Journal of Convex Analysis Volume 2 (1995), No.1/2, 19–40

Partial Differential Inclusions Governing Feedback Controls

Jean-Pierre Aubin, Hélène Frankowska

CEREMADE, Université de Paris-Dauphine, 75775 Paris Cedex 16, France.

Received 10 June 1994 Revised manuscript received 7 December 1994

Dedicated to R. T. Rockafellar on his 60th Birthday

We derive partial differential inclusions of hyperbolic type solutions of which are feedbacks governing viable (controlled invariant) solutions of a control system. We also show that the tracking property leads to such partial differential inclusions. We state a variational principle and an existence theorem of a (single-valued contingent) solution to such an inclusion.

1. Introduction

Let X, Y, Z denote finite dimensional vector-spaces. We studied in [14] the existence of dynamical closed-loop controls regulating state-control solutions of a control system: { x^′(t) = f(x(t), u(t)) u(t) ∈ U(x(t)) (1.1)

where U : X ∼>Y is a closed set-valued map and f : Graph(U) → X a continuous (single-valued) map with linear growth (in the sense that ‖f(x, u)‖ ≤ c(‖x‖ + ‖u‖ + 1)). Consider a nonnegative continuous function φ : Graph(U) → IR_+ with linear growth and set K := Dom(U). We address in this paper the problem of finding feedback (or closed-loop) controls r : K → Y satisfying the constraint ∀ x ∈ K, r(x) ∈ U(x) and the regulation property: for any x_0 ∈ K, there exists a solution to the differential equation x^′(t) = f(x(t), r(x(t))) & x(0) = x_0

such that u(t) := r(x(t)) ∈ U(x(t)) is absolutely continuous and fulfils the growth condition ‖u^′(t)‖ ≤ φ(x(t), u(t)) ISSN 0944-6532 / $ 2.50 © Heldermann Verlag

20 J-P. Aubin, H. Frankowska / Partial differential inclusions governing feedback controls

We observe that the graphs of such feedback controls are viability domains (whose definition is recalled in the appendix) of the system of differential inclusions { x^′(t) = f(x(t), u(t)) u^′(t) ∈ φ(x(t), u(t))B (1.2)

contained in the graph of U. By the Viability Theorem such feedback controls are solutions to the following contingent differential inclusion ∀ x ∈ K, 0 ∈ Dr(x)(f(x, r(x))) − φ(x, r(x))B satisfying the constraints ∀ x ∈ K, r(x) ∈ U(x) where Dr(x) is the contingent derivative^1 of r at x. We shall study this partial differential inclusion, provide a variational principle and an existence theorem. We observe that the existence of a dynamical closed loop is a particular case of the tracking problem, which is studied under several names in many fields, and specially, arises in engineering (see for instance [18]). Indeed, consider two set-valued maps F : X × Y ∼>X, G : X × Y ∼>Y and the system of differential inclusions { x^′(t) ∈ F (x(t), y(t)) y^′(t) ∈ G(x(t), y(t)) We would like to characterize a set-valued map H : X ∼>Y , regarded as an observation map satisfying the following tracking property: for every x_0 ∈ Dom(H) and every y_0 ∈ H(x_0), there exists a solution (x(·), y(·)) to this system starting at (x_0, y_0) and satisfying ∀ t ≥ 0, y(t) ∈ H(x(t)) The answer to this question is again a solution to a viability problem, since we actually look for (x(·), y(·)) which remains viable in the graph of H. By the Viability Theorem the tracking property is equivalent to the fact that H is a solution to the contingent differential inclusion ∀ (x, y) ∈ Graph(H), 0 ∈ DH(x, y)(F (x, y)) − G(x, y) When F and G are single-valued maps f and g and H is a differentiable single-valued map h, the contingent differential inclusion boils down to the quasi-linear hyperbolic system of

1 The contingent derivative DH(x, y) of a set-valued map H : X ∼>Y at (x, y) ∈ Graph(H) is defined by Graph(DH(x, y)) := T_{Graph(H)}(x, y)

where T_{Graph(H)}(x, y) denotes the contingent cone to Graph(H) at (x, y) (whose definition is recalled in the appendix). When H = h is single-valued, we set Dh(x) := Dh(x, h(x)). See [10, Chapter 5] for more details on differential calculus of set-valued maps.

