N)\ {0} with I nJ # () one has the identity:

(4.44) C (p,IU J.a,b)
=C (ﬁ, I,ﬁ, E) + C (ﬁ, J, 5, B) + Z piPj (Cbibj — ajb,»)Q .

(i,5)€Ix T

Proof. Using Lagrange’s identity:, p. 84], we may state

(445) C (5, K, 5, B) = % Z DiPj (aibj — ajbi)Q 3 K e Pf (N) \ {@} .

(,))EX XK
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C(p,IUJ.a,b)
1 2
=5 pip; (aib; — a;b;)
(4,5)e(TUT) x (TUJ)
1 1
D) Z pip; (a:b; — ajbi)2 + 2 pipj (aibj — ajbi)2
(i,5)eIxI (i,5)eIxJ
1 1
+ 5 Z pl-pj (aibj — ajb¢)2 -+ 5 Z pipj (aibj — ajbi)2
(3,5)eIXI (i,9)eIxJ
= C (ﬁa 1757 B) + C (ﬁa ‘]a aa B) + Z Png (aibj - ajbi)2
(3,5)EIXJ

since, by symmetry,

> pipjaby—ab) = Y pp; (aiby — abi)”.

(4,)eIxJ (i,5)eJxI

Now, if we consider the mapping

272

icl el el

then the following superadditivity property as an index set mapping holds:
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Theorem 4.14.Forany I, J € Py (N)\ {0} with I n.J # 0 one has
(4.46) D(p,IuJ,ab)>D(p,I,ab)+D(pJab)>0.

Proof. By Lemma4.13 we have

(4.47) D*(p,IU J,a,b)
=D*(p.1,.a,b) + D*(p,J,ab) + > pip;(ab; — a;b)’

(t.)€lxJ A Survey on
Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

To prove @.46 it is sufficient to show that

S.S. Dragomir
(448) Z piPj (Gibj - Cljbi)Q Z 2D (ﬁ, I,ﬁ, B) D (ﬁ, J, 5, B) .
(Bg)elx] Title Page
Taking the square in4(48, we must demonstrate that Contents
2 4« 44
DD WD W) SRR wty <
i€l = jeJ i€l i€l jed
97 Go Back
>4 Zpia? Zpib? - (Z piain') Close
icl icl icl | Quit
2
Page 126 of 288
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If we denote

a = (ZPM?)
i€l
2
Y= (Zpﬂ)?) , Ci= Zpiaibz‘7 Z = ijajbja

[N

, X = (ija?)Q, b:= (Zpib?)Q,

jeJ el

jeJ el jed
then we need to prove A Survey on
Cauchy-Bunyakovsky-Schwarz
(4.49) (a2y2 - 202)2 >4 ((Isz _ 02) (x2y2 _ Z2> Type Discrete Inequalities
. . . S.S. i
which has been shown in Sectidrb. Pragomi
This completes the proof. O
. . . . Title Page
Remark 4.7. The following refinement of tH€’B.S) —inequality holds
Contents

44 44

2n 2n 2n 2 %
Z pia? Z pib? — (Z pi%bi) < >
=1 =1 =1

e Go Back
n n n
> Zp%a%i me'b%i - (Z inCinbzz’) Close
i=1 i—1 i=1 Quit

=

Page 127 of 288

n n n 2 2
+ Zp%—la%i_l Zp%—lb%i_l - (Z p2¢-1a2i—152¢—1> > 0.
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Denote byS, (R) the set of nonnegative sequences. Assumeshat, (R) —
R is additiveon S, (R) , i.e.,

AP+aq) =A)+A(Q),

andL : S; (R) — R is superadditiveon S, (R) , i.e.,

(4.50) p.q € 5+ (R)

(4.51) Lp+q =L()+L@, p,qaes:(R).

Define the following associated functionals

F ()= 2P

I A= FEIN.

(4.52)

The following result holds3, Theorem 2.1].

Lemma 4.15. With the above assumptions, we have
H(p+q) = H(p)H(q);

foranyp,q € S, (R),i.e., H (-) is supermultiplicativeon S, (R).

(4.53)

Proof. We shall follow the proof in §].
Using the well-known arithmetic mean-geometric mean inequality for real
numbers

B

M 2 xaaTBya+B

(4.54) 7
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foranyz,y > 0 anda, 8 > 0 with o + 3 > 0, we have successively

(4.55) Fp+q) = jigi?)

__Lr+a

A(p)+A(Q)

_L®+L@

“AP) +A®@

AP FH+A@Q S

AP +A@Q

_APF®@)+A@F@
A(P) +A(q)

A(P) A@@)

> [F (p))7® @ - [F ()] 7 1w

forallp,q € S, (R). However,A (p) + A(q) = A(p+9q), and thus 4.55
implies the desired inequalityt 53. O

We are now able to point out the following inequality related to(tié&.S) —
inequality.

The first result is incorporated in the following theoreip. 115].
Theorem 4.16.For anyp,q € S, (R),anda,b € S (R), one has the inequal-
ity

(.50 {PIin

D pita)al Y (pi+a) b

iel 1€l
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Pr+Qr

- <Z (pi + i) aibi)

el
27 1
1 2 2
- St Tt (S
i€l el el
2 QI
1
A S g S g (z qb> 20,
Q1 icl icl icl
whereP; := %", ;p; > 0,Qr:=> ;¢ > 0.
Proof. Consider the functionals
A(p) = Zpi = Pr;
el
2
C(p) = sz‘a?z}?z‘b? - (Zpiaibz) :
el el el

ThenA (-) is additive and” (-) is superadditive (see for example Lem#ha)
onsS, (R).
Applying Lemma4.15we deduce the desired inequalit/{6). O

The following refinement of théC'BS) —inequality holds.

A Survey on
Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

S.S. Dragomir

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 130 of 288

J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sever.dragomir@vu.edu.au
http://jipam.vu.edu.au/

Corollary 4.17. For anya, b,@ € S (R), one has the inequality

Type Discrete Inequalities

27 =
n 9 9 n 9 9 n 9 A Survey on
X g a; sin” oy E b; sin” o; — E a;b; sin” Cauchy-Bunyakovsky-Schwarz

i=1 =1 1=1
9 % S cos? q; S.S. Dragomir
X Z a; cos? o Z b; cos? oy — Z a;b; cos® oy >0
i=1 i=1 i=1 Title Page
. . Content
The following result holds, p. 116]. onments
= : 44 44
Theorem 4.18.For anyp.q € S; (R),anda, b € S (R), one has the inequal-
i ) Go Back
1 ’ 1 ’ |
458) ¢ |5—> mi+a)d?| |5—=> (pi+a)b Close
Pr+ Qg icl Pr+Qr iel Quit
1 ) Freer Page 131 of 288
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Pr

1 1
1 (1 : 1
> (E ierPﬂ?) (FI Zpisz) — ‘FI Zpiaibi

il i€l
1 1 Qr
1 2\ [ 1 )\ |1 3
X ol q;a; = q:b; — A qia;b; > 0.
Qr ZEZI Qr zezl Qr iel

Proof. Follows by Lemmat.150n taking into account that the functional

B(p) = (ZPM?) (szlf) - Zpiaibi

A Survey on
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Type Discrete Inequalities

iel iel iel S.S. Dragomir
is superadditive o, (R) (see Sectiod.2). O
_ _ ) _ Title Page
The following reflnemeEt of théC'BS) —inequality holds. Contents
Corollary 4.19. For anya, b, @ € S (R), one has the inequality % =
4. 2 2] = b
asn (So) () -[Son =
1 1 Close
= 1 n . 9 12?,1 sin? oy ’ 1 n 9 12?,1 cos? q; .
(I3 sin®ay) "= (230 cos?a;) =" Quit

. I 1 . ¥ Lz sin? ag Page 132 of 288
X (Z a? sin® ozz) (Z b? sin® ozi) - Z a;b; sin? o
i=1
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1 n 2 .
L cos?ay

1 1
n 2 n 2 n
2 . .2 2 .2 2
X <E a; cos ai> (E b; cos ai> — E a;b; cos® o
i=1 i=1 i=1

Finally, we may also state:[p. 117].

Theorem 4.20.For anyp,q € S, (R),anda,b € S (R), one has the inequal-

ity
(4.60) | > (pi+a)ad- S > (pita)b;
Pr+Qr iz o Pr+@r iz o
Pr+Qr
1 2 2
N\ 5 —F i + qi) aib;
<P1+Q1;(p ¢)a >
Pr
1 1 1 |
> |5 ia; - — b — | = iib;
LR YER (P>

Qr

2 2
s s (LS pan
X Ql;qzaz QI;qzbl <Q12qzazbz> :

il

Proof. Follows by Lemmat.150n taking into account that the functional

n n n 2 2
D(p) = sz‘a?zpz‘b? - (Zpiaibi>
i=1 i=1 i=1

=
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is superadditive oy, (R) (see Sectiod.6). O
The following corollary also holds.
Corollary 4.21. For anya, b, @ € S (R), one has the inequality
1
n n n 2 2
(4.61) | a?d b7 - (Z aibz—>
=1 =1 =1
1 1
= Ly sin? oy ’ Ly cos2qy
(50 sin® ) = (Y cos? ) '
" " 9 ﬁ S sin?a;
X Z a; sin? oy Z b2 sin? a; — <Z a;b; sin? o
i=1 i=1
94 LS cos? oy
n n n 2n i=1 g
X Z af cos? Z b2 cos? o — (Z a;b; cos Oél) >0
=1 =1

Denote byP; (N) the set of all finite parts of the natural number Betaind
assume thaB : P; (N) — R is set-additiveon P; (N) , i.e.,

(4.62) B(IUJ)=B(I)+B(J) forany I,J € P;(N), IN.J#0,
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andG : Ps (N) — R is set-superadditiven P, (N) , i.e.,

(4.63) GUIUJ)>GI)+G(J) forany I,J € P;(N), INJ#0.
We may define the following associated functionals
(4.64) M(I) = gg; and N (I) := [M (I)]*?

With these notations we may prove the following lemma that is interesting

in itself as well.

Lemma 4.22. Under the above assumptions one has
(4.65) N{IUJ)>N(I)N(J)

foranyl, J € Py (N)\ {0} withInJ # 0, i.e., N (-) is set-supermultiplicative
onP (N).

Proof. Using the arithmetic mean — geometric mean inequality

0wty e e
a+ 3

foranyz,y > 0 anda, > 0 with o + § > 0, we have successively for
I,J€Pr(N)\ {0} with I N J # 0 that

M(]UJ):%
G((IUJ)

B(I)+ B (J)

(4.66)

(4.67)
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LG +GE)
~ B(I)+ B(J)
G(I G(J
B B(I) 53 + B(J) 53
B(I)+ B(J)
_BUO)MI)+B(J)M(J)
B(I)+ B(J)
B(I) B(J)
> (M (1)) 5050 - (M (J)) 50507
A Survey on
SinceB (I) + B(J) = B(I U J), we deduce by4.67) the desired inequality R A
(4.65. - S.S.D i
.. Dragomir
Now, we are able to point out some set-superadditivity properties for some
functlongls assom.ates to tI(ﬁBS) —mequal!ty. Tiie/Page
The first result is embodied in the following theorem.
. Contents
Theorem 4.23.1fa,b € S(R),p € Sy (R)andI,J € P (N)\ {0} so that
IN.J # 0, then one has the inequality « dd
< >
2 PIUJ
1 Go Back
(468) P Z pkaz Z pkbi — <Z pkakbk>
TOT  kerug kEIUJ keIUJ Close

| 27 1 Quit
2 2
> I > paly pibl - (me@) Page 136 of 288
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Zp] a?y pb3 (ijajbj)2 :

jeJ jeJ jeJ
whenP; .=

Zje]pj'

Proof. Consider the functionals

= s

el
2
Y St - (zpiaib) |
iel iel iel

The functionalB (-) is obviouslyset-additiveand (see Sectiod.7) the func-
tional G (+) is set-superadditive Applying Lemma4.22 we then deduce the
desired inequality4.68). O

The following corollary is a natural application.

Corollary 4.24. If a,b € S (R) andp € S, (R), then for anyn > 1 one has
the inequality

P2n

(4.69)

2n 2n 2n 2
ZPM? Zpib? - (Z piaibi>
i=1 i=1 i=1

n 2
<Z p2ia2ib2i>
i=1

Z?:l pP2i

Z p2za21 Z p2zbgz

’LpoZ i=1

A Survey on
Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

S.S. Dragomir

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 137 of 288

J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sever.dragomir@vu.edu.au
http://jipam.vu.edu.au/

i=1

x{ [E D2i— 10/27, 1 E P2i— 1b2z 1
Z 1p27, 1
e P2i-1

n 2
- (Z p2i—1a2i—1b2i—1>
i=1

The following result also holds.

Theorem 4.25.1f a,b € S(R),p € S, (R)andI,J € P; (N)\ {0} so that

IN.J # (0, then one has the inequality

o B e

keluJ kGIUJ keluJ

A(F5) (55)
() (R 5m)

Proof. Follows by Lemmat.220n taking into account that the functional

1 1
~(Sret) (Sout) - [
iel iel

iel

(4.70)

PIU]

}PIUJ

Py

Pr

Z pzaz %

el

Z pjasb;

jeJ

is set-superadditiven P, (N) . O
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The following corollary is a natural application.

Corollary 4.26. If a,b € S (R) andp € S. (R), then for anyn > 1 one has

the inequality

1 2n % 1 2n 1 2n
4.71 — ja? 07— | iaib;
47 (Z ) (Pm;p) Pt

— | )  D2ia2iby;
> i1 D2i ;

1 " : 1 - :
2 2
X —_ D2i—1Gy;_ -7 P2i-1b5;
(Zizlp%l ; At 1) (Zi:lp%l ; e 1)

n

1
— ‘z:n—p me‘fla%flb%fl
i=1 P2i—1

i=1

Finally, we may also state:
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I N J # 0, then one has the inequality

Prug
1 1 1 g
10T 1o 10T perog 10T 4er0g
P
1 2 2
2
> | LSt 2 S - (Plzm )
el el i€l
Py
2 2
5 Sy ot (5 ) |
]GJ ]EJ ]EJ

Proof. Follows by Lemmai.220n taking into account that the functional

1

212
Zpia?szb? - <Zpiaibi>
i€l i€l i€l
is set-superadditiven P, (N) (see Sectio#.7). ]
The following corollary holds as well.

Corollary 4.28. If a,b € S (R) andp € S, (R), then for anyn > 1 one has
the inequality

Pop,

1 2n 1 2n 1 2n 2 2
619 | St 3ot = (3 et
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2
-—n E P2i—1G9; 4 E D2i— 1521 1

> > b
pQ’LO/ZZ n pQZ 21
:1 Zz 1p2l 1= 1
n 2 2 Zz 1 P2i
D2iG2ib;
D2i

Z 1 le 1 A Survey on
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The following result was proved by J.W.S. Cassels in 1951 (see Appendix 1 of
[2] or Appendix of [3]):

Theorem 5.1. Leta = (ay,...,a,), b = (b1,...,b,) be sequences of positive
real numbers andv = (wy, ..., w,) a sequence of nonnegative real numbers.
Suppose that A Survey on
Cauchy-Bunyakovsky-Schwarz
s s Type Discrete Inequalities
(5.1) m:min{—l} and M:max{—z} _
i=1,n i i=1n i S.S. Dragomir
Then one has the inequality
Title Page
n n 2
Dic1 w;a; Doim1 wb; _ (m+ M) Contents
(5.2) ~ e < yr v
(D iz wiaiby) « 3
The equality holds inX.2) whenw, = - w, = -, wa = -+ = w1 = 0, < 3
m = andM = 7.
1 n Go Back
Proof. 1. The original proof by Cassels (1951) is of interest. We shall follow Close

the paper ] in sketching this proof. _

We begin with the assertion that Quit
1+ k 14 k1 14 k) (14 kL Page 143 of 288
(14+kw)(1+Ekw)  (1+EK)(1+ ),k>0,w20

2
(1 + UJ) 4 J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003
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which, being an equivalent form o062 for n = 2, shows that it holds for
n=2.

To prove that the maximum 05(2) is obtained when we have more than two
w;’s being nonzero, Cassels then notes that if for exampleyws, ws # 0 lead

to an extremum\/ of );,Y, then we would have the linear equations

a2X +b2Y —2Ma,b,Z =0, k=1,2,3.

Nontrivial solutions exist if and only if the three vectdt§, b2, a,.b,] are lin- A Survey on
early dependent. But this will be so only if, for some# j (i,5 =1,2,3) Cauchy-Bunyakovsky-Schwarz
a; = va;, by = vb;. And if that were true, we could, for example, drop the Type Discrete Inequalities
b; terms and so deal with the same problem with one less variable. If only one S.S. Dragomir
w; # 0,thenM = 1, the lower bound. So we need only examine all pairs
w; # 0, w; # 0. The result §.2) then quickly follows. Title Page
2. We will now use thébarycentric methoaf Frucht [[] and Watson 4].
We will follow the paper §]. Contents
We substitutew; =  in the left hand side ofY.2), which may then be < >
expressed as the ratio
N < >
D? Go Back

where Close

n ) 2 n )
N=Y (b_> uoand D=3 (b_) ou
=1

=1
assuming without loss of generality, thg};_, a; = 1. But the point with co- Page 144 of 288

2
ordinates(D, N') must lie within the convex closure of thepoints <b : bé> : e — o
http://jipam.vu.edu.au
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The value 01”\’2 at points on the parabola is one unit.nif = min { } and

=1n
M = max { > } then the minimum must lie on the chord joining the point

i=1,n
(m,m?) and(M, M?). Some easy calculus then leads3d. O
The following “unweighted” Cassels’ inequality holds.

