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Abstract: In this paper, we introduce the concepts of extended well-posedness for quasi- Full Screen
variational inequalities and establish some characterizations. We show that the -
ose

extended well-posedness is equivalent to the existence and uniqueness of solu-
tions under suitable conditions. In addition, the corresponding concepts of ex-
tended well-posedness in the generalized sense are introduced and investigated journal of inequalities
for quasivariational inequalities having more than one solution. in pure and applied
mathematics
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1. Introduction

The importance of well-posedness is widely recognized in the theory of variational
problems. Motivated by the study of numerical production optimization sequences,
Tykhonov [L8] introduced the concept of well-posedness for a minimization prob-
lem, which is known as Tykhonov well-posedness. Due to its importance in opti-
mization problems, various concepts of well-posedness have been introduced and
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studied for minimization problems (se&g 1, 5, 16, 19, 20]) in past decades. The Ke Zhang, Zhong-Quan He
concept of well-posedness has also been generalized to several related variational and Da-Peng Gao
problems: saddle point problem2][ Nash equilibrium problemslfi, 17, 15], in- vol. 10, iss. 4, art. 107, 2009

clusion problems4, 7, 9], and fixed point problems4] 7, 9]. A more general for-
mulation for the above variational problems is the variational inequalities problems,
which leads to the study of the well-posedness of variational inequalities. Lucchetti
& Patrone [L4], obtained a notion of well-posedness for a variational inequality. Contents
Lignola & Morgan [L3] introduced the extended well-posedness for a family of vari-
ational inequalities and investigated its links with the extended well-posedness of
corresponding minimization problems. Lignok jntroduced the notion of well- < >
posedness for quasivariational inequalities. Recently, Lalitha & Mel@pdre-
sented a class of variational inequalities defined by bifunctions. Fang &JHexte-
nded the notion of well-posedness of variational inequalities defined by bifunctions. Go Back
Inspired and motivated by above research works, in this paper, we study the well-
posedness of quasivariational inequalities (in short, QVI) defined by bifunctions.
We introduce the notion of extended well-posedness for QVI, and establish some of Close
its characterizations. Under suitable conditions, we prove that the extended well-
posedness is equivalent to the existence and uniqueness of solutions to QVI. With = journal of inequalities
an additional compactness assumption, we also derive the equivalence between the in pure and applied

extended well-posedness in the generalized sense and the existence of solutions to Mathematics
QVI. issn: 1443-575k
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2. Preliminaries

Throughout this paper, |t be a reflexive real Banach space dide a nonempty
closed convex subset @, unless otherwise specified. L&t: K — 2X be a set-
valued mapping, antl : K x E — R be a bifunction, wheré = R U {+oo}. The
guasivariational inequality problem consists in finding a painE K, such that

(QVI) up € S(up) and h(ug,up —v) <0, Yov e S(up). e

. . . .. . . . and Da-Peng Gao
Note thatQVI includes as a special case the quasivariational inequality. In this

. i . . vol. 10, iss. 4, art. 107, 2009
paper, we consider the parametric form df| which is formulated as follows:

(QVI), up € S(up) and h(p,up,up —v) <0, Vo e S(u), Title Page
whereh : P x K x E — R andP is a Banach space. Now we recall some concepts Contents
and results. LetX, 7), (Y, o) be topological spaces. The closure and interior of a
nonempty se: of X are respectively denoted bytbnd intG. “ d
Definition 2.1 ([8]). A set-valued mapping : (X, 7) — 2(¥9) is called: < >
: . . Page 4 of 24
(i) closed-valued if the sdt(z) is nonempty and-closed, for every: € X;;
Go Back
(i) (1,0)-closed if the grapltr = {(z,y) : y € F(z)} is closed inr x o;
Full Screen
(iii) (7, 0)-lower semicontinuous if for every-open subset” of Y, the inverse
image of the se¥’, F~1(V) = {z € X : F(x) NV # (0} is ar-open subset of Close
X;
journal of inequalities
(iv) (1,0)-subcontinuous orlf C E (E is a reflexive real Banach space) if for in pure and applied
every nef z,} T-converging inH, every nefy,}, such thaty, € F(z,), has a mathematics
o-convergent subset. issn: 1443-575k
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Definition 2.2 ([8]). The Painleve-Kuratouski limits of sequerdé, }, H,, C Y are
defined by:

