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Abstract

For functions belonging to each of the subclasses M∗
n (α) and N ∗

n (α) of nor-
malized analytic functions in open unit disk U, which are introduced and in-
vestigated in this paper, the authors derive several properties involving their
generalized convolution by applying certain techniques based especially upon
the Cauchy-Schwarz and Hölder inequalities. A number of interesting conse-
quences of these generalized convolution properties are also considered.

2000 Mathematics Subject Classification: Primary 30C45; Secondary 26D15,
30A10.
Key words: Analytic functions, Hadamard product (or convolution), Generalized con-

volution, Cauchy-Schwarz inequality, Hölder inequality, Inclusion theo-
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1. Introduction and Definitions
LetAn denote the class of functionsf (z) normalizedin the form:

(1.1) f (z) = z +
∞∑

k=n

ak z
k (n ∈ N\ {1} ; N := {1, 2, 3, . . .}) ,

which areanalytic in theopenunit disk

U := {z : z ∈ C and |z| < 1} .

We denote byMn (α) the subclass ofAn consisting of functionsf (z) which
satisfy the inequality:

(1.2) R

(
zf ′ (z)

f (z)

)
< α (α > 1; z ∈ U) .

Also letNn (α) be the subclass ofAn consisting of functionsf (z) which satisfy
the inequality:

(1.3) R

(
1 +

zf ′′ (z)

f ′ (z)

)
< α (α > 1; z ∈ U) .

Forn = 2 and1 < α < 4
3
, the classesM2 (α) andN2 (α) were investigated

earlier by Uralegaddiet al. (cf. [5]; see also [4] and [6]). In fact, following
these earlier works in conjunction with those by Nishiwaki and Owa [1] (see
also [3]), it is easy to derive Lemma1.1and Lemma1.2below, which provide
the sufficient conditions for functionsf ∈ An to be in the classesMn (α) and
Nn (α), respectively.
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Lemma 1.1. If f ∈ An given by(1.1) satisfies the condition:

(1.4)
∞∑

k=n

(k − n) |ak| 5 α− 1

(
1 < α <

n+ 1

2

)
,

thenf ∈Mn (α).

Lemma 1.2. If f ∈ An given by(1.1) satisfies the condition:

(1.5)
∞∑

k=n

k (k − α) |ak| 5 α− 1

(
1 < α <

n+ 1

2

)
,

thenf ∈ Nn (α).

For examples of functions in the classesMn (α) andNn (α), let us first
consider the functionϕ (z) defined by

(1.6) ϕ (z) := z +
∞∑

k=n

(
n (α− 1)

k (k + 1) (k − α)

)
zk,

which is of the form (1.1) with

(1.7) ak =
n (α− 1)

k (k + 1) (k − α)
(k = n, n+ 1, n+ 2, . . .) ,

so that we readily have

(1.8)
∞∑

k=n

(
k − α

α− 1

)
|ak| = n

∞∑
k=n

(
1

k
− 1

k + 1

)
= 1.
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Thus, by Lemma1.1, ϕ ∈Mn (α). Furthermore, since

(1.9) f (z) ∈ Nn (α) ⇐⇒ zf ′ (z) ∈Mn (α) ,

we observe that the functionψ (z) defined by

(1.10) ψ (z) := z +
∞∑

k=n

(
n (α− 1)

k2 (k + 1) (k − α)

)
zk

belongs to the classNn (α).
In view of Lemma1.1and Lemma1.2, we now define the subclasses

M∗
n (α) ⊂Mn (α) and N ∗

n (α) ⊂ Nn (α) ,

which consist of functionsf (z) satisfying the conditions (1.4) and (1.5), re-
spectively.

Finally, for functionsfj ∈ An (j = 1, . . . ,m) given by

(1.11) fj (z) = z +
∞∑

k=n

ak,j z
k (j = 1, . . . ,m) ,

the Hadamard product (or convolution) is defined by

(1.12) (f1 ∗ · · · ∗ fm) (z) := z +
∞∑

k=n

(
m∏

j=1

ak,j

)
zk.
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2. Convolution Properties of Functions in the Classes
M∗

n(α) andN ∗
n (α)

For the Hadamard product (or convolution) defined by (1.12), we first prove

Theorem 2.1. If fj (z) ∈M∗
n (αj) (j = 1, . . . ,m), then

(f1 ∗ · · · ∗ fm) (z) ∈M∗
n (β) ,

where

(2.1) β = 1 +
(n− 1)

∏m
j=1 (αj − 1)∏m

j=1 (n− αj) +
∏m

j=1 (αj − 1)
.

