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Abstract

In 1999, S. Kanas and F. Ronning introduced the classes of functions starlike
and convex, which are normalized with f(w) = f'(w) — 1 = 0 and w is a fixed
pointin U. The aim of this paper is to continue the investigation of the univalent
functions normalized with f(w) = f'(w) — 1 = 0, where w is a fixed pointin U.

2000 Mathematics Subject Classification: 30C45.
Key words: Close-to-convex functions, a-convex functions, Briot-Bouquet differential
subordination.
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Let H(U) be the set of functions which are regular in the unit dise- {z €
C: |z <1},

A={feHU): f(0)=f'(0)—1=0} and
S={fe€A: fisunivalentinU}.

We recall here the definitions of the well-known classes of starlike, convex,

close-to-convex and-convex functions:

S*:{feA:Re<zf/(Z)>>O,zeIU},

f(z)
SC:{fGA:Re(1+Zj{/;i§>> >0,Z€U},
CC:{fEA:ngS*,Re(Z‘;(IS)) >0, zEU},

Ma:{fEA:w#O, ReJ(a,f:z)>0,zEU},

where

J(a, fi2)=(1-— a)sz;ij) + (1 + zf”(z)>.

Letw be a fixed point ilJ andA(w) = {f € H(U) : f(w) = f'(w) — 1 =
0}.
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In [3], S. Kanas and F. Ronning introduced the following classes:

S(w) ={f € A(w) : fis univalentinU}
ST(w):S*(w):{fES(w):Re(w) > 0, ZEU}

f(2)
_ "
CV(w) = S%(w) = {f € S(w): 1+ Re (%) >0, z € U}.
The classS*(w) is defined by the geometric property that the image of any on Some Subd f
circular arc centered at is starlike with respect tg(w) and the corresponding Unalom Funators

classS¢(w) is defined by the property that the image of any circular arc centered
atw is convex. We observe that the definitions are somewhat similar to the ones
for uniformly starlike and convex functions introduced by A. W. Goodman in
[1] and [Z], except that in this case the poimtis fixed. Title Page
It is obvious that there exists a natural "Alexander relation” between the
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Contents
classesS*(w) andS¢(w):
. . 4« 44
g € S°(w)ifandonly if f(2) = (z —w)g'(z) € S*(w). ) R
Let P(w) denote the class of all functions
. Go Back
p(z) =1+ Z Bn(z —w)" Close
n=l Quit
that are regular i/ and satisfyp(w) = 1 andRe p(z) > 0 for z € U. Page 4 of 14

The purpose of this note is to define the classes of close to convex-and
convex functions normalized witfi(w) = f'(w) — 1 = 0, wherew is a fixed
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It is easy to see that a functighe A(w) has the series expansion:
f(2)=(z—w)+ay(z —w)* +---

In [7], J.K. Wald gives the sharp bounds for the coefficieBfsof the func-
tion p € P(w) as follows.

Theorem 2.1.1f p € P(w),

p(z) =1+ Z Bn(z —w)",

then

2
(2.1) 1B,| < (i

whered = |w| andn > 1.
Using the above result, S. Kanas and F. Ronniijgbtain the following:
Theorem 2.2.Let f € S*(w) and f(2) = (z — w) + az(z — w)* +--- . Then

2 3+d
22) ol =@ s goap
2(24+d)(3+4d) 1(2+d)(3+d)(3d+5)
(2.3) lay| < gwa |as| < 6 (1—a2)

whered = |w|.

On Some Subclasses of
Univalent Functions

Mugur Acu and Shigeyoshi Owa

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 5 of 14

J. Ineq. Pure and Appl. Math. 6(3) Art. 70, 2005

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:owa@math.kindai.ac.jp
mailto:
http://jipam.vu.edu.au/

Remark 1. It is clear that the above theorem also provides bounds for the co-
efficients of functions i8°(w), due to the relation betweesf(w) and S*(w).

The next theorem is the result of the so called "admissible functions method"
introduced by P.T. Mocanu and S.S. Miller (s€g [5], [6]).

Theorem 2.3.Leth be convex ity andRe[Sh(z)++] > 0,z € U. If p € H(U)
with p(0) = h(0) andp satisfies the Briot-Bouquet differential subordination

Zp/(Z) On Some Subclasses of
p(z) + W = h(Z), z € U? Univalent Functions
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Let us consider the integral operatoy : A(w) — A(w) defined by

(3.1) f(2)=L.,F(2) = Lta /z Ft)(t—w)*'dt, a€R, a>0.

(’Z—w>a w

We denote by

D(w) = {z €U:Re (%) <1 and Re <(Z _Z(;;(lz)_ Z)) > 0},

with D(0) = U, and

s(w) = {f: D(w) — C} N .5(w),

wherew is a fixed point inU. Denotings*(w) = S*(w) N s(w), wherew is a
fixed point inU, we obtain

Theorem 3.1. Let w be a fixed point iflU and F'(z) € s*(w). Thenf(z) =
L,F(z) € S*(w), where the integral operataok,, is defined byg.1).