liminf H, = {y €Y :3y,€ H,,ne N, with limy, = y},

and
limsup H,, = {y €Y :dng T +oo,n, € N, Elynk S an, k € N, with lim Yny, = y} . Quasivariational Inequalities
n k Ke Zhang, Zhong-Quan He

and Da-Peng Gao

Definition 2.3 ([3]). A bifunctionf : K x F — R is said to be:

vol. 10, iss. 4, art. 107, 2009

(i) monotone iff (z,y — x) + f(y,x —y) <0,Vx,y € K;

(i) strongly monotone if there exists a constant 0 such that Title Page
flr,y—z)+ fly,x —y) + t||z — y||2 <0, Vz,y € K; Contents
. 44 44
(iii) pseudomonotone if foranyy € K, f(z,y —x) > 0= f(y,z —y) <0;
< >
(iv) hemicontinuous if for every,y € K andt € |0, 1], the functiont — f(z +
t(y — ),y — x) is continuous a0 ™. Page 5 of 24
In the sequel we introduce some notions of extended well-posedness for, (QVI) Go s
Definition 2.4. Letp € P, {p,} € P, withp, — p. A sequencgu,,} is an approxi- Full Screen
mation for (QVI), corresponding tdp,, } if: Close

() u, € K,Vn € N; journal of inequalities

(i) there exists a sequende,,} | 0 such thatd(u,,S(u,)) < &, (i.e. u, € in pure and applied
B(S(tn,ey)), and h(p, tn, t, — v) < en, Yv € S(u,), Vn € N, where mathematics
B(S(u),e) ={y € E:d(S(u),y) <e}. issn: 1443-575k
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Remarkl. When the set-valued mappitstis constant, say(u) = K for everyu €

K, the parametric form of (QV))is a parametric form of a variational inequality. In

this case, the class of approximating sequences coincides with the class defined in
[13].

Definition 2.5.

(i) (QVI), is said to be extended well-posed if for every= P, (QVI), has a
unique solutiony, and every approximating sequence for (QWdrrespond-
ing top,, — p converges ta,.

(i) (QVI), is said to be extended well-posed in the generalized sense if for every
p € P, (QVI), has a nonempty solution séi(p), and every approximating
sequence for (QV))corresponding t,, — p has a subsequence which con-
verges to some point @f(p).

Lemma 2.6 ([13]). Let K be a nonempty, closed, compact and convex subget of
the set-valued mapping is convex-valued and closed-valued. If the bifunctida
hemicontinuous and pseudomonotone, the following problems are equivalent:

(i) finduy € K, such thatu, € S(ug) and h(ug,ug —v) <0, Yo € S(uy);
(i) findug € K, such thatuy € S(ug) and h(v,uy —v) < 0, Yo € S(up).

Lemma 2.7 ([12)). Let{H,} be a sequence of nonempty subsets of the sBaceh
that:

(i) H, is convex for everyt € N;
(i) Hy C liminf, H,;
(i) there existsn € N such thatint N,,>,,, H,, # 0.
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Then, for everyuy € int Hy, there exists a positive real numbérsuch that

B(ug,d) € H,,Vn > m.

0.