The result is sharp for the functionsfj (z) (j = 1, . . . ,m) given by

(2.2) fj (z) = z +

(
αj − 1

n− αj

)
zn (j = 1, . . . ,m) .

Proof. Following the work of Owa [2], we use the principle of mathematical
induction in our proof of Theorem2.1. Let f1 (z) ∈ M∗

n (α1) andf2 (z) ∈
M∗

n (α2). Then the inequality:
∞∑

k=n

(k − αj) |ak,j| 5 αj − 1 (j = 1, 2)

implies that

(2.3)
∞∑

k=n

√
k − αj

αj − 1
|ak,j| 5 1 (j = 1, 2) .
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Thus, by applying the Cauchy-Schwarz inequality, we have∣∣∣∣∣
∞∑

k=n

√
(k − α1) (k − α2)

(α1 − 1) (α2 − 1)
|ak,1| |ak,2|

∣∣∣∣∣
2

5

(
∞∑

k=n

(
k − α1

α1 − 1

)
|ak,1|

)(
∞∑

k=n

(
k − α2

α2 − 1

)
|ak,2|

)
5 1.

Therefore, if

∞∑
k=n

(
k − δ

δ − 1

)
|ak,1| |ak,2| 5

∞∑
k=n

√
(k − α1) (k − α2)

(α1 − 1) (α2 − 1)
|ak,1| |ak,2|,

that is, if√
|ak,1| |ak,2| 5

(
δ − 1

k − δ

)√
(k − α1) (k − α2)

(α1 − 1) (α2 − 1)
(k = n, n+ 1, n+ 2, . . .) ,

then(f1 ∗ f2) (z) ∈M∗
n (δ).

We also note that the inequality (2.3) yields√
|ak,j| 5

√
αj − 1

k − αj

(j = 1, 2; k = n, n+ 1, n+ 2, . . .) .

Consequently, if√
(α1 − 1) (α2 − 1)

(k − α1) (k − α2)
5
δ − 1

k − δ

√
(k − α1) (k − α2)

(α1 − 1) (α2 − 1)
,
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that is, if

(2.4)
k − δ

δ − 1
5

(k − α1) (k − α2)

(α1 − 1) (α2 − 1)
(k = n, n+ 1, n+ 2, . . .) ,

then we have(f1 ∗ f2) (z) ∈M∗
n (δ). It follows from (2.4) that

δ = 1 +
(k − 1) (α1 − 1) (α2 − 1)

(k − α1) (k − α2) + (α1 − 1) (α2 − 1)
=: h (k)

(k = n, n+ 1, n+ 2, . . .) .

Sinceh (k) is decreasing fork = n, we have

δ = 1 +
(n− 1) (α1 − 1) (α2 − 1)

(n− α1) (n− α2) + (α1 − 1) (α2 − 1)
,

which shows that(f1 ∗ f2) (z) ∈M∗
n (δ), where

δ := 1 +
(n− 1) (α1 − 1) (α2 − 1)

(n− α1) (n− α2) + (α1 − 1) (α2 − 1)
.

Next, we suppose that

(f1 ∗ · · · ∗ fm) (z) ∈M∗
n (γ) ,

where

γ := 1 +
(n− 1)

∏m
j=1 (αj − 1)∏m

j=1 (n− αj) +
∏m

j=1 (αj − 1)
.
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Then, by means of the above technique, we can show that

(f1 ∗ · · · ∗ fm+1) (z) ∈M∗
n (β) ,

where

(2.5) β := 1 +
(n− 1) (γ − 1) (αm+1 − 1)

(n− γ) (n− αm+1) + (γ − 1) (αm+1 − 1)
.

Since

(γ − 1) (αm+1 − 1) =
(n− 1)

∏m+1
j=1 (αj − 1)∏m

j=1 (n− αj) +
∏m

j=1 (αj − 1)

and

(n− γ) (n− αm+1) =
(n− 1)

∏m+1
j=1 (n− αj)∏m

j=1 (n− αj) +
∏m

j=1 (αj − 1)
,

Equation (2.5) shows that

β = 1 +
(n− 1)

∏m+1
j=1 (αj − 1)∏m+1

j=1 (n− αj) +
∏m+1

j=1 (αj − 1)
.