Corollary 5.2. If a andb satisfy the assumptions in Theoré&m, one has the
inequality

n 2
Zz 1 a; 1= lbz S
(Zz lab)

The following two additive versions of Cassels inequality hold.

(m + M)*
AmM

(5.4)

Corollary 5.3. With the assumptions of Theoréni, one has

=1 i=1 =1
(- )
S oM 2 wzazbl
and
n n n 2
=1 =1 =1
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Proof. Taking the square root irb(2) we get

D=

1 < (> i w;a; Dic1 w;b}) M+m
B Yoy wiaib; 2vVmM
Subtracting 1 on both sides, a simple calculation will leacbté)( A Survey on
. . . . Cauchy-Bunyakovsky-Schwarz
The second inequality follows b¥ (2) on subtracting 1 and appropriate com- Type Discrete Inequalities
putation. ] _
S.S. Dragomir
The following additive version of unweighted Cassels inequality also holds.
Corollary 5.4. With the assumption of Theorefnl for a and b one has the Title Page
inequalities Contents
2
", I on (JM_\/m) n <44 44
I O A L e
Go Back
and Close
L, N e () Quit
9 o<y (Yon) < U (S )
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The following inequality was proved in 1925 by Pdélya and Szegdp. 57,
213 -214), 1, pp. 71- 72, 253 — 255].

Theorem 5.5.Leta = (ay,...,a,) andb = (by,...,b,) be two sequences of
positive real numbers. If

59 0<a<a;<A<o0, 0<b<b <B<xforeachi € {1,...,n},
then one has the inequality

S a2t bz<(ab—|—AB)2

i=1"1 =1 "1

(X" agb)? T 4abAB

i=1 i

(5.10)

The equality holds in5.10 if and only if

A A B B A B
p=n-— —+—) and ¢=n-— —+ -
a a b b a b

are integers and ip of the numbers, ..., a, are equal toa and g of these
numbers are equal tel, and if the corresponding numbebs are equal toB
andb respectively.

Proof. Following [5], we shall present here the original proof of Pélya and
Szego.

We may, without loss of generality, suppose that> --- > a,, then to
maximise the left-hand side 05 (L0 we must have that the critica)'s be re-
versely ordered (for ib, > b,, with & < m, then we can interchangg and

A Survey on
Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

S.S. Dragomir

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 147 of 288

J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sever.dragomir@vu.edu.au
http://jipam.vu.edu.au/

b, such that? + b2, = b2, + b7 andagby + ambm > agby, + anby), i.€., that
by <+ < by
Polya and Szeg6 then continue by defining nonnegative numbensd v;

fori=1,...,n—1andn > 2 such that
(5.11) a? = u;ai +v;al and b = ub] + v;bZ.
Sinceq;b; > u;a1b; + vianb the left hand side of§. 10,
D i1 07 D i b? (Uai +Va) (Ub} + V)
(Ciab)” = (Uaibi+ Vanby)® Cauihy-Bunyakovdly Schwarz
wherel = 3" w;and V = 3" v, Type Discrete Inequalities
This reduces the problem to that with= 2, which is solvable by elementary S.S. Dragomir
methods, leading to
(5.12) S aid>n lbf < (a1by —kanbn)Q7 Title Page
(ZZ L a;b; ) daya,biby Contents
where, since the;’s andb;’s here are reversely ordered, <« S
(5.13) @ = Eaz: {ai}, a, = Zmlri {a;}, by = Zmlr:l {b:}, b, = ?ja}é {b;}. < >
If we now assume, as ih(9), that Go Back
0<a<ag; <A 0<b<b;<B, i=(1,...,n), Close
then Quit
(a1by + anby)’ < (ab+ AB)? Page 148 of 288
4a1a,b:b, — 4abAB
(becausé’“i < ! O‘* 1) for k < a), and the inequality%.10 is proved. [ 3. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003
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Remark 5.1. The inequality $.10 may also be obtained from the “unweighted”
Cassels’ inequality

Zzn 1 a; =1 bz2 (m + M)2
(i azbzf - AmM
where0 < m < 3 < M foreachi € {1,...,n}.

(5.14)

The following additive versions of the Polya-Szeg6 inequality also hold.

Corollary 5.6. With the assumptions in Theorén®, one has the inequality A Survey on
< > 9 Cauchy-Bunyakovsky-Schwarz
n VAB — \/% n Type Discrete Inequalities

(5.15) 0< (Z Z 52) - ;aibi < oJabAB 2 aib; S.S. Dragomir
and ) Title Page

- 2 - 2 Contents
(5.16) OgZaiZbi—<Zal ) < 7 4abAB (Zal ) :

i=1 =1 44 44

< >

The following weighted version of the Pélya-Szegd inequality was obtained by SOl
Greub and Rheinboldt in 195%] Close
Theorem 5.7.Leta = (ay,...,a,) andb = (by,...,b,) be two sequences of Quit

positive real numbers and = (w,...,w,) a sequence of nonnegative real

Page 149 of 288
numbers. Suppose that

(5.17) 0<a<ag <A<, 0<b<bh <B<x (Z =1,... 7TL). J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003
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Then one has the inequality

a2 S wsb? AB)?
(5.18) iy wiaf iy wibf_ (ab + AB)
(Zi:l w;a;b;) 4abAB
Equality holds in .18 whenw; = ﬁ’ w, = ﬁ’ Wy = e = 1w, 4 =0,

m:(Z—’;,M:Z—iWithale,an:a,bl:bandbn:b.
Remark 5.2. This inequality follows by Cassels’ result which states that
(5.19) Do wiag Yoy wib} < (m + ]\4)2

(> i wiab)® T AmM

providedd < m < 3+ < M < oo foreachi € {1,...,n}.

The following additive versions of Greub-Rheinboldt also hold.

Corollary 5.8. With the assumptions in Theorény, one has the inequalities

i=1 i=1 i=1

(VAB ~ Vab)~
QM i=1

< w;a;b;

and

n n n 2
(5.21) 0< Z w;a; Z w;b; — (Z wiaibi>
i=1 i=1 i=1
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2
(AB — ab
" 1abAB (Z Wi ) ‘

The following reverse inequality for thg” B.S) —inequality holds .
Theorem 5.9.Leta, A € K (K = C,R) such thatRe (aA) > 0.

If x = (z1,...,2,), ¥ = (y1,...,ys) are sequences of complex numbers A Survey on
andw = (wi,...,w,) is a sequence of nonnegative real numbers with the ~ “PY By Qe SCtar
property that

S.S. Dragomir
5.22 w; Re [(Ay; — x;) (Z; — ag;)] > 0,
( ) Z b— @) (@ 2 Title Page
then one has the inequality Contents
A <44 >
. - 1 o w; Re [Azy; + ax,;
(5.23) sz|mz|2zwz|yz|2] < X > i wiRe| xyl+ ax; ;) < >
i=1 i=1 [Re (CLA)] : Go Back
< 1 |A‘ ™ |a| Close
2 [Re(ad)]? Quit
The constang- is sharp in the sense that it cannot be replaced by a smaller one. Page 151 of 288
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Proof. We have, obviously, that

[:= Zwi Re [(Ay; — ;) (7; — ay;))

=1

i=1 i=1 i=1
and then, by%.22), one has

i=1 =1 =1

giving

1
(5.24) —g w; |x2| + [Re (aA)] E wl\yl
[Re (aA)]?

< Zi:l w; Re [AZ;y; + ax; ;) .

[Re (aA)]?

On the other hand, by the elementary inequality

1
ap® + an > 2pq
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holding for anyp, ¢ > 0 anda > 0, we deduce

[N

(5.25) 2 (Z wi iy w; \yi|2>
=1 =1

1
< w; ]xz| + [Re (aA)] w; \yz
Re (aA)] Z Z

Utilising (5.24) and £.25, we deduce the first part 0523.

The second part is obvious by the fact thatfat C, |Re (2)| < |2|.

Now, assume that the first inequality i5.23 holds with a constant > 0,
ie.,

n n n ZR A_i i -
(5.26) Zwi ’$i|22wi ’Z/i|2 <ec. >, w;Re[AZ yl—{— ax y]’
SR Re(ad)]

wherea, A, X,y satisfy 6.22).
If we choosen = A =1, y = x # 0, then obviously %.23 holds and from

(5.26 we may get
Zwi |m,|2 < QCZwi |xz|2 ,
=1 =1

giving ¢ > 5.
The theorem is completely proved. O

The following corollary is a natural consequence of the above theorem.
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Corollary 5.10. Letm, M > 0 andx, y, w be as in Theorerh.9 and with the
property that

(5.27) Z w; Re [(My; — ;) (Z; — mg;)] > 0,

then one has the inequality

1

n n 2 n
1 M+m
(5.28) w; |33z’2 w; |yz’2 < - w; Re (%@) A Survey on
; ; 2 vVmM ; Cauchy-Bunyakovsky-Schwarz
n Type Discrete Inequalities
M+m
< - W; LY S.S. Dragomir
2 |
The following corollary also holds. Title Page
Corollary 5.11. With the assumptions in Corollay.10 then one has the fol- Contents
lowing inequality:
) 44 44
[ n n 12 n
(5.29) 0 < Zwi|$i|22wi|yi|2 - Zwi%ﬂi ‘ >
Li=1 i=1 i=1 Go Back
[ & - 12 - Close
< Do wilz? D wilyl?| =D wiRe (z:3:) :
[ i=1 i=1 i i=1 Quit
(«/M—\/E>2 n («/M—\/E)Q n Page 154 of 288
< — w; Re (z;7;) < — Wi ;Y
2 mM ”Lz:l: 2 mM =1 J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003
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and

(5.30) 0< > wilei > wilyl ~
=1 i=1

2

z": W;T;Yi
i=1
n n n 2
< Zwi |x¢|2 sz’ |yi|2 - [Z w; Re (l‘z‘@i)]
i=1 i=1 i=1

A Survey on
Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

S.S. Dragomir
The following result holds0, Proposition 5.1].

Title Page
Theorem 5.12.Leta, A € RandxXx = (x1,...,2,), ¥ = (y1,...,yn) be two
sequences with the property that: Conients
(5.31) ay; < z; < Ay; foreachie {1,...,n}. « dd
Then for anyw = (wy,...,w,) a sequence of positive real numbers, one has S 4
the inequality Go Back

Close

n n n 2
(5.32) 0< ;wzﬁ Zz;wzyf - (; wixiyi) Quit

1 n 2 Page 155 of 288
2 2
< Z(A_a) (;M%) .
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The constan§ is sharp in 6.32.

Proof. Let us define

I == (A 2”: wiy? — Zn: wﬂi%) (Zn: WiT;Y; — @ Xn: wiyi2>
i=1 i=1 i=1 =1

and
n n
I, = Wiy Ay; — x;) (2 — ay;) w;. A Survey on
2 (Z z%) Z ( vi ) ( yz) ‘ Cauchy-Bunyakovsky-Schwarz
=1 i=1 Type Discrete Inequalities
Then -
S.S. Dragomir
2 2
L =(a+A) Z Wiy, Z WiT;Yi — (Z wﬂzyz) —aA (Z wiyz‘) Title Page
i=1 i=1 i=1 =1
Contents
and
) 44 44
n n n n n
I = (a+ A) Z wiy; Z WiliYi — Z Wi Z wiy; — aA (Z wly22> ¢ >
i=1 i=1 i=1 i=1 i=1 Go Back
giving Close

Quit

n n n 2
(5.33) L —1,= Z w;x? Z wiy? — (Z wiy?) . Page 156 of 288
i=1 i=1 i=1
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If (5.31) holds, thenAy; — x;) (x; — ay;) > 0 foreachi € {1,...,n} and thus
I, > 0 giving

n n n 2
(5.34) Zwle Zwiyzz - (Z wzQ?)
i=1 i=1 i=1
(A i wiyz? - i wﬂz?Jz) (i WY — a i wz?/f) ] .
= = = = A Survey on

If we use the elementary inequality for real numbers € R Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

<

1 :
(535) uv < Z (u + U)2 : S.S. Dragomir
then we have for Title Page
u = AZ wiy? — Zwixiyi, vi= Z WiTY; — a Z wiy? omens
i=1 i=1 i=1 i=1 44 44
that < 4
n n n n Go Back
2 2
AD wil =Y i | | D wiviyi —ay wiy; Close
i=1 i=1 i=1 i=1
1 n 2 Quit
2 2
< 1 (A—a) (Z w’iyi) Page 157 of 288
i=1
and the |neq ua|lty333 is prOVEd_ J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003
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Now, assume that(32) holds with a constant > 0, i.e.,

n n n 2 n 2
(5.36) Z w;x? Z wiy? — (Z wixiyZ') <c(A- a)2 (Z wzyf) g
i=1 i=1 i=1 =1

wherea, A, X, y satisfy 6£.31).
We chooser = 2, w; = we = 1 and leta, A, y1, 42, x, @« € R such that

ayy < Tr1 = Ayl, A Survey on

Cauchy-Bunyakovsky-Schwarz
ayo = Tg < Ayz- Type Discrete Inequalities

With these choices, we get frorf.g6) that S:S. Dragomir
2 2
(@’ +a’y3) (v +13) — (A% +a%3)" <c(A—a)’ (vi+u3)", Title Page
which is equivalent to Contents
<4< 44
2
(A—a)yiys <c(A—a)’ (vi+13)" b ,
Since we may choose# A, we deduce Go Back
2
yiys <c(yi+vi), Close
Ny it
giving, fory; =y, =1,¢ > 1. O Sl

_ _ _ Page 158 of 288
The following corollary is obvious.
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Corollary 5.13. With the above assumptions ferA, x andy, we have the

inequality

n n n 2 n 2
(5.37)  0<Y a?) - (Z xy) < i(A—af (Z y3> :
i=1 i=1 i=1 =1

Remark 5.3. Condition 6.31) may be replaced by the weaker condition

(5.38) i w; (Ay; — ;) (x; — ay;) > 0

and the conclusion in Theoreml12will still be valid, i.e., the inequality%.32

holds.
For (5.37) to be true it suffices that

n

> (Ayi — x) (z — ay;) > 0

=1

(5.39)

holds true.

The following result holdsT0, Proposition 5.1].

Theorem 5.14.Leta, A € CandXx = (z1,...,2,), 5 = (y1,- ..
W= (wi,...,w,) € R} If
(5.40) > wiRe[(Ay; — x;) (z; — agi)] > 0,

=1

,Yn) € C™,
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then one has the inequality

(5.41)

n n
0< Zwi \iﬂi’QZwi ‘%’2 —
i=1 i=1

2

n
E W;T;Y;
i=1

2
1 n
sﬂA—W(X)mmﬁ.
=1

The constanﬁ is sharp in 6.47).

Proof. Consider

Al = Re

and

Then

Ar = wilyi* — Re
=1

(A Z w; |yil” — Z wixi§i> (Z WiTiY; — a Z (o \3/1'|2> ]
i=1 i=1 i=1 =1

A i WTiY; + a i wixiyi]
i=1 i=1

n
g W, T;Y;
i=1

— Re (ad) (Z w |yi|2)
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and
Ag = i W; ’Z/z‘|2 —Re [A iwzxzyz + aiwﬂﬂ/i]
i=1 i=1 i=1
n n n 2
=Y wil*Y " wilyil® - Re (ad) (Z w; |?Ji|2)
i=1 i=1 i=1

giving
A Survey on
n n n 2 Cauchy-B_unyakovsky-Sc_hwarz
(5.42) Al - AQ _ Z w; ‘x2|2 Z w; ‘yl|2 . Z wlegz Type Discrete Inequalities
i=1 i=1 i=1 S.S. Dragomir
If (5.40 holds, thend, > 0 and thus
n n " 2 Title Page
(5.43) Z w |z Z w [yil* — Z Wik;Y; Contents
=1 =1 =1

n n n n 44 44
< Re <Azwi|yi\2 —zwixiy) (zwixiyi S !yil2>]- < | »
=1 =1 =1 =1
If we use the elementary inequality for complex numbeisc C Go Back
1 Close
2
(5.44) Re[s] < 2|z =17, Quit
then we have for Page 161 of 288

n n
2 _
z:=A E wi‘yi‘ - E W;iTiYi,
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n n
L _ 2
ti=) wry,—ay wlyl
i=1 =1

that

(5.45) Re

(A Z w; |y¢|2 — Z wﬂi@i) (Z W;TiY; — a Z w; |yz|2>]
i—1 i—1

- a‘ (Z W; |yz )
and the inequality.41) is proved.
Now, assume that(41) holds with a constant > 0, i.e.,

(5.46) Zwi |xi|22wi lyi* — <clA—al (Zwi\yi|2> :
i=1 i=1 i=1 =1

wherex, ¥, a, A satisfy £.40).
Considery € C*, 7 |y’ wi = 1,a # A,/ € C*, 0w [my]* = 1
with > | w;y;m; = 0. Define

Aklr—‘

il

A+a A+a

Ti = i 5 i ie{l,...,n}.
Then
= A—al’ < B
> wi(Ay; — @) (7 — ay,) = 5 > wi (yi = mi) (5 — i) =0
=1 =1
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and thus the conditiorb(40) is fulfilled.
From (.46 we deduce

2
i Ata A-a Zw- i Ata A-a N\
— 2 yZ 2 7 (2 — 2 yZ 2 7 yl (2
<clA—af
and since
i ' A+a .+A—a ‘ 27 A+a2_ A—al?
2 (o 5 Vi 5 M| Ty 5
and )
i A+a }+A—am' . A+al?
— 2 yZ 2 7 yZ 7 - 2
then by 6.46 we get
|A—al® <cl|A—af
1 <
giving ¢ > % and the theorem is completely proved. ]
The following corollary holds.
Corollary 5.15. Leta, A € Candx = (z1,...,2,), 5 = (Y1,---,yn) € C"
be with the property that
(5.47) > Re[(Ay; — x;) (z; — agi)] > 0,
=1
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then one has the inequality

(5.48)  0<> |zl |uil* -
=1 =1 =1

The constant is best in 6.49.