J-P. Aubin, H. Frankowska / Partial differential inclusions governing feedback controls 21

first-order partial differential equations^2: ∀ j = 1, . . . , m, n∑ i=1 ∂h_j ∂x_i f_i(x, h(x)) − g_j(x, h(x)) = 0 Knowing F and G, we have to find observation maps H satisfying the tracking property, i.e., to solve the above contingent differential inclusion. Furthermore, we can address other questions such as : Find single-valued solutions h to the contingent differential inclusion which then becomes ∀ x ∈ K, 0 ∈ Dh(x)(F (x, h(x))) − G(x, h(x)) (1.3) In this case, the tracking property states that there exists a solution to the “reduced” differential inclusion x^′(t) ∈ F (x(t), h(x(t))) so that (x(·), y(·) := h(x(·))) is a solution to the initial system of differential inclusions starting at (x_0, h(x_0)). Knowing h allows to divide the system by half, so to speak. Let us mention right now that looking for “weak” solutions to this contingent differential inclusion in Sobolev spaces or other spaces of distributions does not help since we require solutions h to be defined through their graph, and thus, solutions which are defined everywhere.

It may seem strange to accept set-valued maps as solutions to an hyperbolic system of partial differential inclusions. But this may offer a way to describe shocks by the setvalued character of the solution. Derivatives in the sense of distributions do not provide the unique way to describe weak or generalized solutions. Contingent derivatives offer another possibility to weaken the required properties of a derivative, losing the linear character of the differential operator, but allowing a pointwise definition. It may be useful for tackling hyperbolic problems. This has been already noticed in [16, 17, 24, 25] for conservation laws.

Indeed, let us consider a single-valued map f : X → Y and its differential quotients

∇_hf(x)(v) := f(x + hv) − f(x) h . If f is Gâteaux differentiable, then these differential

quotients converge for the pointwise convergence topology (when h → 0). This strong requirement can be weakened in (at least) two ways, each way sacrificing different groups of properties of the usual derivatives.

• The distributional derivative is the limit of the difference-quotients x → ∇_hf(x)(v) := f(x + hv) − f(x) h (when h → 0) in the space of distributions, and the limit

is a vectorial distribution D_vf ∈ D^′(X; Y ) (i.e. no longer necessarily a singlevalued function). Furthermore, one can define differential quotients of any vectorial distribution T ∈ D^′(X; Y ) and the derivative of a distribution as their limit (when h → 0) in the space of distributions.

2 For several special types of systems of differential equations, the graph of such a map h (satisfying some additional properties) is called a center manifold. Existence of local center manifolds have been widely used for the study of stability near an equilibrium and in control theory. See [7, 8, 20, 23] for instance.

22 J-P. Aubin, H. Frankowska / Partial differential inclusions governing feedback controls

• The contingent derivative is the upper graphical limit of the difference-quotients v → ∇_hf(x)(v) := f(x + hv) − f(x) h (when h → 0+), and the limit is a set-valued

map Df(x) : X ∼>Y (and no longer necessarily a single-valued function). Furthermore, one can define differential quotients for any set-valued map F : X ∼>Y at (x, y) ∈ Graph(F ) by v ∼>^{F (x+hv)−y}_h , h > 0 and the contingent derivative of a set-valued map as their upper graphical limit (when h → 0+).

In both cases, the approaches are similar: they use (different) convergencies weaker than the pointwise convergence for increasing the possibility for the difference-quotients to converge, at the price of losing some properties by passing to these weaker limits (the pointwise character for distributional derivatives, the linearity of the differential operator for graphical derivatives).

The use of contingent derivatives (for instance of the value function for optimal control problems) is by no means new (see for instance [1], [6, Chapter 6], [28], [29]). It has been shown in [28], [29] that “contingent solutions” are related by duality to the “viscosity solutions” introduced in the context of Hamilton-Jacobi equations by Crandall & Lions in [22] (see also [21] and the literature following these papers). In the context of this paper (quasi-linear but set-valued hyperbolic differential inclusions), Proposition 4.4 makes explicit the duality relations between contingent solutions and solutions very closed in spirit to the viscosity solutions in the case when Y = R. The variational principle we prove below (Theorem 4.1) states that for systems of partial differential equations or inclusions, the contingent solutions are adaptations to the vector-valued case of viscosity solutions. Solutions to the contingent differential inclusion are defined in section 2. We then devote section 3 to the study of the transpose of contingent derivatives, and in particular, to a series of new convergence results, which play here as well as elsewhere a crucial role. For instance Proposition 3.5 below implies that a functional involving such transposes of contingent derivatives is lower semicontinuous for the ... pointwise convergence topology. The variational principle is the topic of section 4 and the existence of solutions the object of section 5. These results are applied to characterize and find feedback controls regulating solutions in section 6.

