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Abstract

An integral inequality is deduced from the negation of the geometrical condition
in the bounded mountain pass theorem of Schechter, in a situation where this
theorem does not apply. Also two localization results of non-zero solutions to a
superlinear boundary value problem are established.
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Letp € [2,00), Q2 be a bounded domain &", and let

Co () ={ueC (Q): u=00n0Q}.

We consider the quantity

p=2 2 _ An Inequality which Arises in
(1.2) Ap—1 = inf fQ |ul [Vl ij = Cé (Q) \ {0} > . the Absence of the Mountain
p2 ? Pass Geometry
2
(fQ |u‘ dx) Radu Precup

Forp = 2, Ay is the first eigenvalue of the Laplacear\ under the Dirich-

let boundary condition, angl; represents the best constant in the Wirtinger-
Poincaré inequality (se€]for the elementary Wirtinger’s inequality;Jfor its Contents
extension to functions with values in an arbitrary Banach space, ‘atddr

Poincaré’s inequality). Fgr > 2 andn = 1 this quantity arises in the study of
compactness properties for integral operators on spaces of vector-valued func- < >
tions (see [J]). Let us also note that quantities alike {) arising from physics

Title Page

<4< 44

were studied by Poly&’] and Pdlya and Szegd {] (see also ] and its refer- Go Back
ences for more recent advances). Close
Remark 1.1. Forn = 1 and{2 = (0,7), where0 < T < oo, the exact value Quit

of \,_; can be obtained from a result of Gajek, Katuszka and Lefjar{ the Page 3 of 21
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following way. First by change of the integration variable one has

p—2 u2d
A1 = inf Ju Il Ciue o, T\ {0}

(J"OT ks dm)

1, \p=2_ 12
— () it Jo [ul”"u dsg cue CL0,1]\ {0} An Inequality which Arises in

the Absence of the Mountain

1, 2 P
fO |u| 2 (s Pass Geometry

Radu Precup

—1
1

— < psup{(/ u|= ds) cu € Cyl0,1], / luP"? u?ds = 1}) :
0 Title Page

After substituting) = <]%> |u|? , we obtain Contents
44 44
9 1 2 1 -1
Ap—1 = <T1+127 (g) sup { (/ lvlP ds) cveCyo,1], / v?ds = 1}) : < >
’ ’ Go Back
Notice that E—
1 1 :
sup {/ P ds : v e Cy0,1], / v?ds = 1} Quit
0 0 Page 4 of 21
1 1
:sup{/ lv|Pds : v € Cf [0,1},/ U’stgl}.
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Now the sup in the right hand side is the quantity denoted oy[ 3] and is
given by

b— (p(p+2))§ o1-p F<%+%>

m p+2 (L
p
As a result
1, 1)\ Py !
b
2, (pp+2)\227 P (1 <5+5>
)\p71 =< T rp . An Inequality which Arises in
T p+2 T <l> the Absence of the Mountain
p Pass Geometry
In this paper we are interested in finding upper and lower estimations for Radu Precup

Ap—1. An upper bound is obtained from the negation of the geometrical condi-

tion in Schechter’s mountain pass theorem, in a situation where this theorem
does not apply. To our knowledge, this is the first time that a bounded mountain
pass theorem is used in order to obtain inequalities. Two localization results Contents
of non-zero solutions to a superlinear elliptic boundary value problem are also

Title Page

established in terms of,_;. S D
< >
Go Back
Close
Here we recall some well-known results from the theory of linear elliptic bound- Quit
ary value problems. Page 5 of 21

(P1) LetQ C R™ be a bounded domain witfi*-boundary. The LaplaceanA
is a self-adjoint operator oh? (Q) with domain H? () N H} () (see 3. Ineq. Pure and Appl. Math. 3(3) Art. 32, 2002
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[11, Theorem 3.33], or4]). It can be regarded as a continuous opera-
tor from W24 (Q) N W, ? (Q) to L7 (Q) for eachg € (1, 00) . Moreover,
—Ais invertible andK := (—A)~" is a continuous operator frot¥ (12)

into W24 (Q) (see P, Theorem 9.32]). AlsoK considered in.? (Q2) is a
positive self-adjoint operator.