Finally, for the functionsfj (z) (j = 1, . . . ,m) given by (2.2), we have

(f1 ∗ · · · ∗ fm) (z) = z +

(
m∏

j=1

(
αj − 1

n− αj

))
zn = z + An z

n,

where

An :=
m∏

j=1

(
αj − 1

n− αj

)
.
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It follows that
∞∑

k=n

(
k − β

β − 1

)
|Ak| = 1.

This evidently completes the proof of Theorem2.1.

By settingαj = α (j = 1, . . . ,m) in Theorem2.1, we get

Corollary 2.2. If fj (z) ∈M∗
n (α) (j = 1, . . . ,m), then

(f1 ∗ · · · ∗ fm) (z) ∈M∗
n (β) ,

where

β = 1 +
(n− 1) (α− 1)m

(n− α)m + (α− 1)m .

The result is sharp for the functionsfj (z) (j = 1, . . . ,m) given by

fj (z) = z +

(
α− 1

n− α

)
zn (j = 1, . . . ,m) .

Next, for the Hadamard product (or convolution) of functions in the class
N ∗

n (z), we derive

Theorem 2.3. If fj (z) ∈ N ∗
n (αj) (j = 1, . . . ,m), then

(f1 ∗ · · · ∗ fm) (z) ∈ N ∗
n (β) ,

where

β = 1 +
(n− 1)

∏m
j=1 (αj − 1)

nm−1
∏m

j=1 (n− αj) +
∏m

j=1 (αj − 1)
.
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The result is sharp for the functionsfj (z) (j = 1, . . . ,m) given by

(2.6) fj (z) = z +

(
αj − 1

n (n− αj)

)
zn (j = 1, . . . ,m) .

Proof. As in the proof of Theorem2.1, for f1 (z) ∈ N ∗
n (α1) and f2 (z) ∈

N ∗
n (α2), the following inequality:

∞∑
k=n

(
k (k − δ)

δ − 1

)
|ak,1| |ak,2| 5 1

implies that(f1 ∗ f2) (z) ∈ N ∗
n (δ). Also, in the same manner as in the proof of

Theorem2.1, we obtain

(2.7) δ = 1 +
(k − 1) (α1 − 1) (α2 − 1)

k (k − α1) (k − α2) + (α1 − 1) (α2 − 1)

(k = n, n+ 1, n+ 2, . . .) .

The right-hand side of (2.7) takes its maximum value fork = n, because it is a
decreasing function ofk = n. This shows that(f1 ∗ f2) (z) ∈ N ∗

n (δ), where

δ = 1 +
(n− 1) (α1 − 1) (α2 − 1)

n (n− α1) (n− α2) + (α1 − 1) (α2 − 1)
.

Now, assuming that
(f1 ∗ · · · ∗ fm) (z) ∈ N ∗

n (γ) ,
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mailto:owa@math.kindai.ac.jp
mailto:harimsri@math.uvic.ca
http://jipam.vu.edu.au/


Some Generalized Convolution
Properties Associated with

Certain Subclasses of Analytic
Functions

Shigeyoshi Owa, H.M. Srivastava

Title Page

Contents

JJ II

J I

Go Back

Close

Quit

Page 12 of 27

J. Ineq. Pure and Appl. Math. 3(3) Art. 42, 2002

http://jipam.vu.edu.au

where

γ := 1 +
(n− 1)

∏m
j=1 (αj − 1)

nm−1
∏m

j=1 (n− αj) +
∏m

j=1 (αj − 1)
,

we have
(f1 ∗ · · · ∗ fm+1) (z) ∈ N ∗

n (β) ,

where

β = 1 +
(n− 1) (γ − 1) (αm+1 − 1)

n (n− γ) (n− αm+1) + (γ − 1) (αm+1 − 1)

= 1 +
(n− 1)

∏m+1
j=1 (αj − 1)

nm
∏m+1

j=1 (n− αj) +
∏m+1

j=1 (αj − 1)
.

Moreover, by taking the functionsfj (z) given by (2.6), we can easily verify
that the result of Theorem2.3 is sharp.

By lettingαj = α (j = 1, . . . ,m) in Theorem2.3, we obtain

Corollary 2.4. If fj (z) ∈ N ∗
n (α) (j = 1, . . . ,m), then

(f1 ∗ · · · ∗ fm) (z) ∈ N ∗
n (β) ,

where

β = 1 +
(n− 1) (α− 1)m

nm−1 (n− α)m + (α− 1)m .