2. Contingent Differential Inclusion

Consider two finite dimensional vector-spaces X and Y , two set-valued maps F : X ×Y ∼ >X, G : X × Y ∼>Y and a set-valued map H : X ∼>Y . Throughout the whole paper we assume that F, G are upper semicontinuous, have nonempty convex compact images and the linear growth : ∃ c > 0, ∀ x ∈ X, y ∈ Y, ‖F (x, y)‖ + ‖G(x, y)‖ ≤ c(‖x‖ + ‖y‖ + 1) where ‖F (x, y)‖ := sup_{v∈F (x,y)} ‖v‖. We associate with these data the contingent differential inclusion ∀ (x, y) ∈ Graph(H), 0 ∈ DH(x, y)(F (x, y)) − G(x, y) (2.1) Definition 2.1. A set-valued map H : X ∼>Y satisfying (2.1) is a solution to the above contingent differential inclusion if its graph is a closed subset of Dom(F ) ∩ Dom(G).

J-P. Aubin, H. Frankowska / Partial differential inclusions governing feedback controls 23

When H = h : Dom(h) → Y is a single-valued map with closed graph contained in Dom(F ) ∩ Dom(G), the partial contingent differential inclusion (2.1) becomes ∀ x ∈ Dom(h), 0 ∈ Dh(x)(F (x, h(x))) − G(x, h(x)) (2.2) Actually solutions to (2.1) enjoy some stability. Recall that the graph of the graphical upper limit H^♯ of a sequence of set-valued maps H_n : X ∼>Y is, by definition, the graph of the upper limit of the graphs of the maps H_n. (See [10, Chapter 7].) Then results from [5] imply Theorem 2.2. [Stability] Let us consider a sequence of upper semicontinuous set-valued maps F_n : X × Y ∼>X, G_n : X × Y ∼>Y with nonempty convex compact images and uniform linear growth in the sense that there exists a constant c > 0 such that sup_{n≥0} (‖F_n(x, y)‖ + ‖G_n(x, y)‖) ≤ c(‖x‖ + ‖y‖ + 1)

and their graphical upper limit F^♯ and G^♯. Consider also a sequence H_n : X ∼>Y of solutions to the contingent differential inclusions ∀ (x, y) ∈ Graph(H_n), 0 ∈ DH_n(x, y)(F_n(x, y)) − G_n(x, y) (2.3) Then the graphical upper limit H^♯ of the solutions H_n is a solution to ∀ (x, y) ∈ Graph(H^♯), 0 ∈ DH^♯(x, y)(coF^♯(x, y)) − co(G^♯(x, y)) (2.4) In particular, if the set-valued maps F_n and G_n converge graphically to F and G respectively, then the graphical upper limit H^♯ of the solutions H_n is a solution to (2.1). Since the graphical convergence of single-valued maps is weaker than pointwise convergence, the graphical limits of single-valued maps which are converging pointwise may well be set-valued.

In the next section we provide some convergence results implying a dual characterization of solutions to partial differential inclusions.

3. Codifferentials

A set-valued map whose graph is a closed cone is called a closed process. It is a closed convex process if its graph is furthermore convex. They were introduced by Rockafellar in [32, 33]. Closed convex processes enjoy most of the properties of continuous linear operators, as it was shown in [32, 33] and [10, Chapter 2]. The transpose of a closed process A : X ∼>Y is the closed convex process A^∗ : Y^∗ ∼>X^∗ defined by Rockafellar in [32] by p ∈ A^∗(q) if and only if ∀ (x, y) ∈ Graph(A), ⟨p, x⟩ ≤ ⟨q, y⟩ We define in a symmetric way the bitranspose A^{∗∗} : X ∼>Y of A, the graph of which is the closed convex cone spanned by the graph of A:

Graph(A^{∗∗}) = (Graph(A))^{− −}

24 J-P. Aubin, H. Frankowska / Partial differential inclusions governing feedback controls

Definition 3.1. Let H : X ∼>Y be a set-valued map and (x, y) belong to its graph. The transpose DH(x, y)^∗ : Y^∗ ∼>X^∗ of the contingent derivative DH(x, y) is called the codifferential of H at (x, y). When H := h is single-valued, we set Dh(x)^∗ := Dh(x, h(x))^∗.

Recall that whenever h is Lipschitz around x, Dh(x)(u) ≠ ∅ for every u ∈ X (see [10, Proposition 5.1.4]).