2
_ 1
iYi| > 4

<7l

n 2
A- a]2 (Z |3/1|2>
=1

Remark 5.4. A sufficient condition for bothb(40 and (.47) to hold is

(5.49) Re [(Ay; — ;) (Z; — ag;)] = 0

foranyi € {1,...,n}.
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Title Page

As some patrticular case for bounds on differences of means, O. Shisha and B.

Mond obtained in 1967 (se&{]) the following reverse ofC' BS) — inequality:

Theorem 5.16. Assume thad = (a4, ...

,a,) andb = (by,. ..
that there exists, A, b, B > 0 with the property that:

(5.50) a<a; <A and b <b; < B foranyj € {1,...,n}

then we have the inequality

(5.51) Z sz ( ) <\ﬁ—[> ﬂa]b Zzﬂ.

,b,) are such

Contents
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The equality holds inf.51) if and only if there exists a subsequerie .. ., k,)
of (1,2,...,n) such that

(1) (5)
_:1+ _ - ,
P a b

1

ap, = A, by, = b (n= ,p) anday = a, by, = B for everyk distinct from

all k,,.

Using another result stated for weighted means’ii},[we may prove the
following reverse of théC' B.S) —inequality.

Theorem 5.17.Assume thai, b are positive sequences and there exists >
0 with the property that

(5.52) 0<7§%§F<ooforanyie{l,...,n}.

%

Then we have the inequality

(553 0< (Za?25?> Zaz i<y 7+%)262

=1 =1 =1

The equality holds in5.53) if and only if there exists a subsequerige, .. ., k,)
of (1,2,...,n) such that

F+37 "L, a ay,
= b, — =1 (m=1,...,p) and — =
I I ) and =

m

for everyk distinct from allk,,,.
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Proof. In [23, p. 301], Shisha and Mond have proved the following weighted
inequality
n )2
: <
(5.54) 0_(; ) Zq“_46+0)

providedg; > 0 (j =1,...,n) with 3°7
foranyj € {1,...,n}.

Equality holds in $.54) if and only if there exists a subsequeriég, . . .
of (1,2,...,n) such that

¢ =land0 < c<z; < (C < o0

s Kp)

C+36

(5.55) e

Z Qe =
xy, = C (m=1,2,...,p) andz; = cfor everyk distinct from allk,,.
Ifin (5.54) we choose

Qs b2 .
wjzﬁ, szm, JeAL...,n};

J

then we get

(E;'Lzl a?) Y=Y i < (r =)
> i1 U7 D ki b2 4(y+T)
giving the desired inequalitys(53.
The case of equality follows by the similar case 54 and we omit the
details. O
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The following result was obtained by D. Zagier in 1995/
Lemma 5.18. Let f,g :

functions on0, oo). Then
% Dals fo z)dz [° g (x) G (z)dx
/0 f(@)g(@)de = max{fo (z)dzx, [[° G (x)dz} ’

for any integrable function$’, G : [0,00) — [0,1] .

(5.56)

Proof. We will follow the proof in [24].
For allz > 0 we have

/ff(t)F ' dt:f(:r)/oooF(t)dH/ooo[f(t)—f(rc‘)]F(t)dt
§f(m)/oooF(t)dH/ox[f(t)—f(:v>]dt
and hence, sinc§ G (¢

/Ooof(w dt/G

<xf<)/0 <>dt+/0 G(t)dt-/j[f(t)—f(x)]dt

gmax{/oooF(t)dt,/oooG(t)dt}-/Oxf(t)dt.

) dt is bounded from above by bothand [ G (¢)

[0,00) — R be monotone decreasing nonnegative

dt,
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Now, we multiply by—dg (x) and integrate by parts fromto co. The left hand
side gives[™_f(t) F (t)dt- [*°_g(t) G (¢)dt, the right hand side gives

max{/oooF(t)dt,/OooG(t)dt}-/Ooof(t)g(t)dt,

and the inequality remains true because the measudrgz) is nonnegative.
O

The following particular case is a reverse of tli&B.S) —integral inequality
obtained by D. Zagier in 19772{]. A Survey on

Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

Corollary 5.19. If f,g : [0,00) — [0, 00) are decreasing function off), co),

then S.S. Dragomir
657 wax|70) [Ta@ing©) [0 a] [Troawa e Page
> / f2 (t) dt/ gz (t) dt. Contents
: . : " ’ o 4« 4
Remark 5.5. The following weighted version di.66) may be proved in a sim-
ilar way, as noted by D. Zagier in’[] < >
00 Go Back
(5.58) /0 w(t) £ (£)g (1) dt e
Jo w®) f (&) F(t)dt [~ w(t) f ()G (t)dt Quit
~ max{[Cw ) F@t)dt, [[Tw?)G(t)dt} Page 168 of 283
providedw (t) > 0 on|0,00), f,g : [0,00) — [0, c0) are monotonic decreasing
andF, G : [0,00) — [0, 1] are integrable orj0, o). 3. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003
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We may state and prove the following discrete inequality.

Theorem 5.20.Consider the sequences of real numbees (ay,...,a,), b =
(b1, y00), D= (P1y--y0n), A= (q1, .-, qn) @ANAW = (wy, ..., w,).
If
(i) aandb are decreasing and nonnegative;
(i) pi,q; €[0,1] andw; > 0foranyi € {1,...,n},
then we have the inequality
(5.59) i wiagb; > maz}z%lzzﬁp ZE%“wibq}
— im1 Wiliy D _iq Wi
Proof. Consider the functiong, g, F, G, W : [0,00) — R given by
(a1, tel0,1) (b1, t€0,1)
as, tell,2) by, tell,2)
f=3 L e = ,
an, t€[n—1n) by L€ [n—1,n)
(0 t€n,00) L 0 t€n, 00
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((p1, t€]0,1) (@, te[0,1)
pa, t€[1,2) ¢, te(l,2)

Pny, tE€[N—1,n) Gn, tE€[n—1,n)

and

wy,, t€[n—1n)

L 0 t€n,00)

We observe that, the above functions satisfy the hypothesis of Réntaakd
since, for example,

o0

[ wwrwsma=3 [ woroawis [ ww oo

n
= E wragby,
=1

then by 6.58 we deduce the desired inequalit§9. H
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Remark 5.6. A similar inequality for sequences under some monotonicity as-
sumptions fop andq was obtained in 1995 by J. Pecaric if].

The following reverse of theC' B.S) —discrete inequality holds.

Theorem 5.21. Assume thah, b are decreasing nonnegative sequences with
ay,b; # 0 andw a nonnegative sequence. Then

(560) i wia? i wzbf S max {bl i w;a;, Ay i wlbz} i wzalbl
=1 =1 =1 =1 =1

The proof follows by Theoreri.20on choosing; = ¢+ € [0, 1], ¢; = ,Ij— €
0,1],7 € {1,...,n}. We omit the details.

Remark 5.7. Whenw; = 1, we recapture Alzer’s result from 1992, {].

-

The following result has been proved inl].

Lemma 5.22. Leta = (ay,...,a,) @andx = (z1,...,z,) be sequences of
complex numbers ard= (p4, . . ., p,) @ sequence of nonnegative real numbers
such thaty """ | p; = 1. Then one has the inequality

(5-61) Zpi%‘l‘z‘ - Z]%’Oéi sz‘xi
i=1 i=1 i=1
n n 2
< max [Aq;| max |Az| | Y i*pi— (Zw) :

i=1n—1 i=1,n—1 i—1 i—1
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whereAq; is the forward difference, i.ela; := a1 — a;.
Inequality £.61) is sharp in the sense that the constaht= 1 in the right
membership cannot be replaced be a smaller one.

Proof. We shall follow the proof in [1]. We start with the following identity

sz‘oéi% - Zpiai Zpﬂi = % Z pipj (o — o) (2 — ;)
i=1 i=1 i=1

1,j=1

= Y pips (i —ay) (i — ;).

1<i<j<n

As i < j, we can write that

7j—1
o — oy = Z Ay,
k=i
and
j—1
Tj—x; = Z Axy.
k=i

Using the generalised triangle inequality, we have successively

n n n j—1 7j—1
Zpi&iilii - ZPiOéi ZP@%’ = Z PiD;j Z Aay Z Axy,
i=1 i=1 i=1 1<i<j<n k=i k=i

j—1 j—1
< Z DiDj Z Aay, Z Axy,
1<i<j<n k=i k=i
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j—1 j—1
< Y pwi ) |Aa] ) |An = A
k=1 k=i

1<i<j<n
Note that
|Aag| < max |Aag|
1<s<n—1
and
|Azg] < max |Axgl
1<s<n—1
. . . A Survey on
forall k = 1oy ] — 1 and then by summation Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities
j—1
Z |A04k| < (] - ’L) max ‘AO(S| S.S. Dragomir
1<s<n-—1
k=i
and Title Page
— Contents
. on
Z |Ax,| < (j—i) max |Azg.
1<s<n-—1
k=i 44 44
Taking into account the above estimations, we can write < >
CN2 Go Back
AL Z pip;j (7 —14)7| max |Aay| max |Azg.
1<s<n—1 1<s<n—1
1<i<j<n Close
As a simple calculation shows that Quit
2 Page 173 of 288

n n

. N2 . -2 .
pipj (j—1i) = VP — i |
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inequality 6.61) is proved.
To prove the sharpness of the constant, let us assumestba} holds with
a constant” > 0, i.e.,

(5.62) Zpiaﬁi - Zpiai Zpﬂi
i=1 i=1 i=1
n 2
< C max |Aq;| max |Ax; Zz D — Zipi
i=1,n—1 i=1,n—1 i—1 i—1 A Survey on
Cauchy-B_unyakovsky-Sc_hwarz
Now, choose the sequences= o + k3 (8 #0)andz, =z +ky (y #0), Type Discrete Inequalities
k e {1, R ,n} to get S.S. Dragomir
Zpiaixi N Zpiai sz‘l'i - Z pip; (i = 5) By Title Page
i=1 i=1 i=1 ij=1
" " 9 Contents
=8Iyl | > i’pi - (Z m) «“ 33
=1 =1 < >
and
) Go Back
max |Aaq;| max |Ax| Zi2pi - (Z 2p1> Clless
i=1n—1 i=1n—1 i—1 i—1 Quit

n n 2 Page 174 of 288
= (6] |y] ZZ bi — Zipz‘
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and then, by%.62, we getC > 1. O
The following reverse of theC'BS) —inequality holds {7].

Theorem 5.23.Leta = (ay, ..., a,) andb = (b, ..., b,) be two sequences of
real numbers withu; # 0, (i = 1,...,n). Then one has the inequality

n n n 2
0<> a?) 07— (Zaibz)
=1 =1

=1

A Survey on
b 2 n n n 2 Cauchy-B_unyakovsky-Sc_hwarz
S max {A (_k) } Z a? Z i2a? . Z z'ai Type Discrete Inequalities
k=1n-1 Ak i=1 i=1 i=1 S.S. Dragomir
The constan€’ = 1 is sharp in the sense that it cannot be replaced by a smaller Tite P
constant. e rage
. Contents
Proof. Follows by Lemm&b.220n choosing
<4« >
2
a? b; bi .
pi:—nl OR O[Z:—Z’ I'Z:—’L7 ZE{l,,n} 4 '
D1 G a; a;
_ _ Go Back
and performing some elementary calculations. o
. . ose
We omit the details. H
Quit
Page 175 of 288
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Lemma 5.24.Leta = (ay,...,a,) andx = (z1,...,z,) be sequences of
complex numbers angl= (py, ..., p,) @ sequence of nonnegative real numbers
such thaty"!" | p; = 1. Then one has the inequality

(5.63) Zpiaﬂ?z‘ - Zpiai sz‘l’z’
i=1 i=1 i=1

[\)

—1 n—1
12 zma@»zmr,
i=1 =1 =1

whereAc«; := ;41 — «; is the forward difference.
The constan§ is sharp in the sense that it cannot be replaced by a smaller
constant.

Proof. We shall follow the proof in]3].
As in the proof of Lemm&.22in Section5.9, we have

(5.64) sz‘ai% - Zpi&i szwi
=1 =1 =1 i i
< Y e ) |Aak] ) |Am) = A
k=i =i

1<i<j<n

It is obvious that for alll <i < 7 <n — 1, we have that

7—1 n—1
D Ak <Ak
k=i k=1
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and
j—1 n—1
D Az <) Az
l=i =1

Utilising these and the definition of, we conclude that

(5.65) A<Z|Aak|Z|Axl| > pips

1<i<j<n

Now, let us observe that

(5.66) > pipj:1 szpj Zplp]]

1<i<j<n ,] 1

Z%ij —Zp?]
Li=1  j=1 i=1
= %z‘zlpi(l — i) -

Making use of $.64) — (5.66), we deduce the desired inequalit/§3.
To prove the sharpness of the constariet us assume thaf (63 holds with
a constant > 0. That is

(5.67) Zp@a@xl szaz szxl

\V)

N | —

<Czpz Z ’AO‘Z‘Z‘A%
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forall o, x;, p; (i =1,...,n) as above and > 1.
Choose in%.63 n = 2 and compute
Z pip; (0 — o) (i — )

2 2 2
Zpi@ill?i - ZPz‘Oéi Zpimi =
i=1 i=1 i=1 ij=1
= Z pipj (o — o) (x5 — ;)

1<i<j<2

= P1P2 (041 - @2) ($1 - 132) .

Also
2 2 2
S pi(L—p) > 1Al DAz = (pip2 + pip2) lon — o] 21 — 23
=1 =1 =1

Substituting in $.67), we obtain
pipe|ar — sl |21 — @2 < 2C0pips |on — gl |21 — 2] .

If we assume that,, p, > 0, a; # s, 1 # T2, then we obtairC” > , which
proves the sharpness of the constant O

We are now able to state the following reverse of (h&3S) —inequality

[17].
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Theorem 5.25.Leta = (ay, .. .,
real numbers withy; #0 (i =1,...,

a,) andb = (by,...,b,) be two sequences of
n) . Then one has the inequality

(5.68) O<Z sz (Zn:aibz)
<Za®)] x

The constant = 1 is sharp in £.68), in the sense that it cannot be replaced
by a smaller constant.

Proof. We choose
Lie i)
o =T, = —, 1 N ]
a.

in (5.63 to get

D i 1b22 (> @i b)
V= D ket G - (> ks ak)
L Tl (1) (2 2
= 2 > ke G ai: (j:l > < )D
l.znl Z(Z 1ak S 2
-3 B (5 ()
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which is clearly equivalent to

Since ,
1 n n
H(3) -3 - X
k=1 i=1 1<i<j<n
the inequality .68 is thus proved. O

The following result has been obtained ir1].

Lemma 5.26.Leta = (ay,...,a,) andX = (z1,...,z,) be sequences of
complex numbers ardl= (p4, . . ., p,) @ sequence of nonnegative real numbers
suchthaty""" , p; = 1. Then one has the inequality

(5.69) Zpi%‘%i - Z]%’Oéi sz‘xi
i=1 i=1 i=1

n—1 % n—1 é

<Y G- (zmm) (st:m) |

1<j<i<n k=1 k=1
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wherep > 1, S + o = L.
The constan€' = 1 in the right hand side off.69) is sharp in the sense that
it cannot be replaced by a smaller constant.

Proof. We shall follow the proof in]4].
As in the proof of Lemm&.22in Section5.9, we have

(5.70) szail’z’ - sz’ai Zpixz'
i=1 i=1 i=1
i—1 i—1
< Y e YAk > A = A
k=j I=j

A Survey on
Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

1<j<i<n S.S. Dragomir
Using Holder’s discrete inequality, we can state that
. Title Page
i—1 ) i—1 P Content
. N ontents
3ol < - (3 oot
k=j k=j <44 44
and < >
1
i—1 ) i—1 q
> Ax| < (i j)» (Z\Aml\q) , Go Back
I=j I=j Close
wherep > 1, % + é = 1, and then we get Quit

Page 181 of 288

1 1
p [i-1 q
(6.71) A< Y p(i—)) Zmak\p > A
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Since
—1

Z |Aa P < Z |Aay|?

k=1

i—1 n—1
D Az T <Y Ay,
k=3 k=1

forall1 < j <7 <n,thenby .70 and £.71) we deduce the desired inequal-

and

ity (5.69. A Survey on
. Cauchy-Bunyakovsky-Schwarz
To prove the sharpness of the constant, let us assumesth&} holds with Type Discrete Inequalities
a constant > 0. That s, .
S.S. Dragomir
5.72 i OLGT; — e i Lg
( : ; g ; Y ;P Title Page

n—1 % n—1 % Contents
<o 3 - (Sisnr) (Siaar) “«| »

1<j<i<n k=1 k=1
Note that, forn = 2, we have h d
2 2 2 Go Back
Zpi@i% - Zpi&i sz‘xi = p1p2 |1 — agl [r1 — 2 Close
i=1 i=1 i=1 .
and Quit
1 L 1 L Page 182 of 288
Z (4 = J) pip; <Z|Aak\p> <Z|Al‘k’q> =pip2 |on — agl |21 — 2] .
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Therefore, from%.72), we obtain

pipe|ar — ol |21 — 22| < Cpipa|an — ol [T1 — 22
forall a; # g, 11 # x9, p1p2 > 0, givingC' > 1. ]

We are able now to state the following reverse of {td3S) —inequality.