(P2) (Sobolev embedding theorem) L@t C R™ be a bounded domain with

Lipschitz boundaryk € N, 1 < g < oo. Then the following holds:
(19 If kg < n, we have
(1.2) Wka(Q) c L™ (Q)

and the embedding is continuous foe [1, ﬁ]} ; the embedding is

compact ifr € [1, nﬁ%q) :

(2°) If kq = n, then (.2) holds with compact embedding fore [1, c0).

(3% If0<m<k—2<m+1, wehave
(1.3) Wk (Q) c o™ (Q)

and the embedding is continuous ok o« < kK —m — t the embed-
ding is compactitv < k — m — =,

The above results are valid foF;¢ (2)-spaces on arbitrary bounded do-
mains(2 (see [], [15, p 213] or |2, pp. 168-169])).
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(P3) Let Q) C R" be a bounded domain with?-boundary. Letp, = % if
n > 3 andp, be any number of2, o) if n = 1 orn = 2. Let ¢y be the
conjugate number qgfy. Clearly,py € (2,0) andgy € (1,2) . From (P1),
(P2) we have thai has the following properties:

(@) K : L(Q) — LP(Q) for everyq € [qo,2], ; + 3 = 1;

(b) K is continuous fronL.? () to L? (Q) for everyq € [qo, 2], ,+; = 1;

(c) the operatois considered irl? () is a positive self-adjoint operator.
Indeed, K is continuous fromZ? (Q2) into W2 (Q2). On the other hand

W21(Q) c LP(Q) with continuous embedding. This is cleargif> 2. For
¢ < and; + . =1, observe that

According to |, pp. 51-56], the properties (a)-(c) are sufficient for that the
operatorKk considered froni.? (2) to L” (2) , wherep € (2, po) and% +§ =1,
admits a representation in the form

K = AA”,

where .
A:L*(Q) = LP(Q), Av=K:zv

and
A* L1(Q) — L*(Q)
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is the adjoint ofA. Here Kz is the square root ok considered as an operator

acting fromZ? (Q) into L? (Q2) .
Throughout, by-|, we shall mean the usual norm @# ($2) and by|A| we
shall mean
Al = sup {]Av|p cve L2(Q), v, = 1} .

Now we present the main tool in this paper, Schechter's mountain pass theorem An Inequality which Arises in

[14]. Let X be a real Hilbert space with inner prodiet-) and norm|-|, B =
{v e X : |v] £ R} the closed ball ofX of radiusR, £ : X — R aC'-
functional onX, vy, v; € X andr > 0 with

lvg| <7 < || <R.

Let
®={peC([0,1];Br): ¢(0) =, p(1) =v},
cr = inf mmax 2 (v (t))
and let

K., ={veBr: E(v)=cg, E'(v)=0}

be the set of critical points of in By at levelcy.
We say that” satisfies the Schechter-Palais-Smale conditioB g(S-P-S -
condition) if

(vr) C Br, E (vgx) -bounded,(E’ (vi,),vx) — v <0,
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B (Uk) . (E, (Uk) ) Uk)

3 Vi — 0
|V |

—> (vx) has a convergent subsequence.
Theorem 1.1 (Schechter).Suppose
(i) E satisfieg.S-P-S),-condition;
(i) there exists a constant with — (E’ (v) ,v) < C for |v| = R;
(i) v#X(v—FE (v))for|v] = RandX € (0,1);
(iv) max{FE (vo),E (v1)} <inf{E(v): |v| =7r}.
ThenkC,,, \ {vo,v1} # 0.

We note that by the mountain pass geometry of a functibhake mean the
geometrical condition (iv) in Theorem 1.
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We first obtain a lower bound for all non-zero solutions of the superlinear prob-

lem

—Au=[ulf?u inQ
(2.1)
u=20 on 1.