Lemma 3.2. Let K ⊂ X and h : K → Z be a single-valued map Lipschitz around x ∈ K. Then p ∈ Dh(x)^∗(q) if and only if for any ε > 0, there exists δ > 0 such that ∀ y ∈ B(x, δ) ∩ K, ⟨p, y − x⟩ − ⟨q, h(y) − h(x)⟩ ≤ ε‖x − y‖ (3.1) Proof. The sufficient condition being straightforward, let us prove the necessary one. Assume the contrary: there exists ε > 0 and a sequence of elements x_n ∈ K converging to x such that ⟨p, x_n − x⟩ − ⟨q, h(x_n) − h(x)⟩ > ε‖x − x_n‖ We set ε_n := ‖x_n − x‖ which converges to 0 and u_n := (x_n − x)/ε_n, a subsequence of which converges to some u of the unit sphere. Since h is Lipschitz around x, there exists a cluster point v ∈ Dh(x)(u) of the sequence (h(x + ε_nu_n) − h(x))/ε_n We thus derived the following contradiction: ⟨p, u⟩ − ⟨q, v⟩ ≤ 0 & ⟨p, u⟩ − ⟨q, v⟩ ≥ ε

The contingent epiderivative of an extended function V : X → R ∪ {+∞} at a point x of its domain is defined by

D_↑V (x)(u) := lim inf h→0+, u^′→u V (x + hu^′) − V (x) h See [10, Chapter 6] for more details on this topic.

The following result characterizes the transpose of the contingent derivative of a set-valued map H in terms of the contingent epiderivatives of its support function:

Proposition 3.3. Assume that H : X ∼>Y has compact convex values. We associate with any q ∈ Y^∗ the functions H^♭_q : X → IR and H^♯_q : X → IR defined by ∀ x ∈ X, H^♭_q (x) := inf_{y∈H(x)}⟨q, y⟩ & H^♯_q(x) := sup_{y∈H(x)}⟨q, y⟩

Let y^♭_q, y^♯_q ∈ H(x) satisfy ⟨ q, y^♭_q ⟩ = H^♭_q(x) and ⟨ q, y^♯_q ⟩ = H^♯_q(x). Then { p ∈ X^∗ | ∀ u ∈ X, ⟨p, u⟩ ≤ D_↑H^♭_q(x)(u) } ⊂ DH(x, y^♭_q)^∗(q)

J-P. Aubin, H. Frankowska / Partial differential inclusions governing feedback controls 25 If H is Lipschitz at x (in the sense that there exists l > 0 such that H(x) ⊂ H(y) + l‖x − y‖B for every y in a neighborhood of x), then DH(x, y^♯_q)^∗(q) ⊂ { p ∈ X^∗ | ∀ u ∈ X, ⟨p, u⟩ ≤ D_↑H^♯_q(x)(u) }

Consequently, when H = h is single-valued and Lipschitz at x, setting h^∗_q(x) := ⟨q, h(x)⟩ = h^♯_q(x) = h^♭_q(x) we obtain the equality Dh(x)^∗(q) = { p ∈ X^∗ | ∀ u ∈ X, ⟨p, u⟩ ≤ D_↑h^∗_q(x)(u) }

Proof. Assume first that p ∈ X^∗ satisfies ∀ u ∈ X, ⟨p, u⟩ ≤ D_↑H^♭_q(x)(u) We prove that for every v ∈ DH ( x, y^♭_q ) (u), D_↑H^♭_q(x)(u) ≤ ⟨q, v⟩ Indeed, there exist sequences t_n > 0, u_n ∈ X and v_n ∈ Y converging to 0, u and v respectively such that y^♭_q + t_nv_n ∈ H(x + t_nu_n). Therefore,

D_↑H^♭_q (x)(u) ≤ lim inf_{n→∞}

H^♭_q (x + t_nu_n) − H^♭_q(x) t_n ≤ lim inf n→∞ ⟨q, v_n⟩ Consequently, ⟨p, u⟩ ≤ ⟨q, v⟩ for every (u, v) ∈ Graph(DH(x, y^♭_q)), so that p ∈ DH(x, y^♭_q)^∗(q). Conversely, assume that H is Lipschitz at x, p ∈ DH ( x, y^♯_q )_∗ (q) and fix u ∈ X. Then there exist sequences t_n > 0 and u_n converging to 0 and u such that

D_↑H^♯_q (x)(u) = lim_{n→∞}

H^♯_q(x + t_nu_n) − H^♯_q (x) t_n Since H is Lipschitz at x, there exists l > 0 such that, for n large enough, y^♯_q belongs to H(x + t_nu_n) + lt_n‖u_n‖B, so that it can be written y^♯_q = y_n − t_nv_n where y_n ∈ H(x + t_nu_n) and ‖v_n‖ ≤ l‖u_n‖. Therefore a subsequence (again denoted by) v_n converges to some v, which belongs to DH(x, y^♯_q)(u). Since ⟨q, y_n⟩ ≤ H^♯_q(x + t_nu_n) and ⟨ q, y^♯_q ⟩ = H^♯_q (x), we infer that D_↑H^♯_q (x)(u) ≥ ⟨q, v⟩ ≥ ⟨p, u⟩

When h is real-valued, we need only to know the values of Dh(x)^∗ at the points 0, +1 and −1 to reconstruct the whole set-valued map Dh(x)^∗.