Proof. By differentiating 8.1), we obtain
(3.2 (14+a)F(z)=af(z) + (z —w)f'(2).
From (3.2), we also have

(3.3) (14+a)F'(z)=1+a)f'(2)+ (z—w)f"(2).
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Using 3.2) and @3.3), we obtain

(z—w)F'(z) (1+a)z—w)E + (- w278
(3.4) F(Z) - a -+ (Z B w) J;/((;)) )
Letting
- w)f'(2)

wherep € H(U) andp(0) = 1, we have

and thus

(3.5) <z—w>§é?:<m~wﬂ@>—mau—p@»

Using (3.4) and 3.5), we obtain

Cow)F'E) o, G wl(e)

(3.6) F(z) a+ p(z)
SinceF’ € s*(w), from (3.6), we have
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or

p(2) + arpa)”

From the hypothesis, we have

1 a
Re(l_%h(z)+1_%)>0

and thus from Theorerd.3, we obtain

w
z

1+2

p(z) < T 2elU
> (- w)f()
Z— W z
R(T> >0, zeU.
This means thaf € S*(w). O

Definition 3.1. Let f € S(w) wherew is a fixed point inU. We say thaff is
w-close-to-convex if there exists a functigre S*(w) such that

Re<w> >0, zel.
9(2)
We denote this class loiyC'(w).

Remark 2. If we considerf = g, g € S*(w), then we haveé™*(w) C CC(w).
If we takew = 0, then we obtain the well-known close-to-convex functions.
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Theorem 3.2. Letw be a fixed point irU and f € CC(w), where

F) = =)+ S ba(z —w

with respect to the functiop € S*(w), where

g(z) = (z—w)—irZan(z—w

Then

1
b - n
bal < — \a\+2\ak\ T

|lw|,n > 2anda; = 1.

d)n—k ’
whered =

Proof. Let f € CC(w) with respect to the functiop € S*(w). Then there
exists a functiorp € P(w) such that

(z —w)f'(2)

9(2)

z):1+ZBn(z—w)

Using the hypothesis through identification(ef— w)™ coefficients, we obtain

= p(2),

where

n—1

(37) nbn =ap + Z (lan_k,

k=1
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wherea; = 1 andn > 2. From @3.7), we have

[bnl <

|an] + Z |ak] - [Bnxl]| ,

1
_ a1:17n22.
n

Applying the above and the estimat@slj, we obtain the result. O

Remark 3. If we use the estimate&.¢), we obtain the same estimates for the

coefficientd,,, n = 2,3,4, 5.
Definition 3.2. Leta € R andw be a fixed pointifU. For f € S(w), we define

) (z —w)f'(2) (z —w)f"(2)
J(a, fow;z) = (1 — «) ) +all+ 702) )
We say thayf is w — a—convex function if
I 4o ey

andRe J(a, f,w;z) > 0, z € U. We denote this class by, (w).

Remark 4. Itis easy to observe thdt/, (0) is the well-known class ef-convex
functions.

Theorem 3.3. Let w be a fixed point inU, o € R, « > 0 and m,(w) =
M, (w) N s(w). Then we have

1. If f € my(w) thenf € S*(w). This meansn, (w) C S*(w).
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2. If o, B € R, with0 < 5/a < 1, thenm, (w) C mg(w).

Proof. From f € m,(w), we haveRe J(«, f,w;z) > 0, z € U. Putting

_(—w)f'(z)
p(Z) - f(Z) )
with p € H(U) andp(0) = 1, we obtain
A (z —w)p'(2)
Re J(a, f,w;z) = Re |p(z) + « o) >0, zeU
or )
_w 1
pz) + 5 (p(z) Do) < 12 = nge)

In particular, forae = 0, we have

p(z) < 11Lz, z e U.

Using the hypothesis, we have for> 0,

1
Re (mh(z)> >0, ze€U

and from Theoren2.3, we obtain

142
1—2’

z e U.

p(2) <
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This means that

Re(%>>0, zelU

fora > 0or f € S*(w).

If we denote byAd = Rep(z) andB =Re ((z — w)p/'(2)/p(z)), then we have
A > 0andA + Ba > 0, wherea > 0. Using the geometric interpretation of

the equatiory(z) = A + Bz, z € [0, «], we obtain

y(B)=A+ B3>0 forevery3ec|0,al

This means that

Re (p(z) —i—ﬁ%) >0, 2e€U

or f € mg(w).

Remark 5. From Theoren8.3, we have

my(w) C s9(w) C mq(w) C s*(w),

where0 < o < 1 ands®(w) = S¢(w) N s(w).
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