Theorem 2.1. Let 2 be a bounded domain @& with C?-boundary, letp €

(2,;2%5) ifn > 3andp € (2,00)if n = 1orn =2 andletl + 1 = 1. If

u € W24 (Q) N W, (Q) is a non-zero solution of the probler®. (), then the
functionv = A* (|u[’* u) = A~ satisfies the inequality

(2.2) o]y > [A] 7 [(p = 1) Apa] 72 .

Proof. Let us first prove that any solution df (1) belongs taC" (Q) . Forn = 1
this follows from (L.3) (choosen = 0, m = 1 andk = 2). Suppose: > 2 and
fix any numberg, > n(p —1). If ¢ > 3, then (P2) guaranteesc L% (Q2).
Assumeq < Zand denote;, = ¢. Sinceu € W% () andgq; < %, from

(1.2 we haveu € L% (Q), wheregq; = ol Then|u[’*u € L (). Let

g2 = 2. Sinceu = K (|uf’"?u) and|u’*u € L (Q), from (P1), we have
thatu € W% (Q). If g, > %, as above, € L® (Q2) ; otherwise we continue
this way. At the steg we find that

*
G, ng;-1

2.3 W29 (Q R et B ¥ S
( ) u € ( )7q] p_17q]—1 n_ij_lv
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whereqy, s, ..., ¢j—1 < 5 (j > 2). We claim that there existsjavith ¢; > 7. To
prove this, suppose the contrary, thagjs< 5 for every;j > 1. Usingp < %
we can show by induction that the sequeiig¢g is increasing. Consequently,
q; — q € [q,%] asj — oo. Next, from @.3) we obtain

q; (n —2q;—1) (p— 1) = ngj_1.

Letting j — oo this yieldsg (n — 2¢) (p — 1) = ng and so

n (p — 2) P An Inequality which Arises in
=—F—"-"-2q=——. the Absence of the Mountain
2 (p - 1) P — 1 Pass Geometry
This impliesp > 22 a contradiction. Thus our claim is proved. Therefares Radu Precup
L% (). Furthermorelu/”*u € L®©/®=1(Q) and sinceu = K (jul"*u),
we haveu € W?>%/(*~1(Q). Since % > n, by (1.3 one hasi?»1 (Q) Title Page
C C*' () (choosen = 0, k = 2, m = 1). Henceu € C" (Q).. Contents
Letw = K (Ju[""") . Clearly, likeu, w € C* () anda = 0 on 9. By the <« NS
weak maximum principle, we have p R
(2.4) lu] <7 onf. F—
Hence Close
AT — p—1 p—2 —
At = |u|" < |ul" . Quit
“ H ” —p—1 ITH ” H
If we “multiply” by z?~" and “integrate” orf2, we obtain Page 11 of 21
(25) (p - 1) /Qﬂp_2 |VH|2 de‘ S /Q |u|p72 ﬂpd'r J. Ineq. Pure and Appl. Math. 3(3) Art. 32, 2002
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Now Hdélder’s inequality yields

p—2

(2.6) /Q!ul”‘Qﬂpd:c < </Qa”§dx)f’ (/Q\u|pd:c)p
— A ( / ad)

Since|Av[, < [A||v|, and by @.4) one hasu # 0, from (2.5) and @.6) we
deduce that

ASEIN)

(0= 1) Aper < AP Joly
thatis @.2). ]
Our next result is the following inequality.

Theorem 2.2.LetQ) C R™ be a bounded domain withi?-boundary. Then for
everyp > 2 one has the inequality

1

2.7 )\p—l < 9
@D TE

Proof. We consider the functiondl : L? (©2) — R, given by

1. 1 AP
@8) B = [ (3@ - a0 @) i
Clearly, we have )
=1 T
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For everyv, w € L? (), itis easy to compute

(E' (v),w) = Hm A" (E (v + \w) — E (v))

A—0
and find
(E' (v),w) = (v— A"FAv,w),
where
F:IP(Q) — L1(Q), F(u)=|ul?u.
Hence

E' (v) =v— A*FAv.
Notice if u is a solution of 2.1) thenv = A* (Ju[’*u) = A~lu is a critical
point of the functionalZ.8). Conversely, ifv is a critical point of the functional
(2.9), thenu = Av is a solution of 2.1).
Our plan is as follows: we show that for evely< R,, where

(2.9) Ro =A™ [(p— 1) \pa)7?