The result is sharp for the functionsfj (z) (j = 1, . . . ,m) given by

fj (z) = z +

(
α− 1

n (n− α)

)
zn (j = 1, . . . ,m) .
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Now we turn to the derivation of the following lemma which will be used in
our investigation.

Lemma 2.5. If f (z) ∈M∗
n (α) andg (z) ∈ N ∗

n (β), then(f ∗ g) (z) ∈M∗
n (γ),

where

γ := 1 +
(n− 1) (α− 1) (β − 1)

n (n− α) (n− β) + (α− 1) (β − 1)
.

The result is sharp for the functionsf (z) andg (z) given by

f (z) = z +

(
α− 1

n− α

)
zn

and

g (z) = z +

(
β − 1

n (n− β)

)
zn.

Proof. Let

f (z) = z +
∞∑

k=n

ak z
k ∈M∗

n (α)

and

g (z) = z +
∞∑

k=n

bk z
k ∈ N ∗

n (β) .

Then, by virtue of Lemma1.1, it is sufficient to show that

∞∑
k=n

(
k − γ

γ − 1

)
|ak| |bk| 5 1
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for (f ∗ g) (z) ∈M∗
n (γ). Indeed, since

∞∑
k=n

(
k − α

α− 1

)
|ak| 5 1

and
∞∑

k=n

(
k (k − β)

β − 1

)
|bk| 5 1,

if we assume that

∞∑
k=n

(
k − γ

γ − 1

)
|ak| |bk| 5

∞∑
k=n

√
k (k − α) (k − β)

(α− 1) (β − 1)
|ak| |bk|,

so that

√
|ak| |bk| 5

(
γ − 1

k − γ

)√
k (k − α) (k − β)

(α− 1) (β − 1)
(k = n, n+ 1, n+ 2, . . .)

then we prove that(f ∗ g) (z) ∈ M∗
n (γ). Consequently, ifγ satisfies the in-

equality:

γ = 1 +
(k − 1) (α− 1) (β − 1)

k (k − α) (k − β) + (α− 1) (β − 1)
(k = n, n+ 1, n+ 2, . . .) ,

then(f ∗ g) (z) ∈ M∗
n (γ). Thus it is easy to see that(f ∗ g) (z) ∈ M∗

n (γ)
with γ given already in Lemma2.5.
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By combining Theorem2.1and Theorem2.3with Lemma2.5, we arrive at

Theorem 2.6. If fj (z) ∈ M∗
n (αj) (j = 1, . . . , p) and gj (z) ∈ N ∗

n (βj)
(j = 1, . . . , q), then

(f1 ∗ · · · ∗ fp ∗ g1 ∗ · · · ∗ gq) (z) ∈M∗
n (γ) ,

where

γ = 1 +
(n− 1) (α− 1) (β − 1)

n (n− α) (n− β) + (α− 1) (β − 1)
,

(2.8) α = 1 +
(n− 1)

∏p
j=1 (αj − 1)∏p

j=1 (n− αj) +
∏p

j=1 (αj − 1)
,

and

(2.9) β = 1 +
(n− 1)

∏q
j=1 (βj − 1)

nq−1
∏q

j=1 (n− βj) +
∏q

j=1 (βj − 1)
.

The result is sharp for the functionsfj (z) (j = 1, . . . , p) andgj (z) (j = 1, . . . , q)
given by

(2.10) fj (z) = z +

(
αj − 1

n− αj

)
zn (j = 1, . . . , p)

and

(2.11) gj (z) = z +

(
βj − 1

n (n− βj)

)
zn (j = 1, . . . , q) .

http://jipam.vu.edu.au/
mailto:owa@math.kindai.ac.jp
mailto:harimsri@math.uvic.ca
http://jipam.vu.edu.au/


Some Generalized Convolution
Properties Associated with

Certain Subclasses of Analytic
Functions

Shigeyoshi Owa, H.M. Srivastava

Title Page

Contents

JJ II

J I

Go Back

Close

Quit

Page 16 of 27

J. Ineq. Pure and Appl. Math. 3(3) Art. 42, 2002

http://jipam.vu.edu.au

Forαj = α (j = 1, . . . , p) andβj = β (j = 1, . . . , q), Theorem2.6 imme-
diately yields

Corollary 2.7. If fj (z) ∈ M∗
n (α) (j = 1, . . . , p) and gj (z) ∈ N ∗

n (β)
(j = 1, . . . , q), then

(f1 ∗ · · · ∗ fp ∗ g1 ∗ · · · ∗ gq) (z) ∈M∗
n (γ) ,

where

γ = 1 +
(n− 1) (α− 1)p (β − 1)q

nq (n− α)p (n− β)q + (α− 1)p (β − 1)q .