If £ is afinite dimensional space, the assumption (iii) can be replaced b, +#
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3. Characterizations of Extended Well-Posedness

In this section, we investigate some characterizations of extended well-posedness
for quasivariational inequalities. For (QV/)the set of approximating solutions is

defined by

T(e)= |J) {ueK:ueB(S(u),s) and h(p,uu—v)<e, VoeS(u)}
pEB(p,9)

whereB(p, §) denotes the closed ball with radidisind centered at

Theorem 3.1. Let the following assumptions hold:

i) the set-valued mappingis nonempty-valued and convex-valugdw)-closed,
- p - -
(s, s)-lower semicontinuous, an@, w)-subcontinuous or;

(i) forevery converging sequenge, }, there existsn € N, such thaint N,,>,,.S,, #
() (S, is a sequence of mappings);

(iii) for everyp € P, h(p, -,-) is monotone and hemicontinuous;
(iv) for every(p,u) € P x K, h(p, u,-) is convex;
(v) for everyu € K, h(-,u,-) is lower semicontinuous;

Then, the (QVI)is extended well-posed if and only if for everg P, the solution
setT'(p) is nonempty and

(3.1) diamT'(6,e) = 0 as (d,e) — (0,0),

wherediam means the diameter of a set.
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Proof. Suppose that (QV) is extended well-posed. Then it has a unique solution
ug. If for somep € P, diamT'(d,¢) 4 0as(d,e) — (0,0), there exist a positive
numberl, and sequences > 0 converging to Og,, > 0 decreasing to 0, and,,, z,

€ K,withw,, € T(6,,¢n), 2n € T(dp, £,) Such that

|lwn — 2zn]| > 1, ¥n e N.

Sincew,, € T(0p,en), 2n € T(0,,e,) for eachn € N, there existy,,p, € Quasivariational Inequalides
Bn(p, 611)’ such that Ke Zhang, Zhong-Quan He

and Da-Peng Gao
h<pnawn7 Wy — U) < &p,
vol. 10, iss. 4, art. 107, 2009

and

h(ﬁm Zny Zn — U) S Eny

whereVv € S(ug). This implies thaw, }, {z,} are both approximating sequences
for (QVI), corresponding tdp, } and{p,} respectively. Since (QV})is extended Contents
well-posed, they have to converge to the unique soluinThis gives a contradic-
tion. Thus condition{.1) holds.

Conversely, assume that for everye P, T'(p) is nonempty and conditiorB(1) < 4
holds. Letp, — p € P and{u,} C K be an approximating sequence for (QVI)

Title Page

44 44

corresponding tdp,, }. There exists,, > 0 decreasing to 0, such that FEgE ez
d(tn, S(uy)) < én, Go Back
and Full Screen
h(pnauna Up — U) < &n, Close

whereVv € S(u,,), Vn € N. This yieldsu,, € T'(d,,¢c,) with 6,, = ||p, — p||. It
follows from condition 8.1) that{w, } is a Cauchy sequence and strongly converges
to a pointu, € K. To prove that, solves (QVI),, we shall first show that

journal of inequalities
in pure and applied
mathematics
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Assume that the left inequality does not hold. Then, there exists a positive number

such that
lim inf d(u,, S(u,)) < a < d(ug, S(up)).

n

This means that there exists an increasing sequengeand a sequencgy }, zx €
S(un, ), such that
Vk € N.

Since the set-valued mappirtgis (s, w)-subcontinuous angs, w)-closed, the se-
quence{z;} has a subsequence, still denotedzhyweakly converging to a point
20 € S(up). Then, one gets

||unk - an” <a,

a < d(ug, S(ug)) < [Jug — 20| < lirrzinf [tn, — 2] < a,

which gives a contradiction. Say, € clS(ug) = S(up). Then consider a point
v € S(up) and observe that, since the set-valued mappiigy(s, s)-lower semicon-
tinuous, one has$ () C liminf S(u,). Also, observe that condition (ii), applied to
the sequence,, = uy, for alln € N, implies thatint S(ug) # (; from Lemma2.7,

it follows that, if v € int S(ug), thenv € S(u,) for n sufficiently large. Condition
(iv) and (v) give that

h(p,v,up — v) = im h(p, v, u, — v) < liminf A(p, u,, v, —v) < liminfe, = 0.