Theorem 5.27.Leta = (ay,...,a,), b = (by,...,b,) be two sequences of
real numbers withy; # 0, (i = 1,...,n). Then one has the inequality

o\ @
) S e

1<j<i<n

wherep > 1, >+ - = L.
The constan€’ = 1 is sharp in the above sense.

Proof. Follows by Lemmeb.26for

bi .
a=x;=—, 1 €{1,...,n}.

@;
DT
O
The following corollary is a natural consequence of TheoEe&Y for p =

q=2.
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Corollary 5.28. With the assumptions of Theorén27for a andb, we have
n n n 2
=1 =1 =1
n—1 b
<Y A —’“)
<> €

Z (i —j)aia’.
The following result is due to Andrica and Badea,[p. 16].

2

1<j<i<n

Lemma 5.29.Letx = (zy,...,2,) € I" = [m, M]" be a sequence of real

numbers and les be the subset dfl, ..., n} that minimises the expression
(5.73) > pi— 1p
" ZES pZ 2 ni»

whereP, :=>"" p; > 0,p = (p1,...
numbers. Then

E 2 E
xeln Pni1 ! (Pnilzl>

,Pn) IS @ sequence of nonnegative real

(5.74)
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Proof. We shall follow the proofin]5, p. 161].

Define

Dn ()_(7 I_)) = %nzpz ( szxz>

=1

1
P Z pip; (2 — Ij)2-

™ 1<i<j<n

Keeping in mind the convexity of the quadratic function, we have

D,(ax+(1—a)y,p)

1
= 25 Z pipjlox; + (1 —a)y, —az; — (1 —a) yj]2
n1<i<j<n

Z pzp]

1

12N

. <

>~ _2 Z Zp] Xi —
n <i<j<

=aD, (x p)—l—(l—a)D (

i< I
P/I

henceD,, (-, p) is a convex function od™.

Using a well known theorem (see for instancé,[p. 124]), we get that the
maximum ofD,, (-, p) is attained on the boundary &f.

Let (S, S) be the partition of 1, . .., n} such that the maximum @b, (-, p)
is obtained fok, = (z9,...,2°%), wherez? = mif i € Sandz) = Mifi € S.
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In this case we have

o 1 2
(5.75) D, (Xo,P) = 22 Z pipj (T; — x5)
" 1<i<j<n
(M —m)*
=S (- on )
n i€S i€S
The expression
A Survey on
Cauchy-Bunyakovsky-Schwarz
Zpi (Pﬂ - sz) Type Discrete Inequalities
1€S €S
S.S. Dragomir

is a maximum when the sétminimises the expression

1 Title Page
icS 2 Contents
From (.75 it follows that D,, (X, p) is also a maximum and the proof of the « dd
above lemma is complete. O < >
The following reverse result of thg”' B.S) —inequality holds. Go Back
Theorem 5.30.Leta = (ay, ..., a,) andb = (b, ..., b,) be two sequences of Close
real numbers withu; 20 (:=1,...,n)and Quit
b; Page 186 of 288
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Let S be the subset dfl, ..., n} that minimizes the expression

IEEIWE
i=1

€8

(5.77)

Y

and denotés := {1,...,n} \ S. Then we have the inequality

n n n 2
(5.78) 0<> a?) b — <Z ain)
i=1 i=1 =1
<M -—mPY S e

€S i€S
1 = ’

2 2
SZ(M_m) (;Zl ai> .

Proof. The proof of the second inequality iB6.78 follows by Lemma5.290n
choosingy; = a7, z; = %, i€ {1,...,n}.
The third inequality is obvious as

Saya=Ya (Z‘Z)

€S €S €S €S

<3 (Za?+ia?—2a?>2:i<ia§>2.

€S 7=1 €S
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In 1914, P. Schweitzer.[] proved the following result.

Theorem 5.31.1f a = (a4, ..., a,) is a sequence of real numbers such that
m<a; <M<oo(i€{l,...,n}),then

(5.79) ( Zal> (—Zi> < %;Mm).

’L

~ . ] . A Survey on
In 1972, A. Lupas | /] proved the following refinement of Schweitzer’s re- Cauchy-Bunyakovsky-Schwarz

sult which gives the best bound ferodd as well. Type Discrete Inequalifies

SHSH i
Theorem 5.32.With the assumptions in Theorén81, one has Jreaomt
| M+ [ ]m) (%] M+ [5]m) Title Page
o0 Yud s o , "
ontents
where]-] is the integer part. <« >
In 1988, Andrica and Badeaf] established a weighted version of Schweitzer < >
and Lupas inequalities via the use of the following weighted version of the Go Back
Gruss inequality T5, Theorem 2].
Close
Theorem 5.33.1f m < a; < Ml, mo < b; < M,y (Z < {1, e ,n}) ands is the ]
subset of 1,...,n} which minimises the expression Ul
Page 188 of 288
5.81 i — =P, ,
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whereP, =

(5.82)

<

Proof. Using the result i

I <&
(5.83) Fn ;piai - (

and
(5.84) i Zn:pb? —
' Py i=1 .
and since
(5.85) i i b
Pn i:1 pla’t (A

> iy pi >0, then

P Zpla’l 7

< (My —my) (My —ma) sz‘

Zplal sz 7

(

i€S
1
ZPE (Ml — ml) (Mg — mg) .
n Lemm&a.29 Section5.12 we have

m1 Zp

€S

2
zm) < 06— my”

sz ) <2

€8

<pn ]

) |
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n n 2
X Pi Zpibf - (% Zpibi> )
" oi=1 "oi=1

the first part of .82 holds true.
The second part follows by the elementary inequality

1
abgz(a+b)z, a,b € R

A Survey on
for the choices: := 37, pi, b= Pu = 2 ic i x S Vpe Discrete Inoquaites
We are now able to state and prove the result of Andrica and Badga | S.S. Dragomir
Theorem 4], which is related to Schweitzer’s inequality.
Theorem 5.34.1f 0 <m < a; < M < o0,i € {1,...,n} andS is a subset of Title Page
{1,...,n} that minimises the expression Contents
P, <44 44
;pi — 5 < >
Go Back

then we have the inequality
Close

- "\ p; M —m)? _

(5.86) <Zpiai> (Z %) < P+ % Zpi (Pn - ZM) Quit
=l =t ) ies €S Page 190 of 288
< MEm)
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Proof We shall follow the proof in [5]. We obtain from Theoren®.32with

by =+, my =m, My =m, my = 5;, My = L, the following estimate
- - Di
Ps—zpiaiz; o) () T (7 5o
i=1 i=1 " i€s i€S
that leads, in a simple manner, @§6). O

We may now prove the following reverse result for the weig€®.S) —
inequality that improves the additive version of Cassels’ inequality.

Theorem 5.35.Leta = (a1, ...,a,), b =(by,...
itive real numbers with the property that

, b,) be two sequences of pos-

b;
(5.87) 0<m<—<M<x foreachi € {1,...,n},
a;
andp = (p1, ..., p,) @ Sequence of nonnegative real numbers such fhat=

S pi > 0.1f Sis asubsetofl, ...

Zpiaibi -

€S
then one has the inequality

n n n 2
Zpia? Zpib? - (Z piaibi>
i=1 j j

M m Zpla’l 7 (Zplal 7

€S

,n} that minimises the expression

1 n
5 izlpiaibi

(5.88)

(5.89)

€S

A Survey on
Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities
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2
4Mm (szaz z) .

Proof. Applying Theorem5.34 for a; = z;, p; = g¢;x; we may deduce the
inequality

n n n 2
(5.90) Z Qﬂ? Z qi — <Z Qi%)
i=1 i=1 ‘

A Survey on
Cauchy-Bunyakovsky-Schwarz
]\/[ m Type Discrete Inequalities
Z q’l/xl Z szz Z thl 7 .
icS icS S.S. Dragomir
providedg, > 0,>" ¢ >0,0<m <z; <M <oo,fori e {1,...,n} and Tite P
S'is a subset of1, ..., n} that minimises the expression S
Contents
1 n
i€S =1 4 >
Now, if in (5.90 we choosey; = p;a?, x; = 2 € [m, M| fori € {1,...,n}, Go Back
we deduce the desired resuitg9. O
Close
The following corollary provides a refinement of Cassels’ inequality. Quit
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Corollary 5.36. With the assumptions of Theorén35 we have the inequality

n 2 72
(5.92) 1< Zi:l ]jfai Zz‘:l flbi
(Z¢:1 pz‘az‘bi)

<14 (M —m)’ | 2ics Piaibi 1_ > ies Pidib;
B Mm Z?:l pia;b; Z?:l Dia;b;
< M +m)”

-  4Mm

A Survey on
The case of the “unweighted” Cassels’ inequality is embodied in the follow-  Cauchy-Bunyakovsky-Schwarz

. Type Discrete Inequalities
ing corollary as well.

— S.S.D i
Corollary 5.37. Assume thai andb satisfy £.89. If Sisasubsetofl, ..., n} e
that minimises the expression
Title Page
1 n
(5.93) Z; aib; — 3 2; a;bi Contents
ZE = «“ >
then one has the inequality p >
n 2 n 2
(5.94) 1< 2iiz1 % izlzbi Go Back
<Z]Zwl ¢ )2 ) ) Close
§1+( —m) _Z;esaii 1_2;@5‘&1'2 Quit
Mm > i @ib; > i @ib;
_ (M + m)2 Page 193 of 288
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In particular, we may obtain the following refinement of the Pdlya-Szeg6’s
inequality.

Corollary 5.38. Assume that

5.9) 0<a<ag <A<, 0<b<b;<B<oo forie{l,...,n}.

If S'is asubset ofl,...,n} that minimises the expression §3), then one has
the inequality

A Survey on
Z" b2 Cauchy-Bunyakovsky-Schwarz
(5.96) 1< C 1n b Lai= 12 t Type Discrete Inequalities
(Dimy aibi) SS.D i
2 .. Dragomir
(AB —ab)” > ics aibi D ics Gibi
<1+ = - S
abAB Do ab; > aib; _
9 Title Page
(AB + ab)
= W' Contents
44 44
< 4
In[19], J.B. Diaz and F.T. Metcalf proved the following inequality for sequences P —
of complex numbers.
_ Close
Lemma5.39.Leta = (a4, ...,a,) andb = (by,...,b,) be sequences of com- _
plex numbers such thaj, # 0, k € {1,...,n} and QUi
b . ; . Page 194 of 288
(597)m<Re( >+Im( k) < M, mSRe(—k>—Im( ’“) < M,
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wherem, M € Randk € {1,...,n}. Then one has the inequality

Z akl_)k]
k=1

Z akBk .

k=1

n

(5.98) D bkl +mM Y fag|* < (m+ M) Re
k=1 k=1

< |M + m)|

Using the above result we may state and prove the following reverse inequal-
ity A Survey on
' Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

Theorem 5.40.1f a andb are as in 6.97) andm, M > 0, then one has the
inequality S.S. Dragomir

(5.99) Z |ak] Z ]bk < M + m) (Re Z akbk> Title Page

5 Contents
(M + m)2 "
h=1 < >
Proof. Using the elementary inequalit
g y g y Go Back
1
ap’> + —¢*>2pq, a>0,p,qg>0 Close
o
we have Quit
" N " 1 Page 195 of 288
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On the other hand, bys(99), we have

1 g - 2 (M +m)
(5.101) SOl + VMY e < ———
vmM = k=1

Combining 6£.100 and 6.107), we deduce the desired resuitg9.
The following corollary is a natural consequence of the above lemma.

Corollary 5.41. If aandb andm, M satisfy the hypothesis of Theoré&mQ

then

(5.102) 0< (iwiw) 1> aib;
1 =1

1= = i=1

< (iwiwy ~ [Re (Zkbk
=1 i=1

|
3

v | (e
()
VBN N
S( 2\/m_M> ;akbk
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and

(5.103) 0< an|ai|2§n:|bi|2 — 1> aib;
=1 =1 i

i=1
n n n 2
i=1 i=1 i=1
2
(M —m)* ~
(5.105) < Re [ > aby
dmM —
2
M —m)* |
. < — i04
(5.106) eV A a;b

Another result obtained by Diaz and Metcalf irt] is the following one.

Lemma 5.42.Leta, b, m and M be complex numbers such that

(5.107) Re(m) + Im (m) < Re (Z—’Z) +Im (Z-’Z) < Re (M) +Im (M);
Ram—mmmsm(%)—m(%)SMM@—MM@;
for eachk € {1,...,n}. Then
(5.108) Zn: |b.|” + Re (mM) zn: lag|* < Re | (M + m) iakbk]
st o st

A Survey on
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< |M + m)|

Z akBk .

k=1

The following reverse result for th@”'BS) —inequality may be stated as
well.

Theorem 5.43. With the assumptions in Lemraa42, and if Re (mM) > 0,
then we have the inequality:

1
n n 2 n 7 A S
(5.109) Z ’akf Z ’bk‘2 < Re [(M + m) Zk:ll akbk} Cauchy-B_unygli\ésilglr-]Sghwarz
Pt Pt - 9 [Re (mM” 3 Type Discrete Inequalities
_ ’M + m’ ‘Zzzl aki)k‘ S.S. Dragomir
_ 1 ‘
2 [Re (mM)} 2 _
Title Page
The proof is similar to the one in Theorem?0and we omit the details. E—
Remark 5.8. Similar additive versions may be stated. They are left as an exer-
cise for the interested reader. « dd
< >
Go Back
Forz= (x1,...,2,), y= (v1,---,yn) two sequences of real numbers ghe- Close
(p1,..-,pn) @ sequence of nonnegative real numbers with , p; = 1, define Quit
the CebysSev functional
" . " Page 198 of 288
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Forz andp as above consider the norms:

K| o == max ||
1=1n

1
1Xll5.0 = (Zpi !xi\a> , a€l,00).
i=1

The following result holds4(].

Theorem 5.44.Letz, y, p be as above and= (c, ..., c) a constant sequence
with ¢ € R. Then one has the inequalities

(5.111)  0<|T, (P; %, ¥)|

15 = Fuolp - inf % = <l

— _ . — — 1 1 _ 1.
< ||y_yM7p||f,75'igé“x_cnf)@? a>1ls+5=1
\ ¥ — Tl - ilelﬂf{ 1% — éHf,,l ;
(115 = Sl min {1l 1% = R}
17 = Fuallppmin {1l 1% = Rl

a>1,$—|—%:1;

15 = Fuplloe - min { IRl 1% = Rl }

where

n n
Lpup = Zpixh Yup = Zpiyi
i=1 =1
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andz,,, ¥, are the sequences with all components equal.tp v, -

Proof. Firstly, let us observe that for aryc R, one has Sonin’s identity

= sz (CBZ - C) (yl Zp]y])
=1 Jj=1

Taking the modulus and using Holder’s inequality, we have

(5.113) |7, (B; % 9) < ) pi lwi — ¢l |y — Yol
=1
( max 2 — | D2y Pi [Yi = Yupl

i=1n
1

1 B
(s pilwi —c|%)e <Z?:1 pilyi — y#,p|ﬁ> )
a>1, é +3=1;
D i Pilwi — ¢ max |Yi = Yyl

i=1,n

IN

\

(X =Tl 17 = Fupllss

=4 IX=Clgolly = Fupllp s, a>1, 14+s=1

(X =ells 0 1Y = Yuolls -

Taking theinf overc € R in (5.113, we deduce the second inequality in
(5.111).
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Since

1Xll5.0
(1:2]12 [X —€ll5q < o forany a € [1, oo
HX - X/'szHI_)7a
the last part of%.110 is also proved. O
Forp andz as above, define
n n 2 A Survey on
T, (PiX) = y_pial — (Zp> - O Pe Discres Inenuaiies
i=1 =1
_ SS.D i
The following corollary holds{(]. oo
Corollary 5.45. With the above assumptions we have :
Title Page
(5.114)  0<|T (p;X) Contents
4 — — . — —
HX_XM,pr),1 'igﬂng_C”o& <« >
_ — . — — 1 1 .
< R =Rupllgs-inflx =€l a>1.5+5=1; < >
\ Hi_iu,puoo ‘igﬂf{Hi_EHmS Go Back
1% = ypllpy min {1, 1% = Kppll o } 5 Close
_ . _ _ _ Quit
o ) IR = Ruplg pmin { IRl o 1% = Rl |
> a>1l+%=1‘ Page 201 of 288
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Remark 5.9. If p; := %, i =1,...,n, then from Theorerb.44and Corollary

5.45we recapture the results ir2f].
The following reverse of théC'BS) —inequality holds ?(].