26 J-P. Aubin, H. Frankowska / Partial differential inclusions governing feedback controls

We observe that for q = +1, D_↑h^∗_q(x)(u) = D_↑h(x)(u) and that for q = −1, D_↑h^∗_q(x)(u) = D_↑(−h)(x)(u) and that for q = 0, Dh(x)^∗(0) = (Dom(Dh(x)))^−. Recall (see for instance [10, Definition 6.4.7 and Proposition 6.4.8] or [21]) that: { p ∈ X^∗ | ∀ u ∈ X, ⟨p, u⟩ ≤ D_↑h(x)(u) } = ∂_−h(x) is the local subdifferential and { p ∈ X^∗ | ∀ u ∈ X, ⟨p, u⟩ ≤ D_↑(−h)(x)(u) } = −∂_+h(x)

is the local superdifferential of h at x. The above characterization then becomes Proposition 3.4. Let h : X → R be a continuous at x function. Then

Dh(x)^∗(+1) = ∂_−h(x) & Dh(x)^∗(−1) = −∂_+h(x)

Proof. We already know that ∂_−h(x) ⊂ Dh(x)^∗(+1) Assume now that p ∈ Dh(x)^∗(+1). We have to show that for all u, ⟨p, u⟩ ≤ D_↑h(x)(u). There is nothing to prove if D_↑h(x)(u) = +∞. If D_↑h(x)(u) is finite, then v := D_↑h(x)(u) belongs to Dh(x)(u), so that ⟨p, u⟩ ≤ D_↑h(x)(u).

We finally claim that the continuity of h at x implies that D_↑h(x)(u) > −∞ for any u ∈ X, which is equivalent to D_↑h(x)(0) = 0 thanks to [10, Propositions 6.1.3]. Indeed if not, by [10, Propositions 6.1.4 and Lemma 6.1.1], the pair (0, −1) belongs to the contingent cone to the epigraph of h at (x, h(x)). Then there exist sequences t_n > 0 converging to 0, u_n converging to 0 and a sequence of v_n > 0 going to 1 such that h(x + t_nu_n) ≤ h(x) − t_nv_n. On the other hand, h being continuous at x, the continuous function φ defined by φ(t) := h(x + tu_n) satisfies for all large n φ(t_n) ≤ h(x) − t_nv_n ≤ φ(0) and therefore, there exist s_n ∈ [0, t_n] such that φ(s_n) = h(x) − t_nv_n. Setting ũ_n :=^{sn}_{tn} u_n, which also converges to 0, we observe that h(x + t_nũ_n) = h(x) − t_nv_n. This means that −1 ∈ Dh(x)(0). But p ∈ Dh(x)^∗(1), and thus, we derived the contradiction: 0 = ⟨p, 0⟩ ≤ ⟨1, −1⟩ = −1

Remark. The above proposition allows to reformulate the notion of viscosity solution of a scalar Hamilton-Jacobi equation Ψ(x, h^′(x)) = 0 in the following way: h is a viscosity solution if and only if { i) ∀ p ∈ Dh(x)^∗(+1), Ψ(x, p) ≥ 0 ii) ∀ p ∈ Dh(x)^∗(−1), Ψ(x, −p) ≤ 0 (3.2)

J-P. Aubin, H. Frankowska / Partial differential inclusions governing feedback controls 27

The variational principle given in section 4 is based on the following convergence result: Proposition 3.5. Let K ⊂ X be a closed subset. Assume that h is the pointwise limit of an equicontinuous family of maps h_n : K → Y . Let x ∈ K and p ∈ Dh(x)^∗(q) be fixed. Then there exist subsequences of elements x_{nk} ∈ K converging to x, q_{nk} converging to q and p_{nk} ∈ Dh_{nk} (x_{nk} )^∗(q_{nk} ) converging to p.

If the functions h_n are differentiable, we deduce that there exist subsequences of elements x_{nk} ∈ K converging to x and q_{nk} converging to q such that h^′_{nk} (x_{nk} )^∗(q_{nk} ) converges to p.

Proof. We have to prove that there exist subsequences x_{nk} ∈ K and (p_{nk} , −q_{nk}) ∈ ( T_{Graph(hnk )}(x_{nk} , h_{nk} (x_{nk} )) )_−

converging to x and (p, −q) respectively. So our proposition follows from Theorem 3.6. Let us consider a sequence of closed subsets K_n and an element x ∈ Liminf_{n→∞}K_n. Set K^♯ := Limsup_{n→∞}K_n.