If v € S(up) — int S(up), let {v,} be a sequence to, whose points belong to a
segment contained imt S(u). Sincev,, € int S(ug), forn € N, one has

h(pa Un, Uy — Un) S 07
and in light of the hemicontinuity of the bifunction

h(p,v,ug —v) < 0.
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Then, the result follows from Lemma6. Now it remains to prove that (QV)has
a unique solution. If (QVI) has two distinct solutions,, u., it is easily seen that
uy, ug € T(0,¢) forall 6, > 0. It follows that

0 < ||luy — uz|| < diam7'(d,e) — 0,
and we obtain a contradiction t8.(). O
Theorem 3.2. Let the following assumptions hold:

(i) the set-valued mappingis nonempty-valued and convex-valugdw)-closed,
(s, s)-lower semicontinuous, an@, w)-subcontinuous or;

(i) forevery converging sequencg, there existsn € NV, such thaint N,,>,,.5,, #

(iii) for everyp € P, h(p, -,-) is monotone and hemicontinuous;
(iv) for every(p,u) € P x K, h(p,u,-) is convex;
(v) for everyu € K, h(-,u,-) is lower semicontinuous;

Then, the (QVIl)is extended well-posed if and only if for everg P, T'(0,¢) #
0, Vé, e >0,

(3.2) diamT'(6,e) — 0 as (d,e) — (0,0).

Proof. The necessity has been proved in Theorem To prove the sufficiency,
assume that for everye P, T'(0,¢) # 0, Vd,e > 0

diam7T'(d,e) — 0 as (d,¢) — (0,0).
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Letp, — p € P and{u,} be an approximating sequence for (QV&prresponding
to {p,}. Then there exists, > 0 decreasing t0 such that

d(tn, S(un)) < €n,

and

h(pm Up,, Un — U) S En,
wherev € S(u,), Vn € N. Th_is yigldsun € T(0n,en) With 6, = ||p, — p||. The ngsévha;i:gtjoggér'wg%gﬁgiﬁe
rest of the proof follows on using similar arguments to those for Thegrém [ and Da-Peng Gao

We now present the following theorem in which assumption (ii) is dropped, while vol. 10, fss. 4, art. 107, 2009

the continuity assumption on the bifunctibns strengthened.

Corollary 3.3. Let the following assumptions hold: Title Page
(i) the set-valued mappingis nonempty-valued and convex-valugd)-closed, Contents
(s, s)-lower semicontinuous, an@, w)-subcontinuous o ; X >
(i) foreveryp € P, h(p,-,-) is monotone ands, w)-continuous; < >
(iii) forevery(p,u) € P x K, h(p,u,-) is convex; Page 12 of 24
(iv) for everyu € K, h(-,u,-) is lower semicontinuous; Go Back
Then, the (QVI)is extended well-posed if and only if for everg P, T'(0,¢) # Full Screen
0, Vo, e >0
Close
(3.3) diam(d,e) — 0 as (d,e) — (0,0).
journal of inequalities
Proof. The conclusion follows by similar arguments to those for Theogem [J in pure and applied

mathematics
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Example3.1 Let £ = R, K = [0,+00), h(p,u,v) = u? — v?, and consider the
set-valued functiort defined byS(u) = [0, 3. Itis easily seen thdl'(p) = {0},
andT(d,e) = [0,+/¢). It follows thatdiamT'(d,e) — 0, as(d,e) — (0,0). By
Theorems3.1, the (QVI), is extended well-posed.

Quasivariational Inequalities
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4. Characterizations of Extended Well-posedness in the
Generalized Sense

The aim of this section is to investigate some characterizations of extended well-
posedness in the generalized sense for (Q\Airst, we recall two useful definitions.

Definition 4.1 ([6]). Let H be a nonempty subset of a metric sp&aég d). The
measure of noncompactngsef the set is defined by

uw(H) =inf{e >0: H CU_H;, dlam H,; <¢e,i=1,...,n}.