Theorem 5.46.Let a, b be two sequences of real numbers with+ 0, i €
{1,...,n}. Then one has the inequality

(5.115) 0<Z Zzﬂ <2n: )2

=1

< inf R ; i
< inf {f“?ii o C} 2 ['“ 2], ]
bi
a a; m?x CL_
k; % 1=1,n | Uy
< Z il Z b; % bi Zk 1akbk
k=1 max .
i=Tn | G Zk La;
Proof. By Corollary5.45 we may state that
(5.116) 0< T, (B %)
<R = Xppllg, - inf X —<|
o I
< [Ix- XH:IJHI‘),I X

||)_(_>_<u7p“oo
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For the choices

we get
n n n 2
T, (p; %) = Zi:l a? Zi:l b? - (Zi:1 a;b;)
n ) n 2 3
Dk az)

n n
IR = Rupllon = D _pi|zi— Y pi;
i=1 j=1
b;
- Zk | aj, Z ai o, d} Zaj

i=1 klk

1
= —(ZZ:1 a%)Q 21: a;b; Zak —a; Zaj j

Z ol [ ar|

(Zk 10 i=1 Z k=1 by bi 7
1%~z b I b
X — = max|— — C X = max |—
i=1,n |Q; o i=Ln | Q;
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and

Sl = e T S |
Utilising the inequality $.116 we deduce the desired resuit{15. H

The following result also holds’[]].

b 2oj—1 @b

Theorem 5.47.With the assumption in Theoregm6and ifa > 1, £ + § =1,

then we have the inequality:

(5.117) 0< ia?ib? - (Z a;
i=1 =1

<

IN

n

> {lal”

=1

n

=1

n

>

k=1

2
bz.)
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51\ 7
ag  a;
b b Title Page
Contents

o

i 27 |b — cag|® <« >
< (Slor o)

4 >
1
= = ap a; ’ ’ Go Back
> i |
i=1 k=1 koo Close
1 .

(3o las = |bi] ™) ° L

% | o L Page 204 of 288
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Proof. By Corollary5.45 we may state that

(5.118) 0< T, (p;%)
< [Ix - iumeﬂ : igﬂfx % — EHI_),Q
1%[/5.0
S ||}_{_}_(“7p‘|f)7ﬁ X { _ —
[ X#,p“;—,,a ;
fora>1,1+ =1
For the choices
2
as .
pz:m, mi_a_i’Z:L , 15
we get
n n 8\ #
[ i%p”pﬁ = Zpi Li — ijxj
i=1 j=1

g 2 by A —aiy

1
B\ B
1 45b;
1
B\ B
ar Qa;
b, b
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1
n @
=1

b
1
; <Z la; > |b; — ca;|* ) )
(Zk pap)® \'imt
1
<z _ 1 - 2—« b e :
HXHf,,a T e oL Z |a’| | Z’ A Survey on
(Zk:l ak) “ =1 Cauchy-Bunyakovsky-Schwarz
and Type Discrete Inequalities
1 S.S. Dragomir
1 n - n ak . @
1% = Rupllp = 777 |ail ay, ' :
e (ZZ:1 ai)Hé ; ; b b Title Page
Utilising the inequality $.118, we deduce the desired resuit{17). O Contents
Finally, the following result also holds2[]. 14 dd
. . . . 4
Theorem 5.48. With the assumptions in Theorésm6we have the following ¢
reverse of th¢C' B.S) —inequality: Go Back
Close

n n n 2
(5.119)  0< ) a7 b} - (Z aibi> Quit
=t = Page 206 of 288
a,zak Za] y mf [Z|az| |b; — caZ]

< max
i=1n
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< max
i=1,n

IS it
Zi:l |a;bil

CLk a;
s Sl [T e 5|
Proof. By Corollary5.45 we may state that
A Survey on
(5.120) 0< T, (p:%) G SR
<|I® - % ~inf ||X — €|
- HX XM’pHOO igﬂf{ HX C”p’l S.S. Dragomir
XI5,
< Hi - )_(vaHoo - Title Page
[ Xu,p“;—,,l .
. Contents
For the choices
44 44
CL? bi ;
pz-:w, xi:a_i’ 1=1,...,n; < S
we get Go Back
Close
1% = Xuplly, = max | z; — > i Quit
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=1
_ a? b;
= —_— | = — | = |la;| |b; — cail
1 D i1 Ok |ai Zk 1@ 121:
1 n
|X|| pi|Ti| = =<n 3 |aib;|
Z Z Zk 1 0 ai D k1 O ,Zl
AS
and Cauchy-Bunygli\é?/)sllglr-]Schwarz
— — ar Q; Type Discrete Inequalities
1X = Ruplls, = |ai| k
P (Zkz 1 k ; Z bk bz S.S. Dragomir
Utilising the inequality $.120 we deducef.119. O
Title Page
Contents
The following Gruss type inequality has been obtained’iij.[ pp b
Lemma5.49.Leta = (a1,...,a,), b = (by,...,b,) be two sequences of real < >
numbers and assume that there até" € R such that
Go Back
(5.121) —o0o<v<a <I'<ooforeachi e {1,...,n}. o
ose
Then for anyp = (p1,...,p,) @ NONnegative sequence with the property that Quit

> oo pi = 1, one has the inequality
Page 208 of 288
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The constan% is sharp in the sense that it cannot be replaced by a smaller

constant.

Proof. We will give here a simpler direct proof based on Sonin’s identity. A

simple calculation shows that:

szaz i Zplazsz ;
_sz <al ’y+1“) (b _Zpkbk>~

(5.123)

By (5.121) we have

v+
a; —
2
and thus, by%.123, on taking the modulus, we get

szaz ) szaz sz % S sz b - Zpkbk
=1

< %(F—V)Zpi bi _Zpkbk :
=1 k=1

To prove the sharpness of the const?ﬂ\et us assume thab(122 holds with
a constant > 0, i.e.,

Z pzaz %

I —
< 27 forall i € {1,...,n}

v+ T

a4 ———

(5.124)

Zpla’l sz )

<c(- V)Zpi
i=1

b; — Zpkbk: .
k=1
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provideda; satisfies $.1217).
If we choosen = 2in (5.1219 and take into account that

szaz 7 szaz szb = P1P2 al - a?) (bl - b2)

providedp; + ps = 1, p1,p2 € [0,1], and since

2
v
i=1

2

b; — Z Prbr

k=1
= p1|(p1 + p2) b1 — p1by — paba| + pa [(p1 + p2) by — p1b1 — pabo
= 2p1p by — ba|
we deduce byH.129
(5.125) pip2lar — az| |b1 — ba| < 2¢(T" — ) [b1 — ba| p1po.
If we assume thaty, po # 0, by # by anday, = T', ay = v, then by £.125 we
deducer > , which proves the sharpness of the cons@nt O

The followmg corollary is a natural consequence of the above lemma.

Corollary 5.50. Assume thad = (ay, ...
andp is a probability sequence. Then

(5.126) 0< sz‘af— (Zlh‘%‘) % I'—7) sz a; — Zpkak;
i—1 i—1

The constan§ is best possible in the sense mentioned above.

, a,) satisfies the assumptiof.(21)
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The following reverse of theC' B.S) —inequality may be stated.

Theorem 5.51. Assume thak = (z1,...,z,) andy = (yi,...,y,) are se-
quences of real numbers with # 0 (i =1,...,n). If there exists the real
numbersn, M such that

(5.127) m < 5— < M foreachi € {1,...,n},

then we have the inequality

A Survey on
Cauchy-Bunyakovsky-Schwarz

(5128) 0 S Z CL’? Z y? — Z TiY; Type Discrete Inequalities
=1 =1 i=1 S.S. Dragomir
Z e

Z;

Tk ?Jk: Title Page
Contents
Proof. If we choosep; = T, O = Lifori=1,...,nandy=m,['=M
) k=1Yk Yi <4< 44
in (5.129, we deduce
9 < >
Z@—l 373
o il Go Back
> k1 3/13 Zk 1Y ;
Close
1 T
— (M —m) y? | = TrYk Quit
2 D e 192; Yi Zk 1%%;
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Ty Y
T Yk

1
=30 =) s 3l [

=1 k=1

giving the desired inequalityp(129§. ]
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In 1951, A.M. Ostrowski ¥, p. 289] gave the following result related to the
(C'BS) —inequality for real sequences (see alsod. 92]).

a,)andb = (b, ..., b,) be two non-proportional
z,) be a sequence of real numbers

Theorem6.1.Leta = (ay, ...,
sequences of real numbers. ket (z4, ...,

such that
=1 1=1
Then
n n 2
(62) fo > Zz 21 az ~ 5
Zz 1 z i1 07 — (D2 aiby)
with equality if and only if
kazl aj — a1 ab;

(6.3)

Ty —

D i a7 i b — (Z?:laibi)Q
foranyk € {1,...,n}.

Proof. We shall follow the proofin, p. 93 — p. 94].
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Let

n

(6.4) A:Zﬁw&éin:imi
i=1 =1

=1
and
Ab; —
(65) Y; = W for any 1€ {]_ }
It is easy to see that the sequence: (v, ..., y,) as defined by@.5) satisfies
(6.1).
Any sequenc& = (xq, ... ,xn) that satisfiesq.1) fulfills the equality

% AB 2 T AB_(C?

Z Tiy; =

S0, in particular

23% AB AB—C?

Any sequenc& = (xq, ... ,:cn) that satisfiesq.1) therefore satisfies

(6.6) Zx — Zyz Z

=1

- yz)2 Z 07

and thus
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and the inequality§.2) is proved.
From (6.6) it follows that equality holds inq.1) iff x; = y; for eachi €
{1,...,n}, and the theorem is completely proved. O

The following result that points out a natural generalisation of Ostrowski’s in-
equality for complex numbers holds][

3 — _ A Survey on
Theorem 6.2 Leta — <a1’ o 7an) (bl’ o ) andx = (_:El’ an) Cauchy-Bunyakovsky-Schwarz
be sequences of complex numbera ahdb, Whereb (b1,...,by,), are not Type Discrete Inequalities
proportional and S.S. Dragomir
(6.7) 2; % = 0; Title Page
n B Contents
9 2 “« @ »
then one has the inequality < >
n n Go Back
> lal”
(6.9) > lail” > T 2 3
v n n n Close
i= Zi:l ‘ai’ Zi:l ’bz| - ‘Zizl aibi|

Quit
Page 219 of 288

with equality iff

J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003
http://jipam.vu.edu.au

b
(6.10) x; = | by — Zk 1 Ok ca; |, 1€{1,...,n}
> ke 1|ak|


http://jipam.vu.edu.au/
mailto:sever.dragomir@vu.edu.au
http://jipam.vu.edu.au/

andp € C with

2
Z: 1|ak|
Zk 1|ak’ Zk 1|bk |Zk 1akbk|

Proof. Recall the(C'BS) —inequality for complex sequences

> lul > ol =
k=1 k=1
with equality iff there is a complex numbere C such that

(6.13)

(6.11) Il =

(6.12)

u,=aug, k=1,...,n
If we apply 6.12) for
D iy ZiCi

Up = 2 — == Ck,

2
Z? el
Zz ld Cl

v = dj — - ¢, Wherec # 0 andc,d,z € C",
Zz’:l ‘Cz|
we have
2 n Zn d B 2
2:C; . 18
(614) 2k — ZIZZ' dk—#'ck
Z Zz 1| | 1 Zi:1 |Ci’2

D iy ZiCi

n
> Zk —
Z ( > it ‘Ci‘Q

k=1

cen | | dp = D im1 dicé
2 i lail

2
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with equality iff there is & € C such that
i1 ZiCi v dic
(6.15) zk:%-cﬁﬁ(dk—%-%).
> i leil > i leil

Since a simple calculation shows that

_ 2 2 2 _ 2
zn: 2 — Z?:l ZiC; ol = Zzzl | 2| Zzzl x| — |ZZ:1 k|

2 2 ’
k=1 > i il Xk |Ck‘2)

_ 2 2 2 _ 12
zn: dy — Z?ﬂ d;C; — Zzzl || ZZzl lekl” — |ZZ:1 dir|
= 2
k=1 > i lail (> ’Ck|2)

n n — n —

/ = s
S~ (o Sk ) (o Tl
k=1 Zi:1 |ci Zi:l il

_ ZL Zka ) 22:1 |Ck|2 - 22:1 ZkCr - Zzzl Ckczk

.Ck

n 2
(Zizl |Ci|2)
then by 6.12 we deduce

6.16) > laul®> Jel* -
k=1 k=1

n 2

g 2k Ck,

k=1

2

n n
< | 2l >l
k=1 k=1

n
E dicy,
k=1
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n n n 2

Z 2y, - Z \Ck|2 — Z 2k Ck ZCkCZk
k=1

k=1 k=1 k=1

>

with equality iff there is @3 € C such that§.15 holds.
If a,%,b satisfy €.7) and 6.9), then by 6.16 and €.19 for the choices
zZ = X, ¢ = a andd = b, we deduce.9) with equality iff there is gu € C

such that _
> i ibi )
T = M bk — n_— “ag |,
( >ict |0Lz|2

and, by 6.9),

- Doy aib; z
(6.17) m by — ZEL00 gy | by = 1

; Zi:l |ai’2

Since 6.17) is clearly equivalent tod.15), the theorem is completely proved.

]

In his book from 1951,4, p. 130], A.M. Ostrowski proved the following in-
equality as well (see alsc [p. 94]).

Theorem 6.3. Leta, b, X be sequences of real numbers so that 0 and

n
E i =1
k=1

(6.18)
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n

(6.19) > apze = 0.

k=1

Then

n 2\ 32 n 2 n 2
(6.20) D k=1 Ok Dkt gn 2(Zk:1 abr) > Z bty |

D ko1 O —
If a andb are non-proportional, then equality holds if.20) iff
" oaZ— n b

6.21)  ap=gq- bk D iy @7 = ak D iy aibi |

N

(i ad)® |0 a2 S0, 0 — (0 aibi)?]
ke{l,...,n}, ge{-1,1}.
We may extend this result for sequences of complex numbers as foligws |

Theorem 6.4.Leta, b, X be sequences of complex numbers soahat0, a, b
are not proportional, and

(6.22) Z z? =1
k=1

(6.23) > wpa = 0.
k=1
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Then

n

Zk 1|ak| Zk 1|bk ‘Zk 1akbk
Zlﬁkbk

> -1 |ak’
The equality holds ing.24) iff

2 iy billi
2
> i lail

(6.24)

(6.25) xk:ﬁ(bk— ak>, kEe{l,....,n};

wheref € C is such that

N

(e lanl’)
(Zk 1’ak| Py 1’bk }Zk 1akbk‘ >

Proof. In Subsectiort.2, we proved the following inequality:

6.26) 5=

n n n 2
(627) Z |Zk‘2 Z |Ck’2 — Z Zkék
k=1 k=1 k=1

n n n 2
ST el = D dian
k=1 k=1 k=1
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for anyz, €, d sequences of complex numbers, with equality iff thereisaC
such that

iy 2iCi v diCi
(6.28) Zk:%'%—i-ﬁ dk—%‘ck
i1 lcil i lcil

for eachk € {1,...,n}.
If in (6.27) we choos& = %, ¢ = a andd = b and take into consideration
that 6.22 and 6.23 hold, then we get

n n n n
DLl X laul® | D0l > lanl” -
k=1 k=1 k=1 k=1
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E bray
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(Z |ak|2) Title Page
k=1
L . Contents
which is clearly equivalent tas(24).
By (6.29 the equality holds inq.24) iff 44 44
nog - < >
D iy biti
= by — =——— - ke{l,... :
o =P ( ‘ S al) a | ke{L.n} Go Back
Sincex should satisfy§.22), we get Close
Quit
z b; CLZ |Z bkak|
1—Z|$k! =’ Z b Z!b R Page 225 of 288
z 1 | | k=1 Zk; 1| k|
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In 1955, K. Fan and J. Tod&] proved the following inequality (see also, [p.
94)).

Theorem 6.5.Leta = (ay,...,a,) andb = (by, ...
real numbers such thatb; # a;b; for ¢ # j. Then

Z?:l a’zz

,b,) be two sequences of

(6.29) TR R — 3
(Zi:l a;) (Zz’:l b;) — (Zi:l a;b;)
2
< - J
_<2)- Zajbi—aibj
=1 Jj=1
i

Proof. We shall follow the proofin], p. 94 —p. 95].

Define .
n a; .
= . B <i<
T (2) Zajbi_aibj (1<i<mn).
JFi

The terms in the sum on the right-hand side

~—

n -1 n n
2 (” Ao
Tia; = ErE—
2 b — b
i=1 i=1 \ J=1 a;b; — aib;
i

can be grouped in pairs of the form

-1
n aiaj ajai X X
( 2 ) <ajbz~ — aibj + aibj — Cljbi) (Z ?é j)
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and the sum of each such pair vanishes.
Hence, we deduce

n

ZCL,L‘(L’Z' =0 and ib,l’z =1.

i=1 =1

Applying Ostrowski’s inequality (see Secti@nl) we deduce the desired result
(6.29. O

A weighted version of the result is also due to K. Fan and J. Toefi(spe
also [, p. 95]). We may state the result as follows.