Then, for any p ∈ (T_K♯(x))^−, there exist subsequences of elements x_{nk} ∈ K_{nk} and p_{nk} ∈ ( T_{Knk} (x_{nk} ) )_− converging to p and x respectively, i.e. (T_K♯ (x))^− ⊂ Limsup_{n→∞, xn→Kn x} (T_{Kn}(x_n))^−

Proof. It is sufficient to consider the case when x ∈ ⋂_∞ n=1 K_n. If not, we set ^K_n := K_n + x − u_n where u_n ∈ K_n converges to x and observe that x ∈ ⋂_∞ n=1 ^K_n and T ^K_n(x^n) = T_{Kn}(x_n − x + u_n).

Let p ∈ (T_K♯(x))^− be given with norm 1. We associate with any positive λ the projection x^λ_n of x + λp onto K_n: ‖ ‖ ‖x + λp − x^λ_n ‖ ‖ ‖ = min_{xn∈Kn} ‖x + λp − xn‖ (3.3) and set

v^λ_n := x^λ_n − x λ & p^λ_n := p − v^λ_n ∈ ( T_{Kn}(x^λ_n) )_−

Let us fix for the time λ > 0. By taking x_n = x ∈ K_n in (3.3), we infer that ‖v^λ_n‖ ≤ 2. Therefore some subsequences x^λ_{n′} and v^λ_{n′} converge to elements x^λ ∈ K^♯ and v^λ =^{xλ−x}_λ respectively. Furthermore, there exists a sequence λ_i → 0+ such that v^{λi} converge to some v ∈ T_K♯ (x) because ‖v^λ‖ ≤ 2 and x^λ = x + λv^λ ∈ K^♯. Therefore ⟨p, v⟩ ≤ 0. On the other hand, we deduce from (3.3) the inequalities ‖ ‖ ‖p − v^λ_n ‖ ‖ ‖^2 = ‖p‖^2 + ‖v^λ_n‖^2 − 2⟨p, v^λ_n⟩ ≤ ‖p‖^2 which imply, by passing to the limit, that ‖v‖^2 ≤ 2⟨p, v⟩ ≤ 0. Thus v = 0. We deduce that a subsequence v^{λk}_{nk} = p − p^{λk}_{nk} converges also to 0. The lemma ensues.

28 J-P. Aubin, H. Frankowska / Partial differential inclusions governing feedback controls

We shall need stronger convergence results, where in the conclusion of Proposition 3.5 we require that q_n and/or x_n remain constant. We have to pay some price for that: stronger convergence assumptions and the use of graphical derivatives D_δh(x) contained in the graph of Dh(x) which are closed convex processes.

For instance, the circatangent derivative Ch(x), defined in the following way from the Clarke tangent cone:

Graph(Ch(x)) := C_{Graph(h)}(x, h(x))

is a closed convex process contained in the contingent derivative Dh(x). They coincide whenever h is sleek at x. We can also use the asymptotic derivative D_∞h(x), whose graph is the asymptotic cone to the graph of h at (x, h(x)). (See [10, Chapters 4,5] for further details.)

We prove for instance the following

Proposition 3.7. Let K ⊂ X be a closed subset. Assume that h is Lipschitz around x on K and consider a sequence of continuous maps h_n converging to h uniformly on compact subsets of K. Let x ∈ K and p ∈ Dh(x)^∗(q) be fixed. Then there exist a sequence x_n ∈ K converging to x and a sequence p_n ∈ D_δh_n(x_n)^∗(q) converging to p. If the functions h_n are differentiable, we infer that there exists a sequence x_n ∈ K converging to x such that h^′_n(x_n)^∗(q) converges to p.

Proof. Let μ > 0, L := K ∩ B(x, μ) be a compact neighborhood of x on which the maps h_n converge uniformly to h. We apply Ekeland’s Theorem to the functions y → ⟨q, h_n(y)⟩−⟨p, y⟩ defined on this subset. Fix ε ∈]0, μ[. Then there exists x_n ∈ L satisfying ⟨q, h_n(x_n)⟩ − ⟨p, x_n⟩ + ε‖x_n − x‖ ≤ ⟨q, h_n(x)⟩ − ⟨p, x⟩ ∀ y ∈ L, ⟨q, h_n(x_n)⟩ − ⟨p, x_n⟩ ≤ ⟨q, h_n(y)⟩ − ⟨p, y⟩ + ε‖y − x_n‖ The first inequality implies that ε‖x − x_n‖ ≤ ⟨q, h_n(x) − h(x)⟩ + ⟨q, h(x_n) − h_n(x_n)⟩ + ⟨p, x_n − x⟩ −⟨q, h(x_n) − h(x)⟩ ≤ 2‖q‖‖h_n − h‖ + ⟨p, x_n − x⟩ − ⟨q, h(x_n) − h(x)⟩ By Lemma 3.2, there exists 0 < δ ≤ μ such that ∀ y ∈ B(x, δ) ∩ K, ⟨p, x_n − x⟩ − ⟨q, h(x_n) − h(x)⟩ ≤ ε‖x_n − x‖/2 Hence, ‖x_n − x‖ ≤ 4‖q‖‖h_n − h‖/ε < μ for n large enough.