Definition 4.2 ([6]). The Hausdorff distance between two nonempty bounded subsets
H and K of a metric spacé¢X,d) is

H(H, K) = max {sup d(u, K), sup d(H, w)} :
ucH weK

Theorem 4.3. Let the following assumptions hold:

(i) the set-valued mappingjis nonempty-valued and convex-valugdw)-closed,
(s, s)-lower semicontinuous, and, w)-subcontinuous OK’;

(if) forevery converging sequencg, there existsn € N, such thaint N,,>,,, S, #

(iii) for everyp € P, h(p,-,-) is monotone and hemicontinuous;
(iv) for every(p,u) € P x K, h(p,u,-) is convex;

(v) for everyu € K, h(-,u,-) is lower semicontinuous;

Quasivariational Inequalities
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Then, the (QV))is extended well-posed in the generalized sense if and only if for

everyp € P, the solution sef’(p) is nonempty compact and

(4.1) H(T(6,¢),T(p)) — 0 as (d,e) — (0,0).

Proof. Assume that (QVI) is extended well-posed in the generalized sense. Then,

T(p) # 0 for all p € P. To show thatT'(p) is compact, le{u,} be a sequence
for (QVI),. Since (QVI), is extended well-posed in a generalized sefse} has
a subsequence converging to some poirit'gf). Thus,T'(p) is compact. Now, we
prove thatH<T(5v 6)7 T(p)) — 0, H(T((S? 5)7 T(p)) = SUDyeT(s) d(uv T(p)) — 0.
Suppose by contradiction thak(7'(d, <), T'(p)) # 0, as(d,e) — (0,0). Then there
existsT > (0 converging to0, £, > 0 decreasing td), andu, € K with u, €
T(6,,€x,)) such that

(4.2) w, # T(p) + B(0, 7).

Sinceu,, € T'(0,,€n), {u,} is an approximating sequence for (Q)IAs (QVI), is
extended well-posed in the generalized sense, there exists a subsefjugncef
{u,} converging to some point af(p). This contradicts4.2) and so condition4.1)
holds.

For the converse, assume th@&fp) is nonempty compact for afp € P and
condition ¢.1) holds. Letp,, — p € P and{u,} be an approximating sequence for
(QVI), corresponding tdp, }. Then there exists, > 0 decreasing t0 such that

h(pm Up,y Up — U) S Eny

wherev € S(u,), Vn € N. This yieldsu, € T(0,,e,) with 6, = ||p. — p||-
From condition ¢.1), there exists a sequen¢e, } in T'(p) such thati(u,,T'(p)) <
H(T(6,¢),T(p)) — 0

|lwn, — vn|| = d(upn, T(P)) — 0, Vn € N.
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SinceT'(p) is compact, there exists a subsequefige } of {v,,} converging taw €
T(p). Hence the corresponding subsequefeg } of {u,} converges ta. Thus
(QV1), is extended well-posed in the generalized sense. O

The follow theorem presents the characterization of extended well-posedness in
the generalized sense by considering the measure of noncompactness of the approx-
imating solution sets.

Theorem 4.4. Let the following assumptions hold:

(i) the set-valued mappingjis nonempty-valued and convex-valugdw)-closed,
(s, s)-lower semicontinuous, an@, w)-subcontinuous or;

(i) foreveryp € P, h(p,-,-)is (s,w)-continuous;
(iii) forevery(p,u) € P x K, h(p,u,-) is convex;
(iv) for everyu € K, h(-,u,-) is lower semicontinuous;

Then, the (QV))is extended well-posed in the generalized sense if and only if for
everyp € P,

(4.3) T(5,¢) #0,

Proof. Assume that (QVI) is extended well-posed in the generalized sense. Then,
T(p) # 0 andT'(p) C T(d,e) # 0, forallp € P, §,e > 0, andT(p) is compact.
Observe that for ever§, ¢ > 0, we have

Vo, e >0, and u(T(d,e))—0 as (4,¢e) — (0,0).