(of course here we assumg_; > 0, (2.7) being trivial if A\,_; = 0), v9 = 0

is the unique critical point of? in By = {v € L*(Q) : |v|, < R} and that the
hypotheses (i)-(iii) in Theorerh.1 hold. Consequently, there exist npandr
with 0 < r < |v1], < R such that the geometrical condition (iv) is satisfied. As
a result we obtain4.7).

(a) The (S-P-S}-condition is satisfied for everyg > 0. Indeed, let(v;) be
any sequence of functions i with

(2.10) (E' (vg),vx) > v <0, E(v)—0vp)ve — 0,
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wherej3 (v,) = W Passing if necessarily to a subsequence, we

may suppose thatv;|, — d for somed € [0,R]. If d = 0 we are
done. So assumeé > 0. Denotew, = E'(v;) — [ (vg) vx. We have
W = (1 — ﬁ (Uk)) Vg — A*FAUk Hence

(2.11) ve = (1= 5 (vp)) " (wy — A"F Ay

and so

1 An Inequality which Arises in
(2.12) Avp = (1= B (v)) (Awp — KF Avy,) . the Absence of the Mountain

Pass Geometry

Notice K (L% (Q)) C W*4(Q) and the embedding &4 (Q2) into L (Q) Radu Precup
is compact. Indeed, from € (2, 2%) andllj + % = 1, we easily see that
pE (2, nﬁ‘gq) wheng < 7. Hence the compact embedding is guaranteed Title Page

by (P2). As a result, we may suppose that (at least for a subsequence)

] = Contents
(K F Avy) is convergent. In addition, by (10), we have
44 44
_ vl
Aw, — 0, (11— (vx)) 1_>(1_ﬁ) € (0,1]. < 4
. . Go Back
Then, from @.12), we find that (at least for a subsequeng#);.) is con-
vergent. Finally 2.11) guarantees that the corresponding subsequence of Close
(vg) is convergent. Quit
(b) For eachR > 0, there exists a constaot; such that Page 14 of 21

— (E' (v) ,v) < Cg forallv € L* (Q) with |v], = R.
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Indeed, if|v|, = R, then

—(E'(v),v) = —|vs+ (A*FAv,v)
— |v]3 + (F Av, Av)
= —[vf; + |Avfy
< — oy + AP ol
= —R*+|APRP
= :CR. An Inequality which Arises in

the Absence of the Mountain
Pass Geometry

A

(c) Zero is the unique critical point of with |v|, < R, (hereR, is given

by (2.9). Indeed, ifv € L*(Q) is a non-zero critical point of2, then RadiPrectp

v = A*FAv and soAv = K F Av. Henceu = Av is a non-zero solution

of problem @.1). Therefore, according to Theoren, |v|, > R,. Title Page
(d) The Leray-Schauder boundary condition (iii) holds for evé&y< R,. Contents

To prove this suppose the contrary. Then there existszaL? () with <« b

lv], = Rand a\ € (0,1) withv = A (v — E' (v)), i.e. v = ANA*FAv. It

is easily seen that the functian= \'/(*~2y satisfiess = A*FAv, i.e. v < >

is a critical point ofE’ with |v], < R,. According to the conclusion of step Go Back

(c),v = 0 and sov = 0, a contradiction.

Close
(e) Proof of 2.7). Let L, Quit
r=|A| 2.

. . . Page 15 of 21
Obviously, @.7) can be written as > R,. To prove it, we shall assume J

the contrary, i.er < Ry. Choose anyR € (r, Ry), A € (r, R] ande > 0
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sufficiently small so that
(2.13) ¢(N) +p  Ne < o(r),

where )

0(0) =% —p o AP (020

Noticer is the maximum point of, ¢ is increasing off0, | and decreasing
on|r, o). Now we choose a function, € L? (€2) with
v, = 1 and|Aw|f > [A]" —e.