On the other hand, consider any v ∈ Dh_n(x_n)(u): There exist ε_p > 0 converging to 0, u_p converging to u and v_p converging to v such that h_n(x_n + ε_pu_p) = h_n(x_n) + ε_pv_p for all p. Taking y = x_n + ε_pu_p for p large enough in the second inequality, we infer that 0 ≤ ⟨q, v_p⟩ − ⟨p, u_p⟩ + ε‖u_p‖ and thus, by passing to the limit, ∀ (u, v) ∈ Graph(Dh_n(x)), 0 ≤ ⟨q, v⟩ − ⟨p, u⟩ + ε‖u‖

J-P. Aubin, H. Frankowska / Partial differential inclusions governing feedback controls 29

In particular, taking the restriction to Graph(D_δh_n(x_n)) and noticing that ‖u‖ = sup_{e∈B∗}⟨u, e⟩, this inequality can be written in the form:

0 ≤ inf (u,v)∈Graph(D_δhn(x)) sup_{e∈B∗}(⟨q, v⟩ − ⟨p, u⟩ + ε⟨e, u⟩) Since B_∗ is convex compact and since the graph of D_δh_n(x) is convex, the lop-sided minimax theorem (see for instance [9]) implies the existence of e_0 ∈ B_∗ such that

0 ≤ inf (u,v)∈Graph(D_δhn(x)) (⟨q, v⟩ − ⟨p, u⟩ + ε⟨e_0, u⟩) Consequently, (p − εe_0, −q) belongs to the polar cone to Graph(D_δh_n(x_n)), so that p_n := p − εe_0 ∈ D_δh_n(x_n)^∗(q). Summarizing, for any ε > 0 and for any n such that ‖h_n − h‖ ≤ ε^2/4‖q‖, we have proved the existence of x_n ∈ K and p_n ∈ D_δh_n(x_n)^∗(q) such that ‖x_n − x‖ ≤ ε, ‖p_n − p‖ ≤ ε. Let K ⊂ X be a closed subset and C_Λ(K, Z) denote the space of Lipschitz (single-valued) bounded maps from K to a finite dimensional vector-space Z, ‖h‖_Λ := sup_{x≠y∈K} ‖h(x) − h(y)‖ ‖x − y‖ & ‖h‖_∞ := sup_{x∈K} ‖h(x)‖ denote the Lipschitz semi-norm and the sup-norm. Define the norm of the Banach space C_Λ(K, Z) by ‖h‖ = ‖h‖_Λ + ‖h‖_∞. We observe the following continuity properties of the contingent derivative: Lemma 3.8. Let x ∈ K be fixed. Then the map (h, u) ∈ C_Λ(K, Y ) × X ∼> Dh(x)(u) is Lipschitz: ∀ h, g ∈ C_Λ(K, Y ), Dh(x)(u) ⊂ Dg(x)(v) + ‖h − g‖_Λ‖u‖ + ‖g‖_Λ‖u − v‖ Proof. The proof is straightforward from the inequality ‖ ‖ ‖ ‖ h(x + tu) − h(x) t − g(x + tv) − g(x) t ‖ ‖ ‖ ‖ ≤ ‖h − g‖^Λ‖u‖ + ‖g‖^Λ‖u − v‖

We shall need the following stronger statement than Proposition 3.7 : Proposition 3.9. Let K ⊂ X be a closed subset. Assume that h is Lipschitz and consider a sequence of Lipschitz maps h_n converging to h in C_Λ(K, Y ). Let x ∈ K and p ∈ Dh(x)^∗(q) be fixed. Then there exists a sequence p_n ∈ D_δh_n(x)^∗(q) converging to p. In particular, if the maps h_n are differentiable, h^′_n(x)^∗q converges to p.

Proof. Set ε_n := 2‖q‖‖h_n − h‖_Λ. By Lemma 3.2 , there exists μ > 0 such that ⟨p, y − x⟩ − ⟨q, h(y) − h(x)⟩ ≤ ε_n‖y − x‖/2