H(T(0,¢e),T(p)) = max {ues;l(ga) d(u, T(p)), Ug%)) d(T(6,¢), v)}

sup d(u,T(p)).

ueT(d,e)

W

£° ¢
*

P
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In order to prove that(7'(6,¢)) — 0, consider,, > 0 converging to 0, and,, > 0
decreasing t0 such that

w(T'(6, ), T(p)) < H(T(5,¢),T(p)) + u(T(p)).

Since, by the assumptions, the $&p) is compactu(7'(p)) = 0. So we need only
to prove that

lirrln H(T(d,¢),T(p)) = sup d(u,T(p)) — 0.

’U,ET((Sn ,871)

By Theorem4.3, we have the desired result.

For the converse, we start by proving that, ) is closed ford,e > 0. Let-
ting z, € T(d,¢) forn € N, the sequencéz,} converges ta;,. Reasoning as
in Theorem3.1, one first proves thaf(zy, S(z)) < . Since the set-valued map-
ping S is (s, s)-lower semicontinuous, for every € S(z) there exists a sequence
{w,} converging tow such thatw, € S(z,) forn € N; and forp, € B(p,J),
one getsh(py, zn, 20 — w,) < e. Without loss of generalization we suppose that
pn — P € B(p,d). Inlight of the assumption (iii), we have

h(ﬁa 20520 — w) S €.
This yieldsz, € T'(4,¢), and sdl'(4, ¢) is nonempty and closed. Observe now that
T(p) = Ns>0e>0T'(0,€),

since the set-valued mappirtgis closed-valued. Then, singéT'(6,¢)) — 0, the
theorem on p. 412 ing] can be applied and one concludes that thel3et) is
nonempty, compact, anl (7'(6,¢),T(p)) — 0 as(d,e) — (0,0). The rest of the
proof follows from the same arguments in Theoréri ]
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5. Conditions for Extended Well-posedness

The following theorem shows that under suitable conditions, the extended well-

posedness of (QV))is equivalent to the existence and uniqueness of solutions.

Theorem 5.1.Let £ = R™ and K be a nonempty, compact, and convex subsgt of
Let the following assumptions hold:

() the set-valued mappingis nonempty-valued and convex-valued, closed, lower
semicontinuous ok ;

(i) foreveryp € P, h(p,-,-) is monotone and hemicontinuous;

(iii) foreveryp € Pandx € K, h(p,z,-) is positively homogeneous and sublinear,
andh(p,x,0) = 0;

(iv) for everyu € K, h(-,u,-) is continuous.

Then, the (QV]) is extended well-posed if and only if for every= P, (QVI),
has a unique solution.

Proof. The necessity holds trivially. For the sufficiency, assume tfat/), has a
unique solutiorny, for all p € P. If (QVI), is not extended well-posed, there exist
somep € P, p, — p, and an approximating sequenge, } for (QVI), correspond-
ing to {p,,} such thatu, 4 uy. Sett, = m andz, = vy + t,(u, — ug). We
assert tha{u, } is bounded. Indeed, ifu,} is not bounded, then without loss of
generality we suppose th@t, | — +oo, 2z, € K andz, — z # uy. By using the
conditions (iii) and (iv), we have

h(pn, v,z — v)
< h(pn, v,z — 2n) + h(pn, v, 2n, — V)
< h(pn,v, 2 — 2n) + h(pn, v, ug — V) + h(pn, v, 2, — o)
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- h(pn7 v,z — Zn) + h(pn7 U, Uy — U) + tnh(pna U, Up — UO)
< h(pn, v, 2 — 2n) + h(pn, v, ug — V) + tph(pn, v, Uy — v) + tph(Pp, v, v — up),
Yo € S(up).