The result is sharp for the functionsfj (z) (j = 1, . . . , p) andgj (z) (j = 1, . . . , q)
given by

(2.12) fj (z) = z +

(
α− 1

n− α

)
zn (j = 1, . . . , p)

and

(2.13) gj (z) = z +

(
β − 1

n (n− β)

)
zn (j = 1, . . . , q) .

We also have the following results analogous to Theorem2.6and Corollary
2.7:

Theorem 2.8. If fj (z) ∈ M∗
n (αj) (j = 1, . . . , p) and gj (z) ∈ N ∗

n (βj)
(j = 1, . . . , q), then

(f1 ∗ · · · ∗ fp ∗ g1 ∗ · · · ∗ gq) (z) ∈ N ∗
n (γ) ,
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where

(2.14) γ = 1 +
(n− 1) (α− 1) (β − 1)

(n− α) (n− β) + (α− 1) (β − 1)
,

α andβ are given by(2.8) and (2.9), respectively. The result is sharp for the
functionsfj (z) (j = 1, . . . , p) and gj (z) (j = 1, . . . , q) given by(2.10) and
(2.11), respectively.

Corollary 2.9. If fj (z) ∈ M∗
n (α) (j = 1, . . . , p) and gj (z) ∈ N ∗

n (β)
(j = 1, . . . , q), then

(f1 ∗ · · · ∗ fp ∗ g1 ∗ · · · ∗ gq) (z) ∈ N ∗
n (γ) ,

where

(2.15) γ = 1 +
(n− 1) (α− 1)p (β − 1)q

nq−1 (n− α)p (n− β)q + (α− 1)p (β − 1)q .

The result is sharp for the functionsfj (z) (j = 1, . . . , q) andgj (z) (j = 1, . . . , q)
given by(2.12) and(2.13), respectively.
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3. Generalizations of Convolution Properties
For functionsfj (z) (j = 1, . . . ,m) given by (1.11), thegeneralizedconvolu-
tion (or thegeneralizedHadamard product) is defined here by

(3.1) (f1 • · · · • fm) (z) := z +
∞∑

k=n

(
m∏

j=1

(ak,j)
1

pj

)
zk

(
m∑

j=1

1

pj

= 1; pj > 1; j = 1, . . . ,m

)
.

Our first result for the generalized convolution defined by (3.1) is contained
in

Theorem 3.1. If fj (z) ∈M∗
n (αj) (j = 1, . . . ,m), then

(f1 • · · · • fm) (z) ∈M∗
n (β) ,

where

(3.2) β = 1 +
(n− 1)

∏m
j=1 (αj − 1)

1
pj∏m

j=1 (n− αj)
1

pj +
∏m

j=1 (αj − 1)
1

pj

and
n− 1∏m

j=1 (αj − 1)

(
m∑

j=1

(
αj

pj

)
− 1

)
= 2.
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The result is sharp for the functionsfj (z) (j = 1, . . . ,m) given by

(3.3) fj (z) = z +

(
αj − 1

n− αj

)
zn (j = 1, . . . ,m) .

Proof. We use the principle of mathematical induction once again for the proof
of Theorem3.1. Since, forf1 (z) ∈M∗

n (α1) andf2 (z) ∈M∗
n (α2),

∞∑
k=n

(
k − αj

αj − 1

)
|ak,j| 5 1 (j = 1, 2) ,

we have

(3.4)
2∏

j=1

(
∞∑

k=n

{(
k − αj

αj − 1

) 1
pj

|ak,j|
1

pj

}pj
) 1

pj

5 1.

