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Abstract

Various weighted L, (p > 1)-norm inequalities in convolutions were derived
by using Hélder's inequality. Therefore, by using reverse Holder inequalities
one can obtain reverse weighted L,—norm inequalities. These inequalities are
important in studying stability of some inverse problems.
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For the Fourier convolution
(e = [ sl 0ale)de

the Young’s inequality
(1.1)

1Fglle < I fllpllglla,  f € Lp(R), g € Le(R),r™ =p~'+q""—1

the inequality {.1) does not hold. In a series of papers §,

convolution.

Proposition 1.1. ([ 7]). For two nonvanishing functions; € L;(R) (j =
the followingZ, (p > 1) weighted convolution inequality

1_
(1.2) H ((Fip1) * (Fapa)) (p1 * pa)? 1Hp < e, @ jory 120 1, )

holds forF; € L,(R,|p;|) (j = 1,2). Equality holds if and only if

(1.3) Fy(z) = Cje,
wherea is a constant such that” € L,(R, |p;|) (j =1,2).
Here N )
Flisn = { [ IF@Ps e}

(p,q,m>0),

is fundamental. Note, however, that for the typical casef.af € Ly(R"),
, /] (see also
[1]) the first author obtained the following weightéd (p > 1) inequality for

1,2)
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Unlike the Young'’s inequality, the inequality.Q) holds also in case = 2.
In many cases of interest, the convolution is given in the form

(1.4) pa(a) =1, Fyz) = Gla),

whereG(x — &) is some Green’s function. Then the inequalitydj takes the
form

1—1
(1.5) I (EFp) G, < llolly " NG, I L, @ -

wherep, F', andG are such that the right hand side @ff) is finite.

The inequality {.5) enables us to estimate the output function

(1.6) / T F©pe)G - €) de

—00

in terms of the input functio¥’. In this paper we are interested in the reverse

type inequality for {.5), namely, we wish to estimate the input functiénby

means of the outputl(6). This kind of estimate is important in inverse prob-
lems. Our estimate is based on the following version of the reverse Holder

inequality

Proposition 1.2. ([ 7], see also ], pages 125-126). For two positive functions

f and g satisfying

a.7) 0<m<
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on the setX, and forp,¢ > 0, p~' +¢ ' =1,

(1.8) ( / fdu)é ( / gdu)é <A (§) [ £oan

if the right hand side integral converges. Here

_1 1
M) =y h b0 (1-8) (1)
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Our main result is the following

Theorem 2.1. Let F} and F; be positive functions satisfying
(2.1)
1 1 1 1
0<m{ <Fi(x) <M} <oo, 0<mi <Fyz)<My <oco, p>1 xR

Reverse Weighted L,—Norm

Then for any positive functions, and p, we have the reversé, —weighted Inequalities in Convolutions
convolution inequa"ty Saburou Saitoh, Vi Kim Tuan and
(2.2) Masahiro Yamamoto
-1
1_ mq11me
F F ’ 1“ S 7 I (e F F .
(o Fo o237 = { o (552 ) 1y ol i e
Inequality €.2) and others should be understood in the sense that if the left Contents
hand side is finite, then so is the right hand side, and in this case the inequality
<44 >»
holds.
< >
Proof. Let
Go Back
(&) = FI(OF (z = Op(&pa(z =€), 9(&) = pr(§)pa2(z — &) Close
Then condition 2.1) implies Qe
Page 6 of 16
f(§)
mime < —=< MlMg, f € R.
g(é) J. Ineq. Pure and Appl. Math. 1(1) Art. 7, 2000
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Hence, one can apply the reverse Hdlder inequality) for f andg to get

Ao (1252 [ Bl Fale — pale - €) dg

> { | FORE-n©me- &)dg}; { | ot f)d§}1; .

Hence,oo —o0

2.3) |
{/Z Fi(§)p1(§) Faz — &) pa(z =€) dg}p {/Z () pal — ng} -p

- {AM (%) }_p /_Z FY(OF5 (x — §)p1(§pa(x — £)dE.

Taking integration of both sides of (3) with respect tar from —oo to co we
obtain the inequality

(2.4)
/_Z {/_OO FL(&)p1(&) Fay(x — &) polx — €) df}p {/_OO p1(E)pa(z — 5)dg}l_p da

o0 e}

mimes

> {A (W> } | m@mew [ Bon

Raising both sides of the inequality.{) to power% yields the inequality4.2).
O
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Inequality (L.8) reverses the sign if < p < 1. Hence, inequality4.2)
reverses the signif < p < 1.

In formula @.3) replacingp, by 1, and F;(z — &) by G(x — £), and taking
integration with respect to from ¢ to d we arrive at the following inequality

s [ ([ renocu-ga) w

= {0 (5} (/

valid if positive continuous functions, £, andG satisfy

o(€) df) | Pesod | dj P (x)de,

[e.9]

(2.6) 0<mr <F(&)Gx—&) <Mr, z€led, eR

Inequality @.5) is especially important whe&'(z — ) is a Green’s function.

See examples in the next section.
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The solutiony(z) of the first order differential equation

Y (@) + Ay(x) = F(x), y(0) =0,

is represented in the form

y(x) = /Ox F(t)e 2@t

So we shall consider the integral transform

fx) = /Oz F(t) p(t)e =D, A>0.

Take R
e x>0
G(x)_{ 0, x<0°
The condition 2.6) reads
(3.1) 0<mr < F(t)e D < M.