Since{u, } is an approximating sequence for (Qytprresponding t¢p, }, we can
find ¢, > 0 decreasing td, such thati(p,, u,, u, — v) < &,, Yo € S(ug). In
light of the assumption (i), we gét(p,,, v, u, —v) <¢e,, Vv € S(uy). From the
assumptions (ii) and (iv),

h(p,v,z —v) = lim h(p,, v, 2, — v)
< lim{h(pn, v,z — 2,) + h(pn, v, ug — V) + tpen + h(Pp, v, v — ug) }
= h(p,v,up —v) <0, Yo e S(up).

From Lemma”.6, z is a solution of (QVI). This is a contradiction to the uniqueness
of the solution. Thuqw, } is bounded. Since the séf is compact, the sequence
{u,} has a subsequenge,, } which converges to a point € K, which is a fixed
point for S, andh(p, v, zo —v) < 0, Vv € S(ug). Then, applying Lemma.6, z,
solves (QVI). So it coincides withy,. The uniqueness of the solution also implies
that the whole sequende:,, } converges tai,. Therefore, (QVI) is extended well-
posed. O

For extended well-posedness in the generalized sense, we have the following re-

sults.
Theorem 5.2. Let the following assumptions hold:
() the setK is bounded;

(i) the set-valued mappingis nonempty-valued and convex-valuged,w)-closed,
(w, s)-lower semicontinuous oR;
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(iii) foreveryp € P, h(p,-,-) is monotone ands, s)-continuous;

(iv) for every(p,u) € P x K, h(p,u,-) is convex;

(v) for everyu € K, h(-,u,-) is lower semicontinuous;

Then, the (QVI) is extended well-posed in the generalized sense with respect to
weak convergence.

Quasivariational Inequalities
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d(tp, S(up)) < en, and h(py, up,u, —v) < e,, Yv e S(u,), Vné€N,

: : Title P
wheree,, > 0 decreases t0. Since the sek is bounded, the sequenée, } has a e et

subsequence, still denoted by,, }, which weakly converges to a poing € K. As Contents
in Theorem3.1, one proves that

44 44

d(ug, S(up)) < liminf d(u,, S(u,)) < lime, = 0. < N
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which gives a contradiction. Sa, € clS(ug) = S(up) anduy is a fixed point for
the set mapping. To complete the proof, let € S(uy) and{v,} be a sequence
converging tov such that,, € S(u,), Vn € N. By using the assumption (iii), we
haveh(p, ug, up — v) < 0. This yieldsu, as a solution of (QVI), and so (QVI) is
extended well-posed in the generalized sense. O

Theorem 5.3.Let £ = R" and K be bounded. Let the following assumptions hold:

() the set-valued mappingis nonempty-valued and convex-valued, closed, lower
semicontinuous oK

(i) foreveryp € P, h(p,-,-) is monotone and hemicontinuous;
(iii) forevery(p,u) € P x K, h(p,u,-) is convex;
(iv) for everyu € K, h(-,u,-) is continuous;

If for eachp € P, there exists some> 0 such thatl'(e, €) is nonempty and bounded,
then the (QVI) is extended well-posed in the generalized sense.

Proof. Letp, — p € P and{u,} be an approximating sequence for (QVtprre-
sponding to{p, }. Then there exists, > 0 with ¢,, — 0 such that

h(pn, tn, up, —v) < ,,Yv € S(uy,), Vn € N.

Let e > 0 such thatT'(¢,¢) is nonempty bounded, then there existssuch that

u, € T(e,¢) foralln > ng, and so{u, } is bounded. There exists a subsequence
{un, } of {u,} such thatu,, — ug, ask — oo. Using the same arguments as
for Theorem5.1, uy solves (QVI). Then (QVI), is extended well-posed in the
generalized sense. ]

Corollary 5.4. Let EF = R" and K be bounded. Let the following assumptions hold:
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() the set-valued mappingis nonempty-valued and convex-valued, closed, lower
semicontinuous ok

(i) foreveryp € P, h(p,-,-) is monotone and hemicontinuous;

(iii) forevery(p,u) € P x K, h(p,u,-) is convex;

(iv) for everyu € K, h(-,u, -) is continuous;

Quasivariational Inequalities
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