Therefore, by appealing to the Hölder inequality, we find from (3.4) that

∞∑
k=n

{
2∏

j=1

(
k − αj

αj − 1

) 1
pj

|ak,j|
1

pj

}
5 1,

which implies that

(3.5)
2∏

j=1

|ak,j|
1

pj 5
2∏

j=1

(
αj − 1

k − αj

) 1
pj

(k = n, n+ 1, n+ 2, . . .) .
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Now we need to find the smallestδ
(
1 < δ < n+1

2

)
which satisfies the in-

equality:
∞∑

k=n

(
k − δ

δ − 1

)( 2∏
j=1

|ak,j|
1

pj

)
5 1.

By virtue of the inequality (3.5), this means that we find the smallestδ(
1 < δ < n+1

2

)
such that

∞∑
k=n

(
k − δ

δ − 1

)( 2∏
j=1

|ak,j|
1

pj

)
5

∞∑
k=n

(
k − δ

δ − 1

)( 2∏
j=1

(
αj − 1

k − αj

) 1
pj

)
5 1,

that is, that

k − δ

δ − 1
5

2∏
j=1

(
k − αj

αj − 1

) 1
pj

(k = n, n+ 1, n+ 2, . . .) ,

which yields

δ = 1 +
(k − 1)

∏2
j=1 (αj − 1)

1
pj∏2

j=1 (k − αj)
1

pj +
∏2

j=1 (αj − 1)
1

pj

(k = n, n+ 1, n+ 2, . . .) .

Let us define

h (k) :=
k − 1∏2

j=1 (k − αj)
1

pj +
∏2

j=1 (αj − 1)
1

pj

(k = n) .

http://jipam.vu.edu.au/
mailto:owa@math.kindai.ac.jp
mailto:harimsri@math.uvic.ca
http://jipam.vu.edu.au/


Some Generalized Convolution
Properties Associated with

Certain Subclasses of Analytic
Functions

Shigeyoshi Owa, H.M. Srivastava

Title Page

Contents

JJ II

J I

Go Back

Close

Quit

Page 21 of 27

J. Ineq. Pure and Appl. Math. 3(3) Art. 42, 2002

http://jipam.vu.edu.au

Then, for the numeratorN (k) of h′ (k), we have

N (k) = (α1 − 1)
1

p1 (α2 − 1)
1

p2 − (k − α1)
1

p1
−1

(k − α2)
1

p2
−1

·
(
k − 1

p1

(k − α2) +
k − 1

p2

(k − α1)− (k − α1) (k − α2)

)
5 (α1 − 1)

1
p1 (α2 − 1)

1
p2 − (k − α1)

1
p1
−1

(k − α2)
1

p2
−1

·
(

1

p1

(k − α2) (α1 − 1) +
1

p2

(k − α1) (α2 − 1)

)
.

Sincek = n and1 < αj <
n+1

2
, we note thatk − αj > αj − 1 (j = 1, 2). This

implies that

N (k) 5 − (k − α1)
1

p1
−1

(k − α2)
1

p2
−1

·
(

1

p1

(k − α2) (α1 − 1) +
1

p2

(k − α1) (α2 − 1)− (α1 − 1) (α2 − 1)

)
5 − (k − α1)

1
p1
−1

(k − α2)
1

p2
−1

·
(

1

p1

(n− α2) (α1 − 1) +
1

p2

(n− α1) (α2 − 1)− (α1 − 1) (α2 − 1)

)
= − (k − α1)

1
p1
−1

(k − α2)
1

p2
−1

·
{

(n− 1)

(
α1

p1

+
α2

p2

− 1

)
− 2 (α1 − 1) (α2 − 1)

}
5 0,

by means of the condition of Theorem3.1. This implies thath (k) is decreasing
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for k = n. Consequently, we have

δ = 1 +
(n− 1)

∏2
j=1 (αj − 1)

1
pj∏2

j=1 (n− αj)
1

pj +
∏2

j=1 (αj − 1)
1

pj

.

Thus the assertion of Theorem3.1holds true whenm = 2.

Next we suppose that

(f1 • · · · • fm) (z) ∈M∗
n (γ) ,

where

γ = 1 +
(n− 1)

∏m
j=1 (αj − 1)

1
pj∏m

j=1 (n− αj)
1

pj +
∏m

j=1 (αj − 1)
1

pj

.

Then, clearly, the first half of the above proof implies that

(f1 • · · · • fm+1) (z) ∈M∗
n (β)

with

β = 1 +
(n− 1) (γ − 1)

1− 1
pm+1 (αm+1 − 1)

1
pm+1

(n− γ)
1− 1

pm+1 (n− αm+1)
1

pm+1 + (γ − 1)
1− 1

pm+1 (αm+1 − 1)
1

pm+1

.