Theorem 6.6.Letp;; (i,7 € {1,...,n}, i # j) be real numbers such that

DenoteP := >, _,_,., pi; and assume that # 0. Then for any two sequences
of real numbersaa = (ai,...,a,) andb = (by,...,b,) satisfyinga;b; # a;b;
(1 # j), we have

2
n

>
p ajbi — aibj

n 2 n
n 2 nzzzl % n 2 S % Z
Z a by — (Zi:l aibi) i=1

i=1" i=1"1

(6.31)

J#i

If S (R) isthe linear space of real sequences(R) is the subset of nonnegative
sequences arll; (N) denotes the set of finite partsi§f then for the functional
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T:P;(N) xS, (R) x S?(R) — R,

N|—=

(6.32) T(I p;a, B (sz 22]’162) - Zpi&ibi

i€l 1€l i€l
we may state the following result[ Theorem 3].
Theorem 6.7.1f |a] = (|a,|),cy @nd |b| = (|b,]), are asynchronous, i.e.,
A Survey on
(|a;| — |(lj|) (|b;| — |bj|) <0 Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities
forall i, 5 € N, then S.S. Dragomir
_ T Zie[pi‘ai’ZieIpi‘bi’
i€l pi icl
Contents
Proof. We shall follow the proof in§].
Consider the inequalities 14 dd
X < >
2
(zpizpiaf) S Go sack
iel el i€l Close
and ) Quit
2
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which by multiplication give

1
3
2 2 Ziel pilai Zie[ pi |bil
pia; pibi > .
(Z > ) =

i€l el

Now, by the definition of" and byCeby3ev’s inequality for asynchronous se-
guences, we have

T(I. 5.3 l_) > Zie]pi ’all Zie[pi ’bz, b Cauchy-Bﬁn?gli\(/)?/)sllglr-]Schwarz
( P, a, ) = Z 1 Di - Zplal t Type Discrete Inequalities
el £ iel
) i la; ) i bz S.S. Dragomir
Z Zzelp | |Zz€]p | ’ _sz|az||bz| ZO
Zie[ pi icl
Title Page
and the theorem is proved. H P
The following result also holds5[ Theorem 4]. pp >
Theorem 6.8.1f |a| and |b| are synchronous, i.e(|a;| — |a;|) (|b;] — [b;]) > 0 < >
forall i, 7 € N, then one has the inequality
Go Back
(634) 0 S T <I7p757 B) S T([al_)yﬁl_)a]-) ) Close
wherel = (€;),o, € = 1, i € N. Ut

v . i ) _ Page 229 of 288
Proof. We have, byCebySev's inequality for the synchronous sequemées
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(a?);on @andb? = (b?),y . that

T(I,p,ab)= (me?Zp,b?) - Zpiaibi

NI

el el €1
1
2
< (sz‘a?b? sz) — Zpiaibi =T (I, p,ab, 1)
i€l i€l icl
and the theorem is proved. 0

The following result holds{, Theorem 5].

Theorem 6.9. Leta andb be sequences of positive real numbers. Define

2 2
a; b;

D ier a; Dier b}
where: € [ and/ is a finite part ofN. Then one has the inequality

(Zzefaibi)z NS e
(6.36) S 7 2 11 .

i€l i il

Zzel ] el bZQ
Zzel b; ZZEI a;

(6.35) A; =

>
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The equality holds in all the inequalities frorfi.86) iff there exists a positive
numberk > 0 such thata; = kb; forall i € I.

Proof. We shall follow the proof in].
We will use theAG H —inequality

SN TE g
(6.37) — ) pii > A e S
Py il el el Z_i

wherep; > 0, z; > 0foralli € I, whereP; := )., p; > 0.

We remark that the equality holds i6.87) iff x; = x; for eachi, j € I.

Choosingp; = a? andx; = Z— (¢ € I)in (6.37), then we get

of

Z‘e[ aibi b; \ Tiere? Z‘e[ a?

(6.38) ﬁ > > —
el iel

Q;

and byp; = b7 andz; = ¢, we also have
b2

Z- I Clibi a; Zieil b2 Z I b?
(6.39) e >+ > =l
2ier b bi dicla

el el
If we multiply (6.38 with (6.39 we easily deduce the desired inequaliiy30).

The case of equality follows by the same case in the arithmetic mean — geo-

metric mean — harmonic mean inequality. We omit the details. O
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The following corollary holds{, Corollary 5.1].

Corollary 6.10. Witha andb as above, one has the inequality
Zie[ By Ziel @ > Zie[ a; icl b}
2 2 -
(Xicr aibi) (Xies aibi)
The equality holds inq.40 iff there is ak > 0 such thata; = kb;, i €
{1,...,n}.

(6.40)

The following result also hold<5[ Theorem 6].

Theorem 6.11.Leta andb be sequences of positive real numbers ar 1.
If I is a finite part ofN, then one has the inequality

(Cicgaib)”  _ [ Sierad "W Sy i)
Dier @i 2ier b T D ier @7 it b
The equality holds inq.41) if and only if there exists & > 0 such that; = kb;

forall i € I.
If p € (0,1), the inequality in §.41) reverses.

(6.41)
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Proof. We shall follow the proof in§].
By Jensen’s inequality for the convex mappifigR, — R,

flz)=2af, p>1
one has

(6.42) (Zielpixi>p < Zier it

Py P

whereP; := > . pi, pi > 0,2; > 0,4 € I. The equality holds ind.42) iff
x; =x;foralli,j el
Now, choosing in§.42) p; = a?, x; = 2—, we get

1
. 1
Zielaibi < Z’ielai pb]z'g !
Ziela? N Ziela%

and forp; = b2, z; = 2 the inequality 6.42) also gives

1
P12—p\ P
Zie[ aib; < (Ziel a;b; ) !

(6.43)

(6.44)

Zie] bzz Zie] bzz
By multiplying the inequalities@.43 and ©.44), we deduce the desired result
from (6.42).

The case of equality follows by the fact that 42 the equality holds iff
(z;);c; is constant.

If p € (0,1), then areverse inequality holds i8.42) giving the correspond-
ing resultin 6.47). O]

Remark 6.1. If p = 2, then ©.41) becomes théC'B.S) —inequality.
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Let A = (aij), ;_5; andB = (b;;), ;_r; be two matrices of real numbers. The
following inequality is known as theCBS) —inequality for double sums

n 2 n n
(6.45) <Z az‘j%’) <D oap Y b

2,j=1 1,j=1 i,j=1

with equality iff there is a real number such thata;; = rb;; for anyi,j €

{1,...,n}.
The following inequality holds{, Theorem 5.2].

Theorem 6.12.Leta = (a4,...,a,) andb = (b, ..

numbers. Then
n 2 n 2
(6.46) <Z ak) + (Z bk)
k=1 k=1

Proof. We shall follow the proof from{].
Applylng (643 for Q5 = Ay — bj, bi]’ = b,

., b,) be sequences of real

n

§ni(ai+bi) —QZak
k=1

k=1

S
k=1
— a; and taking into account that

- ($) - (£

A Survey on
Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

S.S. Dragomir

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 234 of 288

J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sever.dragomir@vu.edu.au
http://jipam.vu.edu.au/

and

i,j=1

we may deduce the desired inequaliby40).
The following result also holds’/[ Theorem 5.3].

Theorem 6.13.Leta = (a1,...,a,), b = (by,...

Z(bi_aj)an (az—}-bz)—QzakZbk,
k=1 k=1 k=1

,bn)7(_3:(01,...7

O
A Survey on
Cauchy-Bunyakovsky-Schwarz
Cn) and Type Discrete Inequalities

d = (dy,...,d,) be sequences of real numbers. Then one has the inequality: S.S. Dragomir
n n 2
Do Wi Yy aid Title Page
(6.47) |det
Z?:l b;c; Z?Zl b;d; Contents
Z?:l a? Z?:l a;b; 44 >
< det i § p N
> icr ibi > i b}
Z?:l sz 2?21 cid; Go Back
x det ) Close
Yo cidi Yo dF Quit
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Applying (6.49 for a;; = a;b; — a;b;, b;; = ¢;d; — c;d; and using Cauchy-
Binet's identity [, p. 85]

n

1
(648) 5 Z (CLZ‘bj - Cljbi) (Cidj - dei)

ij=1
-3y (o) (e
=1 =1 =1 =1
A Survey on
and Lagrange’s identityl[ p. 84] Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities
2
1 “ - - i S.S. Dragomir
(6.49) 5 > (aiby —azb)? =D a2 b - (Z aibi> :
i,7=1 =1 =1 =1
) Title Page
we deduce the desired resuit47). O
Contents
44 44
The following result holds{, Theorem 5.5]. ¢ >
Theorem 6.14.Let A be a subset of real numbels f : A — Randa = Go Back
(ay,...,a,), b= (by,...,b,) sequences of real numbers with the property that Close
Quit

(i) agb;, a?, b2 € Aforanyi k€ {1,...,n};
(i) f(a?), f(2) > Oforanyk € {1,...,n};

(iid) f*(axbs) < f (a3) f (b7) foranyi, k € {1,...,n}. 2 e P Al . 40t 6200
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Then one has the inequality

(6:50) [z f<akbi>] <t ) S 08).

k,i=1

Proof. We will follow the proof in [/].
Using the assumptiofii:) and the(C'B.S) —inequality for double sums, we
have

A Survey on
n n Cauchy-Bunyakovsky-Schwarz
(6_51) Z f (akbi) S Z ’f (@kbi)‘ Type Discrete Inequalities
k,i=1 k=1 S.S. Dragomir
< 2 b2 3
- k=1 [f (ak) g ( 2)} Title Page
n 2 /o, 2 2 Contents
1 1
< {(Z ) (2o <b%>}2>} “« | »
ki=1 ki=1
) < 3
n n 2
— [Z f (ai) Z f (b?)] Go Back
k=1 k=1 Close
n I n 3 Quit
=n a? b?
Lz:; d ( k)] Lz:; I ( k)] Page 237 of 288
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The following corollary is a natural consequence of the above theorem |
Corollary 5.6].

Corollary 6.15. Let A, f anda be as above. If
(1) ara; € Aforanyi, k€ {1,...,n};
(ii) f(a2) > 0foranyk e {1,...,n};
(iit) f*(aga;) < f(a}) f (a?) foranyi, k € {1,...,n},
then one has the inequality

> Flaras)

k,i=1

(6.52)

<n " f(ai)
k=1

The following particular inequalities also hold, [p. 23].

1. If ¢ : N — Nis Euler’s indicator and (n) denotes the sum of all relatively

prime numbers including and less thanthen for anya = (ay,...,a,),
b = (by,...,b,) sequences of natural numbers, one has the inequalities
n 2 n n
(6.53) [Z v (akbi)] <n® w(ar) Y v (b7);
k,i=1 k=1 k=1
(6.54) Z ¢ (aga;) < nz ¢ (a?);
k=1 k=1

(659 [stkb»] <n? Y s (a}) D05 (07)

k,i=1 k=1 k=1
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(6.56)

Z s(ara;) <nY s(ap).

fa > 1anda = (a1,...,a,), b = (by,...

numbers, then

657) [z o, <akbi>] <3, ()3 e 1)

k,i=1

Z exp, (ara;) <n2expa ak

k=1

,b,) are sequences of real

(6.58)

.If a andb are sequences of real numbers such that, € (—1,1)

(k € {1,...,n}), then one has the inequalities:
. 1
6.59 — | <
( ) [kzi::l(l_akb TLZ mz 1—b2
(6.60) i ;m < ni%,
P (1 —aga;) pet (1—a3)
wherem > 0.

The following result was obtained i [ Theorem].

A Survey on
Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

S.S. Dragomir

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 239 of 288

J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sever.dragomir@vu.edu.au
http://jipam.vu.edu.au/

Theorem 6.16.Letf : I C R — R be a Lipschitzian function with the constant
it satisfies the condition

M, i.e.,

(6.61)

|fE_1:(CL1,...

|/ (z) =
,an), E = (b1

I foranyi,j € {1,...,n},

(6.62)

0<

> flah

2,j=1

<> fah) -

i,7=1

<M Z

f)| < M|z —vy| foranyz,y € I.

,...,by) are sequences of real numbers with; €

then

‘f az ’_Z’f aj |f(az )

i,7=1

Z f(aibj)f(ajbi)
2= ()

=1

Proof. We shall follow the proof in{].
Sincef is Lipschitzian with the constarit/, we have

(6.63) 0 < ||/ (aibj)| — [ (a;bs)[| < |f (asb;) — f (a;

foranyi,j € {1,...

(6.64)

,n}, g
0 < |(]f (aib

il = |f (a;0:)]) (f (aibj) —
< (f (aibj) —

iving

[ (a;bi))

f(ab:))? < M? (ab; — a;b;)?
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foranyi,j € {1,...,n}.
The inequality 6.64) is obviously equivalent to

| 1f (aibj)] f (aibs) + |f (a;bi)| f (a;b:)
= |f (aiby)| f (aibj) — | f (azbi)| f (a;bi) |
< f2 (az‘bj) —2f (az’bj) f (a] z) + f ( a; z)
< M? (a?b? — 2a;b;a;b; + a?b?)

(6.65)

foranyi,j € {1,...
into account that:

Z|f (aibj)| f (aiby)

,n}.Summing ovei and; from 1 ton in (6.65 and taking

Z|f (a;bi)| f (aib;),

1,7=1 i,j=1
Z|faz )| £ (ab) Zlfag )| £ (aiby),
2,7=1 7,7=1
P (aiby) =D f (aibi)
ij=1 ij=1
we deduce the desired inequality. O

The following particular inequalities hol@&[p. 27 — p. 28].

1. Letx = (21,...,2,),¥ = (v1,---.,yn) be sequences of real numbers
such tha) < |x;| < My, 0 < |y;| < My, i € {1,...,n}. Then for any
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r > 1 one has

n n n 2
(6.66) 0<> ar> yr - (Dxiyz-r”)
i=1 i=1 =1
n n n 2
r? (Mle)Q(Tfl) fozyf - (Z |xzyz’)
=1 =1 =1

2. |f0<m1§\xl],0<m2§]yl\,ze{l,

,n}andr € (0,1), then

n n n 2
(6.67) 0< Z%ZT Zyizr - (Z ‘xzyz|T>
=1 =1 =1
n 2
s 2t 3 - (3 )
=1

<

(mlm

numberk one has

n n
Z x?kﬂ |xi’2k+1 Z y?kﬂ |yi’2k+1

(6.68) 0<

=1

i=1

Zka—&-l |yZ 2k+1 Z 2k+1 |$i|2k+1

i=1

,n}, then for any natural
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n n

< Z p2@k+1) Z 2(2k+1) (Z x2k+1 2k+1> :

=1 =1
n 2
< (2k +1)° (M, My)* Z Zyz (Z |$zyz|>
i=1
4.1f0<my <x;,0 <mg <y, foranyi € {1,...,n}, then one has the
inequality A Survey on
n 2 n 2 Cauchy-B_unyakovsky-Sc_hwarz
(669) 0<n Z |:1n (&)} _ Z In (ﬂ) Type Discrete Inequalities
=1 Yi i=1 Yi S.S. Dragomir
n 2
S — Yi — Ty : i
s [ 3 ()
Contents
44 44
The following result holds{]. < >
Theorem 6.17.Leta = (aj,...,a,),b = (b1, ...,b,) be two sequences of real Go Back
numbers withy; # 0,7 € {1,...,n}.If f: I CR — Ris a convex (concave) p—
function on/ and % € I for eachi ¢ {1,...,n},andw = (w1, ..., w,)is a
sequence of nonnegatlve real numbers, then Quit
n b; Page 243 of 288
D i Witib; 2icr witi f <a_>
(6.70) MN&S——= ) =) 7 2
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Proof. We shall use Jensen’s discrete inequality for convex (concave) functions

wherep; > 0 with P, :=>"""  p; > 0 andz; € I foreachi € {1,...,n}.
If in (6.71) we chooser; = % and p; = w;a?, then by 6.71) we deduce

the desired resul(70). O A Survey on
The following corollary holds{]. Ca?i?iﬁi?ﬁ?é’ Yﬁiéui‘[‘.'t‘.lf i
Corollary 6.18. Leta andb be sequences of positive real numbers and assume S.S. Dragomir
that w is as above. Ih € (—o0,0) U [1,00) (p € (0,1)), then one has the
inequality Title Page
p p—1

n n n Contents
(6.72) Zwiaibz’ < (=) Zwiag Zwia?_pb’;.

i=1 i=1 i=1 44 44
Proof. Follows by Theoren6.17 applied for convex (concave) functiof : 4 >
[07 OO) —>R,f(![‘) :Ip,pe (—O0,0)U [1700) (pE <0a1>) O Go Back
Remark 6.2. If p = 2, then by 6.72 we deduce théC'BS) —inequality. Close

Quit
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Lemma 6.19.Let f : I — R be a convex function;; € [m, M| C I for each
ied{l,...,n}andp = (p1,...,pn) be a positivev—tuple. Then

(6.73) Pi Zpif (951)

M_L ?: Di%; = ?: Pik; —m
< E )+ (M),

Proof. We observe for eache {1,...,n}, that
(M —z;))m+ (x; —m) M
M—m '
If in the definition of convexity, i.e.q,3 >0, a4+ 3 >0
F (Oza+ﬁb) < af (a)+ Bf (b)
a+p3 )~ a+ 3

we choosex = M — x;, B = x; — m, a = m andb = M, we deduce, byd.75,
that

(6.75)

(676 R
(M — ) § () + 2 = m) £ (M)

<
- M —m
foreachi € {1,...,n}.
If we multiply (6.76) by p; > 0 and sum ovet from 1 to n, we deduce
(6.73. n
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The following result holds.