It will be satisfied for) < ¢t < z < d < oo, if we have

1 1 1 M
(3.2) 0<mre? N < F(t) < My, 0<d<—log—.
P m
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Notice that

d—¢§ e~ APc_g—Apd Ap€
QP do — p e, 5 <
(z) dx 1—eXpE—Apd
c—¢ oy c < f <d.

Thus the inequality4.5) yields

(3.3) / " o) ( /0 " o) dt)l_p iz

> {40 (5)} 5, [ e [ romerea

+ [ Prop© - e e .

Here we assume thats a positive continuous function @@, d|, andF" satisfies
(3.2.

Note thatle~I=~!l is the Green’s function for the boundary value problem

"

y —y=0, lim y(z)=0.

r—F00

So, we shall consider the Picard transform

@ =5 [ " F@p(tye .

(e 9]
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TakeG(z) = e71*l. Since
e el < el < el |z <q,

we see that the conditio ()

(3.4) 0<mp < F(t)e " < M,
holds if
S altl S o—a |t 1 M
(3.5) 0<mrete < F(t) < Mre %", teR, 0<a< —log—.
2p m
We have
d—t d—t e%t [e_pc - e_pd] ) t<ec

/ GP(z)dx = / e7Plel gy = e%t [ePd — ere] t>d,

ot ot 5 (2 —erePt —ept=pd) | o<t < d.

Thus, for—a < ¢,d < a the inequality 2.5) yields

69 [ o= fan ()} ([ o)

[e.9]

l(e Pe—e pd)/ FP(t)p(t)er'dt + (eP — ) /doo FP(t)p(t)e Pdt

v [ P (- e - ot ]

if p is positive continuous, anfl satisfies 8.5).

Reverse Weighted L,—Norm
Inequalities in Convolutions

Saburou Saitoh, Vii Kim Tuan and
Masahiro Yamamoto

Title Page
Contents
44 44
< >
Go Back
Close
Quit
Page 11 of 16

J. Ineq. Pure and Appl. Math. 1(1) Art. 7, 2000
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:ssaitoh@eg.gunma-u.ac.jp
mailto:vu@sci.kuniv.edu.kw
mailto:myama@ms.u-tokyo.ac.jp
http://jipam.vu.edu.au/

Consider the Poisson integral

R v
37) ) =~ [ PO e
Take
G(z) = %
ety

Reverse Weighted L,—Norm
Let Inequalities in Convolutions
§€ [a, b]> T e [Ca d]' Saburou Saitoh, Vi Kim Tuén and

Masahiro Yamamoto

Denote
Oz:max{|a—c|,|a—d|,|b—c|,|b—d|}. Title P
itle Page
We have
Y ) 1 Contents
< < -
o’ +y? T (=& +y Ty > o
Thus, ) ,
d—¢ d—¢§ p D
/ GP(x)dx = / ( 5 Y 2) dx > (d —c) (%) . Go Back
ot ot vy @ty Close
Hence, for a functior satisfying Quit

a?+y? Page 12 of 16

my < F(€) <y M7,
y
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and for a positive continuous functigron [a, b] we obtain
d p
(d—c) Yy my\ Y\ P
P > —
(3.8) /C uP(x,y) de > — o g {Ap,q <M>}

(jﬁbp<5>df)lkq/Cbﬁ*xs>p<f>df.

Consider now the conjugate Poisson integral

39 1 [ I x—¢ d Reverse Weighted L,—Norm
. vlx, = — EEEEe— Inequalities in Convolutions
(3.9) @) = [ PO e ,
Saburou Saitoh, Vi Kim Tuan and
Take T Masahiro Yamamoto
G(x) = :
@)=
For Title Page
€ €la,b], x€]ed], (b <o), Contents
we have
c—b < xr—£& < d—a « Al
(d—a)?+y2 = (z—8624+y2 ~ (c—b)2+1? < >
Thus, Go Back
-t -t P -b P Close
c—¢ c—¢& ety (d - a) +y Quit
Hence, for a functiorF satisfying Page 13 of 16
d o 2 2 - b 2 2
w m% S F(é) S w M% J. Ineq. Pure and Appl. Math. 1(1) Art. 7, 2000
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and for a positive continuous functigron [a, b] we obtain
d p
(d—rc) c—b m
: P > -
(3.10) /c vz, y)de 2 P (d—a)*+ { q<M)}

b b
(/ﬂ i) [ Pens
We consider the Weierstrass transform

- [ ronge (-1 ) ae

which gives the formal solution(z, ¢) of the heat equation

(3.11)  u(x,t)

up=Au on Ry xR,
subject to the initial condition
u(z,0) = F(x)p(z) on R
Take

Let

4 M
CUG[—(I,CL], 56 [_b’bL a+b< _tlog_
p
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From

I <exp (%) < exp (%) ;

we have )
0<mr < F(&)exp (_(x ;tf) > < M%’
if
(3.12) m# exp (%) <F(¢)<Mr,  £e[-bl.

It is easy to see that
SR N A VIR VPle—9)
/cg c o= ?{erf( NG )_erf( NG >]

where 5 .
erf (z :—/ e dt
D=

is the error function. Therefore, fera < ¢ < d < a, the inequality 2.5) yields

019 [atntyie sy e (1)} TRCD

J g (279) e (7

wherep is a positive continuous function drb, b], andF’ satisfies 8.12).
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