It is easy to verify that

β = 1 +
(n− 1)

∏m+1
j=1 (αj − 1)

1
pj∏m+1

j=1 (n− αj)
1

pj +
∏m+1

j=1 (αj − 1)
1

pj

.
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Thus, by the principle of mathematical induction, we conclude that

(f1 • · · · • fm) (z) ∈M∗
n (β) ,

whereβ is given by (3.2).
Finally, by taking the functionsfj (z) (j = 1, . . . ,m) given by (3.3), we have

(f1 • · · · • fm) (z) = z +

(
m∏

j=1

(
αj − 1

n− αj

))
zn,

which shows that (
n− β

β − 1

)( m∏
j=1

(
αj − 1

n− αj

) 1
pj

)
= 1.

Therefore, Theorem3.1 is sharp for the functionsfj (z) (j = 1, . . . ,m) given
by (3.3). This completes the proof of Theorem3.1.

By puttingαj = α (j = 1, . . . ,m) in Theorem3.1, we obtain

Corollary 3.2. If fj (z) ∈M∗
n (α) (j = 1, . . . ,m), then

(f1 • · · · • fm) (z) ∈M∗
n (α) .

The result is sharp for the functionsfj (z) (j = 1, . . . ,m) given by

fj (z) = z +

(
α− 1

n− α

)
zn (j = 1, . . . ,m) .
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Similarly, for the generalized convolution defined by (3.1) for functions in
the classN ∗

n (α), we derive

Theorem 3.3. If fj (z) ∈ N ∗
n (αj) (j = 1, . . . ,m), then

(f1 • · · · • fm) (z) ∈ N ∗
n (β) ,

where

(3.6) β = 1 +
(n− 1)

∏m
j=1 (αj − 1)

1
pj∏m

j=1 (n− αj)
1

pj +
∏m

j=1 (αj − 1)
1

pj

.

The result is sharp for the functionsfj (z) (j = 1, . . . ,m) given by

(3.7) fj (z) = z +

(
αj − 1

n (n− αj)

)
zn (j = 1, . . . ,m) .

Proof. By applying the same technique as in the proof of Theorem3.1, we find
that(f1 • f2) (z) ∈ N ∗

n (δ), where

δ = 1 +
(k − 1)

∏2
j=1 (αj − 1)

1
pj∏2

j=1 (k − αj)
1

pj +
∏2

j=1 (αj − 1)
1

pj

(k = n, n+ 1, n+ 2, . . .) ,

for f1 (z) ∈ N ∗
n (α1) andf2 (z) ∈ N ∗

n (α2). Therefore, we have

(3.8) δ = 1 +
(n− 1)

∏2
j=1 (αj − 1)

1
pj∏2

j=1 (k − αj)
1

pj +
∏2

j=1 (αj − 1)
1

pj

.
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Furthermore, by assuming that

(f1 • · · · • fm) (z) ∈ N ∗
n (γ) ,

where

γ = 1 +
(n− 1)

∏m
j=1 (αj − 1)

1
pj∏m

j=1 (k − αj)
1

pj +
∏m

j=1 (αj − 1)
1

pj

,

we can show that
(f1 • · · · • fm+1) (z) ∈ N ∗

n (β) ,

where

β = 1 +
(n− 1)

∏m+1
j=1 (αj − 1)

1
pj∏m+1

j=1 (k − αj)
1

pj +
∏m+1

j=1 (αj − 1)
1

pj

.

Therefore, using the principle of mathematical induction once again, we con-
clude that

(f1 • · · · • fm) (z) ∈ N ∗
n (β)

with β given by (3.6).
It is clear that the result of Theorem3.3 is sharp for the functionsfj (z)

(j = 1, . . . ,m) given by (3.7).

Finally, by lettingαj = α (j = 1, . . . ,m) in Theorem3.3, we deduce

Corollary 3.4. If fj (z) ∈ N ∗
n (α) (j = 1, . . . ,m), then

(f1 • · · · • fm) (z) ∈ N ∗
n (α) .
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The result is sharp for the functionsfj (z) (j = 1, . . . ,m) given by

(3.9) fj (z) = z +

(
α− 1

n (n− α)

)
zn (j = 1, . . . ,m) .
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