Theorem 6.20.Leta = (ai,...,a,), b = (by,...,b,) be two sequences
of real numbers withu; # 0,7 € {1,...,n}.If I € R— R is a convex
(concave) function od and Z— € [m,M] C I for eachi € {1,...,n} and

W = (wi, ..., w,) is a sequence of nonnegative real numbers, then
> i Wil f (%)
6.77 g
AL >
C oMo Eey O Xesmee
< ) g )+ =S ().

Proof. Follows by Lemma6.19 for the choicesp; = wia?, z; = %, i €
{1,...,n}. O

The following corollary holds.

Corollary 6.21. Leta = (ai,...,a,), b = (by,...
positive real numbers and such that

,b,) be two sequences of

bi :
(6.78) 0<m< — <M< oforeachi € {1,...,n}.
a;
If w = (wy,...,w,) iS a sequence of nonnegative real numbers and
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(—o00,0)U[l,00) (p € (0,1)), then one has the inequality

- Mm (MP~F — mp=!
(6.79) Zwia?_pb]; + m m) Zwiaz
=1

Proof. If we write the inequality §.77) for the convex (concave) functigh(z) = ARG

2P p € (—o0,0) U [1,00) (p € (0,1)), we get Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

n n
M — 2eizt w;a;b; D g wiaqb;

n 2— La=1 vt =1 v i
Zi:l w;a; pbf < <>) S wia? P 4 > wia? m MP S.S. Dragomir
Yo wia? T T M —m M —m ’
. . . . Title Page
which, after elementary calculations, is equivalentdd9). O £
Contents
Remark 6.3. For p = 2, we get
<44 >
(6.80) Z w;b + Mm Z w;a; < (M +m) Z w;a;b;, 4 >
=1 =1 =1 Go Back
which is the well known Diaz-Metcalf inequality1]. Close
Quit
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Lemma6.22.Letf : I C R — R be adifferentiable convex function Bm:,- el
(ie€{l,....,n})andp;, > 0 (i € {1,...,n}) such thatP, := > p; > 0.
Then one has the inequality

1 <& 1 &
(6.81) 0< B izlpz'f (x;) = f <Fn ;%%)

1 1 1
<5 Zpiitifl (@) — P Dil; - P sz‘f/ () -

Proof. Sincef is differentiable convex oh one has

(6.82) f@)=fy)>@-—y) (),

foranyz,y el.
If we chooser = 2- 37" piz; andy =y, k € {1,...,n}, we get

1 & 1 & ,
(6.83) f (F ZPz%) = f(yk) = (F > piwi — yk) I (yr) -

=1 moi=1
Multiplying (6.83 by p, > 0 and summing ovek from 1 to n, we deduce the
desired resultq.817). O

The following result holds<].

Theorem 6.23.Leta = (a,...,a,), b = (b1,...,b,) be two sequences of
real numbers withy; # 0,7 € {1,...,n}.If f: I CR — Ris a differentiable
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convex (concave) function drand b ei for eachi ¢ {1,...,n},andw =
(wy,...,w,) is asequence of nonnegatlve real numbers, then

<sz szabf( ) Zwazbzwzaf( >

Proof. Follows from Lemma.220n choosing; = w;a?, z; = Z—,z e{l,...,n}. Cauchy_Bﬁn“;’;&\é?,i@%chwarz
‘ ] Type Discrete Inequalities
The following corollary holds{]. =.S. Pragomir
Corollary 6.24. Leta = (ay,...,a,), b = (by,...,b,) be two sequences of _
positive real numbers with; # 0,7 € {1,...,n}.If p € [1,00), then one has Ve FEEE
the inequality Contents
n ) n ) n ) 2-p n p 44 44
-P
(6.85) 0< ;wiai ;wiai b — Zl:w,-ai ;wiaibi p >
n n n n Go Back
< w;a? w;a® Ph; — w;a;b; wiad PP
=7 [12:1: ' 12:1: Z ; ; t Close
If p € (0,1), then e

Page 249 of 288

n 2-p n n n
2—
6.86)  0< (D wa? > wiab; | =Y wia} Y wia; b}
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n n n n
3— 2
<p E w;a;b; E wia; POE — E w;ar E wia; b .
i=1 i=1 i=1 i=1

We will use the following lemma which contains a refinement of Jensen’s in-
equality obtained in13].

Lemma 6.25.Let f : I C R —R be a convex function on the intervaland
A Survey on

x, €1,p; >0with P, := Z:.L:l p; > 0. Then the following inequality holds: Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities
1 — 1 & $i1+"'+xik+1 S.S. Dragomi
- . e e .M. .. gomir
(6.87) f (Pn Zm:m) < priT Z Piy pzkf( T
=1 ’L17...,’Lk+1:1
1 < Ty 4+ Title Page
< S Z Dir - Dif (%)
nog =1 Contents
1 ¢ 4 »
<< pif (),

By i=1 < | 2
wherek > 1, k € N. Go Back
Proof. We shall follow the proof in3]. Close

The first inequality follows by Jensen'’s inequality for multiple sums Quit
n Tiy oA P 250 of 288
f Zil,...,ik+1:1 DPiy ** Pig gy (%) age °
ZZ,...,@H_I:I Piy * " Pigya J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003
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n Tig+tTiy g
Z’il,...,ik+1=1 pil o .pik+1f < k+1

n
Zil,...,ik+1:1 DPiy - Dig g
since
Tig T A Tip

n
Zil,...,ik+1=1 pil o .pik#»l ( k+1
115y 1=1 Diy plk+l

) = P/f Zpil’i
=1
and .
Z pi1 .. 'pik+1 — P7lf+1

i1 yeningp1=1
Now, applying Jensen’s inequality for
Ty + Tiy -+ Lif_y + iy, Tig + Tjy -+ + Ly, + Lig i1
Uy = y Y2 = )
k k
Tip ot Tip + Loy + -+ Ty,

A Survey on
Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities
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we have

f<y1+y2+"'+yk+yk+1) < f) + f )+ + f () + f (Yrar)

E+1 - E+1

which is equivalent to

T + “ e _|._ xT:
6.88 4 et
o0 1(277)
< f (xil—&-xiQm—&];xik_lJr:cik) TR f <x¢k+l+ml+9’6€i2+-~+xz‘k_1)
- E+1
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Multiplying (6.89 with the nonnegative real numbeys, . .., p;, ., and sum-

ming over
i1, ..., 1,41 from1ton we deduce
11 i
(6.89) Z pil--~pik+1f( 1 “)
Zl,...,’Lk+1:1
Sk——H Z pil...pik_klf(%)_{_...
1501 =1
- Ty, + T X5, Ty,
+ Z Diy - - 'pik_Hf ( k+1 1 l: K 1)
i1yeenyipr1=1
- Tip + x5
11,5yt =1
which proves the second part @ .87). O]

The following result holds.

Theorem 6.26.Let f : I C R —R be a convex function on the intervhla =
(ay,...,a,), b = (by,...,b,) real numbers such that; # 0,7 € {1,...,n}
and% el,ie{l,...;,n}. Ifw = (wy,...,w,) are positive real numbers,

then

(6.90)f (—Zyl wi“"bi>

Z?:l w;a;
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n

1
2 2
S SwaT, AU et
i=1 Wil i1 yinp1=1

)

_1+...+ﬁ

@iy Fipyq

< f k1

Z N
wll . wlk all “ e aikf k
(ZZ 1 Wi & B1yeenyip=1 A Survey on
Cauchy-Bunyakovsky-Schwarz

Type Discrete Inequalities

1 b;
< S 25 walf =) . |
Zi:1 w;a; i—1 a; S.S. Dragomir

0 The p;oof is obvious by Lemm@a.25applied forp; = w;a?, z; = 2—, 1€ Title Page
N R

The following corollary holds. Contents
Corollary 6.27. Let a, b and w be sequences of positive real numbers. If 14 dd
p € (—00,0)U[1,00) (p € (0,1)), then one has the inequalities < 4

n p Go Back

Zwiaibi Close

=1

< CLwa) ¢ b; biver \” Quit

(;) <Zl_1k 1)p Z Wiy + o Wiy, @ “?Hl (_1 T ﬂ) Page 253 of 288
- (k+1) i yin g1 =1 iy Qg g

J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sever.dragomir@vu.edu.au
http://jipam.vu.edu.au/

< (Ch wia)"" 2 (bz‘l biy )p
- — Wi+ Ws a e Qs _ _|— e _|_ —_r
(2) k‘p Zl,% X 11 k11 1k ai1 aik

< < (& g

_— —_ 27
(>) (>) E wia? E w;a, pbll?_
= = i=1 i=1

Remark 6.4. If p = 2, then we deduce the following refinement of (thé3.S) —
inequality

A Survey on
2 Cauchy-Bunyakovsky-Schwarz
n 2 (Zn w a2>1fk n k+1 k+1 Type Discrete Inequalities
i=1 Wity
E w;a;b; < (/f n 1)2 E Wiy =+ Wiy § :biz H 5 S.S. Dragomir
i=1 i1yeemippr1=1 =1 j=
1 k+1 e
2 .
n n2—k n k k Title Page
< (Zizlwiai) Wi+ Ws b Qi i
= L2 i1 ik ig ij Contents
il,.A.,ikZI /=1 J;}
’ <« >
1 n
2
< < - E wW;W; (biaj + CLibj) < >
1,j=1
n B Go Back
< 2 b?
< w;a; w;b; . Close
=1 i=1 .
Quit
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Lemma 6.28.Let f : [a,b] — R be a differentiable convex function da, b)
andz; € (a,b), p; > 0with P, :=>""  p;, > 0. Then one has the inequality

(6.91) Pizpzf (351) —f (% ZPN%)
" oi=1 "oi=1
1 « I «
2> E;Pz fla) = f (E jzlpjl‘j>
1 1 < 1 <
—|f (F ZM%)|'FZP@- xi—Fijij
=1 "oi=1 noj=1

Proof. Since f is differentiable convex olfa, b) , then for eachr,y € (a,b),
one has the inequality

(6.92) f@)=fy)=@—y)f ().

Using the properties of the modulus, we have

6.93) f(@)—f)—(x—y)fW=If(x)=f(y)—(@—y)f )
> f (@) = f W) = lz =yl W)l

> 0.

for eachz, y € (a,b).
If we choosey = - >-" pjz; andz = z;,4 € {1,.. .,

o -1 ) (1)

n}, then we have
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>

fx) = f (Pin ijxj>| -

foranyi € {1,...,n}.
If we multiply (6.94) by p; > 0, sum over; from 1 to n, and divide by
P, > 0, we deduce

n n
1 1
szzf ($z) - f szjxj A Survey on
no_q n =1 Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

1 & 1 & 1 &
_ F sz' (% - F ijmJ) f’ (F ijx]) S.S. Dragomir
"=l "=t moj=1

1 n
N 2
]:

RS
(5]

1 < 1 « Title Page
> 5 D pil|f (@)= f| 5 D piz
P, ; ‘ P, ; Y Contents
1 ¢ 1 ¢ « >
~ | ) | (EZ”%)H <>
7j=1 7j=1
1 — 1 — Go Back
> szi fzi) = f (F ijxj>
=1 =1 Close

Page 256 of 288

1 n
- Fn;pz

1 n
Ty — Fn ;pjxj
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Since
1 & 1 &
szi xi_Fijxj =0,
" oi=1 =1
the inequality 6.97) is proved.

In particular, we have the following result for unweighted means.

Corollary 6.29. With the above assumptions fbandz;, one has the inequality

(6.95) I (z1) +-7-1-+f(xn) iy (:c1+---—|—acn)

n
1 T+ -+ w
> | = - I

T+ Ty, 1 & 1 = ‘
f< 0 )‘ nizla:z njzlmj

The following refinement of theC' B.S) —inequality holds.

n

Theorem 6.30.1f a;,b; € R, i € {1,...,n}, then one has the inequality;

n n n 2
6.96) Y a2 b7 - (Z a¢b¢>
=1 =1

i=1
S e
> " 12 n 2 n 2
N 27;:1 bz? i1 (Zj:l ajbj) <Zj:1 b32>

> 0.
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- % bz
Zakbk Z]bi| Sy ¢ I
i=1 j=1 J
Proof. If we apply Lemma6.28for f (z) = 2%, we get
n n 2
(6.97) iz P T
- Pn — p’L 1 Pn — pZ K3
1 & 1 & ’
Z Fn Di |X; (Fn ijxj>
i=1 j=1
> 0.

1 n
=y Z;Pj%'
]:

Ifin (6.97), we choose; = b7, z; = 3%, € {1,...,n}, we get

> i1 O _ i azbz)2
Z'L 1 bl2 (27, 1622)

n 2
ZbQ. a_f_ M
’Ll’Lil bl2 Z] 1b§

] 1%5/2] 1 g
Zz 1b7,2

(6.98)

Zz 1b12

Zkz 1 axbr |
Zz 1b12

which is clearly equivalent td5(96).
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Suppose that is an interval of real numbers with interic%randf I — R
is a convex function ord. Then f is continuous ory and has finite left and

right derivatives at each point (ff Moreover, ifz,y e; andz < y, then
D~ f(x) < DT f(x) < D™ f(y) < D*f(y) which shows that bott®~ f and
DT f are nondecreasing functions q%nlt Is also known that a convex function
must be differentiable except for at most countably many points. s

For a convex functiorf : I — R, thesubdifferentialof / denoted by f is Cauchy_Bunygﬁ\éii@%chwarz

the set of all functions : I — [—oc, o] such thatp (;) c Rand IR MRS

S.S. Dragomir
(6.99) f(x)> f(a)+ (x—a)p(a) forany z,a € I.
. . . . Title Page
It is also well known that iff is convex orY, thendf is nonemptyD* f, D~ f €
df andifp € 0f, then Contents
(6.100) D™ f(z) < ¢(x) < D*f (v) « dd
< >
for everyx €]. In particular,p is a nondecreasing function. Go Back
If f is differentiable convex on, thenof = {f'}. e —

The following inequality is well known in the literature as Slater’s inequality _
[16]. Quit

Lemma 6.31.Let f : I — R be a nondecreasing (nonincreasing) convex func- Page 259 of 288

tion,z; € I, p; > Owith P, := >  p;, > 0and) ", pip (z;) # 0 where
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¢ € 0f. Then one has the inequality:

(6.101) —Zpl w) < f (ZZ 1p;Z;‘p(( ))).

Proof. Firstly, observe that since, for exampfes nondecreasing, them(z) >

0 for anyx € I and thus

(6.102) S piie ()
>y Dip (23)
since it is a convex combination of with the positive weights
M, 1=1,...,n.
> i1 Pitp (i)

A similar argument applies if is nonincreasing.
Now, if we use the inequality5(99, we deduce

(6.103) f(z)—f(z;) > (x—x) @ (x;) forany z,x; €1, i=1,...,n

Multiplying (6.103 by p; > 0 and summing ovei from 1 to n, we deduce

(6 104) f __sz xz >ZL’ —ZPZQD xz ——ZPZZL‘Z@ xz

foranyx € I.
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If in (6.109 we choose
Z?zl pizitp ()
S pi ()

which, we have proved that it belongs fowe deduce the desired inequality
(6.109). O

xr =

If one would like to drop the assumption of monotonicity for the functfon
then one can state and prove in a similar way the following result.

Lemma 6.32.Let f : I — R be a convex function;; € I, p; > 0 with P, > 0
and>_"" | pip (7;) # 0, wherep € Of. If

Z?:l pix;p (Iz)
> pip ()

then the inequalityd.101) holds.

(6.105)

el

The following result in connection to th€'B.S) —inequality holds.
Theorem 6.33.Assume thaf : R, — R s a convex function oR, := [0, o0),
ai,b; > Owitha; #0,i € {1,...,n}and>."  alp (Z—) £ 0 wherep € 0f.

(7) If f is monotonic nondecreasing (nonincreasing)lino) then

(6.106) 2 i) T = Z?zl aje ()
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(i7) If

(6.107)

then ©6.109 also holds.

Remark 6.5. Consider the functiorf : [0, 00) — R, f (z) = a?,p > 1. Thenf

. . . _ . AS
is convex and monotonic nondecreasing and) = pz?~!. Applying 6.109, I e
we may deduce the following inequality: Type Discrete Inequalities
n p+1 n n p S.S. Dragomir
(6.108) (Z a?‘Pbi"1> <> d (Z a?"’bf)
i=1 i=1 i=1 Title Page
forp>1,a;,b; >0,i=1,...,n. Contents
44 44
< >
The following Jensen type inequality has been obtained ihy Andrica and Go Back
Rasa.
Close
Lemma 6.34.Let f : [a,b] — R be a twice differentiable function and assume .
that Quit
m= inf f"(t)>—oco and M = sup f"(t) < . Page 262 of 288

te(avb) te(a,b)
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If z; € [a,b] andp; > 0 (¢ =1,...,n) with >  p; = 1, then one has the
inequalities:

(6.109) %m ZPJ’? — (ZPN&) < Zpif (z5) = f (sz%)

AS
. . . . . . Cauchy-Bunygli\é?/)sllglr-]Schwarz
Proof. Consider the auxiliary functiof,, (t) := f (t) — 3mt*. This function is Type Discrete Inequalities
twice differentiable and;, (t) > 0,t € (a, b) , showing thatf,, is convex. S.. Dragomir
Applying Jensen’s inequality fof,,, i.e.,
- - Title Page
i=1 i=1 Contents
we deduce, by a simple calculation, the first inequality6iri(9. 44 44
The second inequality follows in a similar way for the auxiliary function < >
fu (t) = 3 Mt? — f (t) . We omit the details. O
] o ) Go Back
The above result may be naturally used to obtain the following inequality
related to théC' B.S) —inequality. Cloes
Theorem 6.35.Leta = (ay,...,a,), b = (by,...,b,) be two sequences of ot
real numbers with the property that there exist$’ € R such that Page 263 of 288
a; .
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andb; #0,i=1,...,n.If f: (7,T) — Ris twice differentiable and
m= inf f"(t) and M = sup f"(t),

te(v,I) te(y,I)

then we have the inequality

n n n 2
(6.111) %m Soad - (Z aibz)
=1 =1 =1

2 2 2 i1 Qibi
<>y (§) - (Zb> (5%
=1 =1 =1
Proof. We may apply Lemmé&.34for the choiceg,; =
get
1 > @ _ (Z?:1 aibi)2
Zk 1 b2 ZZ:I bi
< i 1b?f( ) iy (Z?:laibi>
T Xkabi 2 i b

13" a? (sz a-b~)2
S M =11 1711 v
[Zk 1 bi 2 k=1 Ui

2
a;
oy le andz; = = to
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giving the desired resul6(117). O

The following corollary is a natural consequence of the above theorem.