We claim that condition (iv) in Theoreth1holds forv, = 0 andv; = Avs.
Indeed

(214) E(Ul) = E(/\UQ)
)\2
= ? —p_l)\p’AUQ‘z
)\2

5 —p N AP + p i Ne
= ¢(\) +p tN\e.

Also, for everyv € L* (Q2) with |v|, = r, we have
r? p 12
(2.15) E(v) = —p P |A ()| > 5 —p AP = o (r).

Now (2.13, (2.14) and .15 guarantee (iv). From Theoreinlit follows
that £ has a non-zero critical point in the closed b&l of L2 (Q2) . This
contradiction to the conclusion at step (c) provas)
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]

We note that Theorenis 1-2.2 were previously announced inf.

The next inequality of Poincaré type shows that, > 0 for p [2, %}
if n > 3 and forp € [2,00) if n = 2. Moreover, its proof connects,_; to the
embedding constant 6, (Q) into L? () .

Theorem 2.3.Let ) C R” be bounded open and lpte [2, 2] if n > 3,
p € [2,00) for n = 2. Then there exists a constant- 0 depending only op
and(?, such that

2
2\ r
(2.16) (/ lu| = dx) < c/ luP? | Vul® dz
Q Q

forall uw € C§ (Q) .

Proof. According to (P2), we havé/,”* (Q) C L? (Q) with continuous embed-
ding. Hence there exists a constant> 0 with

[v], < co [Vl forallv e Wy (Q).

%
2
|U|W01,2(Q) = </Q|Vv\ dm) .

SinceC$® (Q2) is dense iV, (Q) , we may suppose that

Here

Co = sup {|v\p v e CP (), ’U|Wol’2(9) = 1} :
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The space’s® (2) is also dense id} (Q2) , and so

Ap-1 = <SUP { (/ \u|p2/2 dx> "ue Cy (), / luP~% | Vul? de = 1})
Q Q

After substitutingy = (%) lu|? , we obtain

2
2 ) -1 .
— z . 00 — An Inequality which Arises in
Ap-1 (p (sup {|U|P cve G (9), |U|W01’2(Q) 1}) the Absence of the Mountain

Pass Geometry

2
2
= — . Radu Precup
pco

Thus @.16) holds with the smallest constant

Title Page
2
o= /\;_11 _ (p %) . Contents
44 44
= < 4
Finally we establish a localization result for a non-zero solution to the prob- Go Back
lem (2.1).
_ _ Close
Theorem 2.4.Let Q be a bounded domain @" with C2-boundary and let _
p€ (2,-2)ifn>3andp € (2,00) if n = 1 or n = 2. Then the probleniX( 1) Quit
has a solutlom with Page 18 of 21
_ 1 _ __p_
(217) |A| ! [(p - ]') )\p—l]p_Z S ‘A 1U‘2 S ‘A| p=2, J. Ineq. Pure and Appl. Math. 3(3) Art. 32, 2002
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Proof. First notice the left inequality in(17) is true for all non-zero solutions
of (2.1) according to Theorer. L

Next we prove that for eacR > r = |Ay‘p%2 , (2.1) has a solution: such
that

(2.18) |A™ul, < R.
Indeed, two cases are possible:

1. The Leray-Schauder boundary condition (iii) in Theorém does not
hold. Then, there are € L?(Q) and\ € (0,1) such thatjv|, = R
andv = AA*F Av. Itis easy to see that the function= \!/(?~2)y satisfies
v = A*FAv, i.e. v is a critical point of £, and0 < [7], < |v|, = R.
Henceu := Av is a solution of 2.1) and satisfies4.19.

2. Condition (iii) in Theoreml.1 holds. Then, as follows from the proof
of Theorem2.2, all the assumptions of Theoreinl are satisfied. Now
the existence of a solution of (2.1) satisfying €.18 is guaranteed by
Theoreml. L

Finally, for each positive integérwe putk = r + % to obtain a solution,
with [A~ u,[, < r + £, and the result will follow via a limit argument. [
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