Corollary 6.36. Assume tha#i, b are sequences of nonnegative real numbers
and

(6.112) 0<<p§%§<1><ooforeachz’e{l,...,n}.

[

Then for anyp € [1, c0) one has the inequalities

n 2
(6.113) %p —1) P2 Z Zzﬂ (Z )
=1
< Xn: b? (zn: afbf—p>
i=1 =1

- (Z ) ()

n n 2
1 i=1

=1 =

<-p(p—-1)or?

1
2

if p € [2,00) and

(6.114) Sp(p—1)@"” Z Zb? (Z; >2
. 262 <Z b p>p ) (é bg)“’ (é aibi>p
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if pell,2].

The following result for convex functions via Jensen’s inequality also holds A Survey on

[ ] Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

Lemma6.37.Letf : R — R be a convex (concave) function ad- (zq,...,x,), _
_ . . S.S. Dragomir
p = (p1,...,pn) real sequences with the property that> 0 (i =1,...,n)
and)_" , p; = 1. Then one has the inequality:
Title Page
n n 2
(6.115) f [Z¢;1 pzj“? - (Zznzlpzng ] Contents
Zi:l vpi — (Zi:l Zpi) <4 >
< (>) Zl§i<j§npipj [ ?;zizf(AIk : Al"l)] < 2
o > i — (00, ipi)Q 7 Go Back
whereAxy := x4 — 2z (k= 1,...,n — 1) is the forward difference. Close
Proof. We have, by Jensen’s inequality for multiple sums that Ut

Page 266 of 288

(6.116) f [Zﬁlpix? — (i pm-f]

Z?:l i?p; — (Z?:l ipi)z
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2
_ ¢ Zl<z<]<n pipj (i QTJ)
L zhgxﬁmpmjb-—w
-Z . ( ;o ‘)2 (zj—2:)°
f 1<i<j<n PiPi U =) 57
e ‘ -
Zl§i<j§n pip; (J — 1)

(x~f:ri)2
Zl<z<]<npzp] (‘7 o ) f( (; i)? ) 7

Zl<z<]<n pip; (J — Z)

On the other hand, fof > i, one has

j—1 j—1
(6.117) rj— T = Z (Tpr1 — xp) = Z Ay,
k=i k=i

and thus
j-1 2
k=i k,l=i

Applying once more the Jensen inequality for multiple sums, we deduce

(a; — m:)° b= = Ay, Az
6.118 | =
o1 f!(j—z’f] f[ TE;

Zkl = (Axy - Amy)
(j —1i)

< (=)
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and thus, by§.119, we deduce

S ; F(Azy-Axy)
Zl<z<g<np%pj (- )2 ki G- Z)2k l

. N2
Zl§i<j§n pip; (4 — 1)
i—1
Zl§i<j§npipj [ i,z:if (Azy, - Axy)
= n . n . 2
> i1 i — (D21 1pi)

and then, by§.116 and 6.119, we deduce the desired inequality119. O U e —

Type Discrete Inequalities

(6.119) 1< (>)

Y

The following inequality connected with thg” B.S) —inequality may be

stated. S.S. Dragomir
Theorem 6.38.Let f : R — R be a convex (concave) function aie- (ay, ..., a,), Tile P
b = (by,...,b,), W = (wi,...,w,) sequences of real numbers such that itle Page
b; # 0, w; > 0 (i=1,...,n) and not allw; are zero. Then one has the in- Contents
equality « "
(6 120) f Zz 1w1 221 lwlb2 (Z?:l wiaibi)z 4 >
S wib2 S Pwib? — (D0, iw;b;)” Go Back
Zl<z<]<nw wasz [Zkl i ( (Z—’“) - A (%))] Close
- (Z) - 2 : ) Quit
D iy wiby Do by — (D1 dwiby)

Page 268 of 288
Proof. Follows by Lemma6.37 on choosingp; = w;b? andz; = %, i =

1,...,n. We omit the details. ] J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003
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For two sequences of real numbé&rs= (a;,...,a,), b = (by,...,b,) and
D= (p1,  .,pa)Withp; >0 (i €{l,...,n})and) ", p; = 1, consider the
CebysSev functional

(6.121) T (p,a,b) : sza i — Zn:piaizn:pibi
i—1 i—1

By Korkine’s identity [L, p. 242] one has the representation

(6.122) T (p Z pip; (a; — a;) (b — b;)
1] 1
= > pipjla;—ai) (b —bi).
1<i<j<n

Using the(C' BS) —inequality for double sums one may state the following re-
sult

(6.123) [T (p,a,b)]* < T (p,a,a)T (p,b,b),

where, obviously

o 1
(6.124) T(p,a.8)=5 > pwsai—a)
i,j=1
= Z PiPj (@j - ai>2'
1<i<j<n

The following result holds14].
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Lemma 6.39.Assume thai = (aq,...,a,),b = (by,...
such that for each, j € {1,...,n},i < j, one has

, b,) are real numbers

wherem, M are given real numbers.

If p = (p1,...,ps) IS @ NnoNnegative sequence With_, p; = 1, then one
has the inequality

(6.126) (m+ M)T (p,a,b) > T (p,a,a)+ mMT (p,b,b).

Proof. If we use the conditiond 125, we get
[M (b — b;) — (a; — a;)] [(a; — a;) —m (b;

fori,je{l,...,n},i<j.
If we multiply in (6.127), then, obviously, for any,j € {1,...,n},i < j
we have

(6.127) —b;)] >0

(6.128)  (a; — a;)* + mM (b; — b;)* < (m + M) (a; — a;) (b; — b;) .

Multiplying (6.128 by p;p; > 0, 4,5 € {1,...,n}, 7 < j, summing ovei and
j,i < jfrom1ton and using the identitie$(122 and ©.1249, we deduce the
required inequality@.129. ]

The following result holds14].
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Theorem 6.40.1f a, b, p are as in Lemm&.39and M > m > 0, then one has

the inequality providing a reverse fo6 (123

(6.129) [T (p,a,b)]* > %T(p,a, a)T (p,b,b).

Proof. We use the following elementary inequality
1

(6.130) ar? + —y* > 2y, r,y>0, a>0
[0

to get, for the choices

o
I
%
=
vV
\'O
S
I
=
=)
\.O-‘I
=
=
v
“O
Neg
Il
=
=
o
E_J/I
I_to\.H
v
(@)

the following inequality:

(6.131) VmMT (p,b,b) +

Using 6.130 and ©.131), we deduce

%T(_ a.b) > [T (p,b,5)]* [T (p.a,a)*

which is clearly equivalent ta5(129.

The following corollary also holdsl[].
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Corollary 6.41. With the assumptions of Theorém(Q we have:

(6.132) 0< [T (f),l_),l_))}% [T (p, a, 5)]5 — T (p,a,b)
(Val—ym)
= 2v/mM T(p.ab)
and
(6.133) 0<T(p,aa)T (p,b,b) - [T (p,a b)]’
< M=) 5 5 )
- 4AmM T

The following result is useful in practical applications.

Theorem 6.42.Let f, g : [, 3] — R be continuous ofr, 5] and differentiable
on (a, B) with ¢’ () # 0 for z € («, 3) . Assume

/' (@) f' (@)

—00 <y = inf sup

(6.134) = ,
we(@f) ¢ (2) zep) ¢ (2)

=1 < 0.

If X is a real sequence with; € [a, 5] andz; # x; for i # j and if we denote
byf (X) .= (f(x1),..., f(x,)), then we have the inequality:

(6.135) (v+I)T(p.f(%),8(X)
=T (p,f(x),f(x)+1T(p,g(X),g (X))

foranypwithp, >0 (i € {1,...,n}), > 0 pi =1L
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Proof. Applying the Cauchy Mean-Value Theorem, there exfstse («, ()
(¢ < ) such that

(6.136) ' Y =

fori,j e {1,...,n},i<j Then
f(%‘) _f(xi):| {f(%’) - f(xz)
g(z;) —g(z) ] Lg(z;) —g(x)

which, by a similar argument to the one in Lem@&a&9 will give the desired
result €.139. ]

—y| >0, 1<i<j<n,

(6.137) |T —

The following corollary is naturall[4].

Corollary 6.43. With the assumptions in Theorémi2and ifI' > ~ > 0, then
one has the inequalities:

(6.138) [T'(p.f(X),g (X))
4yT _ _ _
2 T B R, E )T (Brg (%), 8 (),
(6.139) 0 < [T (p, £ (%), £ (%))]? [T (P,g (%), g (X)]? — T (5, f(X),g (X))
VE— )
_< M_F>T<f>, (%),g (%))

A Survey on
Cauchy-Bunyakovsky-Schwarz
Type Discrete Inequalities

S.S. Dragomir

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 273 of 288

J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sever.dragomir@vu.edu.au
http://jipam.vu.edu.au/

and
(6.140) 0<T(p,f(x),f(X)T(p,g(x), (X)) —T*(p,f(X),g(x))

< C (et ). 5(3).

For two sequences of real numbé&rs= (a,...,a,), b = (by,...,b,) and
P=(pr,...,pa) Withp; >0 (i € {1,...,n})and} ", p; = 1, consider the
Cebysev functional

(6.141) f) a, l_) Zpla b; — zn:piai zn:pibi.
i=1 i=1

By Sonin’s identity [, p. 246] one has the representation

(6.142) T (p,a,b) = _pi(a:— Au(5,a)) (b: = Ax (b, D)),

where . .
) = ijaj, An (f), l_)) = Zp]b]
J=1 Jj=1

Using the(C'BS) —inequality for weighted sums, we may state the following
result

(6.143) [T (p,a,

9
e
AN
N
i
oI
I

.a)T (b, b,b),
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where, obviously

(6.144) T (p,a,a) = sz a; — A, (p,8))°.

The following result holds14].

Lemma 6.44. Assume thas = (ai,...,a,), b = (by,...,b,) are real num-
bers,p = (p1,...,p,) are nonnegative numbers with;" , p; = 1 andb; #

A, (p,b) foreachi € {1,...,n} . If

(6.145) —oo<l§w<L<oo forall 7 € {1,.

wherel, L are given real numbers, then one has the inequality
(6.146) (I+L)T (p.a,b) > T (p,a a) + LIT (p,b,b).

Proof. Using (6.149 we have

a; — An (I_)v )
(6.147) (L S Alm

foreachi € {1,...,n}.
If we multiply (6.147 by (b; — A, (P, 15))2 > 0, we get

(6.148) (a; — An (,))” + LI (b — A, (B,B))”
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foreachi € {1,...,n}.
Finally, if we multiply (6.148 by p; > 0, sum over; from 1 to » and use the
identity (6.142 and 6.144, we obtain 6.149. ]

Using Lemma6.44 and a similar argument to that in the previous section,
we may state the following theorem-].

Theorem 6.45.With the assumption of Lemnéad4and if L > [ > 0, then one
has the inequality

4lL

(6.149) Ti0

T (5.5,5)]° >

The following corollary is naturalll4].

Corollary 6.46. With the assumptions in Theorégh5one has

(6.150) 0<[T(p.aa) [T (p.b.b)]* - T (p.ab)
(Vi-vi)
< Nl T (p,a, b) ,
and
(6.151) 0<T(p,aa)T7 (pb.b)— [T (p,ab)]’
L—1)? —\ 12
< (p.ab)
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The following result holds.

Theorem 6.47.Leta = (ay,...,a,), b = (b1,...,b,) (Withb; # b; for i # )
be two sequences of real numbers with the property that there exists the real
constantsn, M such that for anyl < i < j < n one has

aj—az-

(6.152) m < < M.
bj o bi A Survey on
Then we have the inequality Ca#;sggfsrgzlt? Yﬁiéui‘[‘.'t‘.lf i
(6.153) mT (p,b,b) <T (p,a,b) < MT (p,b,b), S.S. Dragomir
for any nonnegative sequenpe= (py,...,p,) With) " p, = 1. Title Page
Proof. From (6.152, by multiplying with (b; — b;)* > 0, one has Contents
m (b; — bi)* < (a; — a;) (b — b;) < M (b; — b;)° «“ 33
foranyl < i < j < n, giving by multiplication withp;p; > 0, that < >
Go Back
m > ppi(bi—b;)" < > pipy (0 — ) (b — by)
1<i<j<n 1<i<j<n Close
S M Z pip; (bl - bj)Q . Quit

1<i<j<n Page 277 of 288

Using Korkine’s identity (see for example Subsectioh9), we deduce the de-

sired result 6153 ] J. Ineq. Pure and Appl. Math. 4(3) Art. 63, 2003
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The following corollary is natural.

Corollary 6.48. Assume that the sequerie@ Theorent.47is strictly increas-
ing and there exists:, M such that

Aak
<—<M, k=1,...,n—1;
m_Abk._ ) Y 7n Y

(6.154)

whereAay, := a1 — ay, is the forward difference, the® (153 holds true.

Proof. Follows from Theoren6.47 on taking into account that foi > ¢ and
from (6.159 one has

j—1 j—1 j—1
k=i k=i k=i

giVing m (b] — b,) < a; — a; <M (bj — bz> . L]

Another possibility is to use functions that generate similar inequalities.

Theorem 6.49.Let f, g : [, 3] — R be continuous ofw, 5] and differentiable
on (a, B) with ¢’ (x) # 0 for x € («, 3) . Assume that

fa) )

—o00o <m = inf , =M < .
z€(a,B) 9’ (I) z€(a,p) g/ (I)
If X = (z1,...,,) is areal sequence with; € [o, ] andz; # z; fori # j

and if we denoté (X) := (f (z1),..., f (z,)), then we have the inequality

(6.155) mT (P, g (X),8 (X)) < T (p.f (X),8(X)) < MT (p,g(x).g(X)).
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Proof. Applying the Cauchy Mean-Value Theorem, for any- i there exists
&j € (a, 8) such that
flay) = @) (&)
g () — g(z:) g (&)
Then, by Theoren®.47 applied fora; = f(x;), b; = g (z;), we deduce the
desired inequalityq.159. O

€ [m, M].

The following inequality related to thg' BS) —inequality holds.

Theorem 6.50.Leta, X, y be sequences of real numbers such thag 0 and
yola z—; fori # j, (i,7 € {1,...,n}). If there exist the real numbers I" such
that

(6.156) <P <Tfor 1<i<j<n,
x; T;

then we have the inequality

n

(6.157) vl Zn:yf — (Zn: a:y)

=1 =1

n

n n n

< 2 2

> Ly Q;TiY; — a;x; TilY;
i=1 i=1 i=1

i=1

n n n 2
<T ;m?;yf— (;xy>
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2

Proof. Follows by Theorent.47 on choosing; = ST by = 2, m = vy
=17Tg i
andM = I'. We omit the details. O
The following different approach may be considered as well.

Theorem 6.51.Assume thai = (a1, ...,a,), b = (by,...,b,) are sequences
of real numbersp = (pi,...,p,) is a sequence of nonnegative real numbers

a; — An (P, a)
6.158) —co<l< M2 < < foreachi e {1,. ,
(6158) —oo <l it <L <o ie{l....n)

wherel, L are given real numbers, then one has the inequality
(6.159) IT (p,b,b) <T (p,a,b) < LT(

b,b).

Proof. From (6.158, by multiplying with (b; — )) > 0, we deduce

An (b))

[ (b — An (p,))” < (ai — A (B, ))(b
<L (b~ 4. (p.B))",

foranyi € {1,...,n}.
By multiplying with p; > 0, and summing over from 1 to n, we deduce

lipi(bi—A QSiPi(Gi—
i=1 ;
<szz i_

(p,a)) (b; — A, (P, b))

(b.5))".
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Using Sonin’s identity (see for example Secti®r(0), we deduce the desired
result ¢.159. ]

The following result in connection with thH€'B.S') —inequality may be stated.

Theorem 6.52.Leta, X, b be sequences of real numbers such tha¢ 0 and

Yi 1

— Y
A, [ x2, =
i Z?:l 7 ( X)

fori € {1,...,n}. If there exists the real numbegs ¢ such that

(6.160) ¢ < — ,

Yi 1 (X2 X)

x; Yot ? x
wherex? = (22,...,22) and¥ = (%, o g-z) , then one has the inequality
(6.159).
Proof. Follows by Theoren®.510n choosing,; = 2%2562, by =%,1=¢and
L = ®. We omit the details. o O
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