30 J-P. Aubin, H. Frankowska / Partial differential inclusions governing feedback controls whenever y ∈ K ∩ B(x, μ). Therefore ⟨p, y − x⟩ − ⟨q, h_n(y) − h_n(x)⟩ ≤ ε_n‖y − x‖/2 + ‖q‖‖(h_n − h)(y) − (h_n − h)(x)‖ ≤ (ε_n/2 + ‖q‖‖h_n − h‖_Λ)‖y − x‖ ≤ ε_n‖y − x‖ On the other hand, consider any v ∈ Dh_n(x)(u) and t_p → 0+, u_p → u and v_p → v be such that h_n(x + t_pu_p) = h_n(x) + t_pv_p for all p. Taking y = x + t_pu_p ∈ K ∩ B(x, μ) for n large enough, we infer that 0 ≤ ⟨q, v_p⟩ − ⟨p, u_p⟩ + ε_n‖u_p‖ and thus, by letting u_p and v_p converge to u and v, ∀ (u, v) ∈ Graph(Dh_n(x)), 0 ≤ ⟨q, v⟩ − ⟨p, u⟩ + ε_n‖u‖ In particular, taking the restriction to Graph(D_δh_n(x)) which is convex, 0 ≤ inf (u,v)∈Graph(D_δhn(x)) sup_{e∈B∗}(⟨q, v⟩ − ⟨p, u⟩ + ε_n⟨e, u⟩) The lop-sided minimax theorem implies the existence of e_n ∈ B_∗ such that (p − ε_ne_n, −q) belongs to the negative polar cone to Graph(D_δh_n(x)), i.e., p_n := p−ε_ne_n ∈ D_δh_n(x)^∗(q)

4. The Variational Principle We characterize in this section solutions to the contingent differential inclusion (2.2) through a variational principle. For that purpose, we denote by σ(M, p) := sup_{z∈M}⟨p, z⟩ & σ^♭(M, p) := inf_{z∈M}⟨p, z⟩ the support functions of M ⊂ X and by B_∗ the unit ball of Y^∗.

Consider a closed subset K ⊂ X. We introduce the nonnegative functional Φ defined on the space C(K, Y ) of continuous maps by Φ(h) = inf{c ≥ 0 | ∀ x, q, sup_{p∈Dh(x)∗(q)}(σ^♭(F (x, h(x)), p) − σ(G(x, h(x)), q)) ≤ c ‖q‖} Observe that c is finite if and only if sup p∈Dh(x)^∗(0) σ^♭(F (x, h(x)), p) ≤ 0 and Φ(h) = sup_{q∈B∗} sup_{x∈K} sup_{p∈Dh(x)∗(q)} ( σ^♭(F (x, h(x)), p) − σ(G(x, h(x)), q) )

J-P. Aubin, H. Frankowska / Partial differential inclusions governing feedback controls 31 Theorem 4.1. [Variational Principle] Let c ≥ 0. Then a single-valued map h : K → Y is a solution to the contingent differential inclusion ∀ x ∈ K, 0 ∈ Dh(x)(F (x, h(x))) − G(x, h(x)) + cB if and only if Φ(h) ≤ c.

Consequently, h is a solution to the contingent differential inclusion (2.2) if and only if Φ(h) = 0.

Proof. Let u ∈ F (x, h(x)), v ∈ G(x, h(x)) and e ∈ cB be such that v − e ∈ Dh(x)(u). Then, for any q ∈ Y^∗ and p ∈ Dh(x)^∗(q), ⟨p, u⟩ − ⟨q, v − e⟩ ≤ 0 so that σ^♭(F (x, h(x)), p) − σ(G(x, h(x)), q) ≤ ⟨p, u⟩ − ⟨q, v⟩ ≤ ⟨q, e⟩ ≤ c ‖q‖ Taking the supremum with respect to p ∈ Dh(x)^∗(q), we infer that Φ(h) ≤ c. Conversely, we can write inequality Φ(h) ≤ c in the form of the minimax inequality: for any x ∈ K, q ∈ Y^∗, sup p∈Dh(x)^∗(q) inf u∈F (x,h(x)) inf v∈G(x,h(x)) (⟨p, u⟩ − ⟨q, v⟩) ≤ c‖q‖ Setting β(p, q; u, v, e) := ⟨p, u⟩ − ⟨q, v − e⟩ this inequality can be written in the form: for every x ∈ K, sup (p,−q)∈Graph(Dh(x))^− inf (u,v,e)∈F (x,h(x))×G(x,h(x))×cB β(p, q; u, v, e) ≤ 0 The lop-sided minimax theorem (see for instance [9]) implies the existence of u_0 ∈ F (x, h(x)), v_0 ∈ G(x, h(x)) and e_0 ∈ cB such that sup (p,−q)∈Graph(Dh(x))^− (⟨p, u_0⟩ − ⟨q, v_0 − e_0⟩) =

sup (p,−q)∈Graph(Dh(x))^− inf (u,v,e)∈F (x,h(x))×G(x,h(x))×cB β(p, q; u, v, e) ≤ 0 This means that (u_0, v_0 − e_0) belongs to co(Graph(Dh(x))). In other words, we have proved that (F (x, h(x)) × (G(x, h(x)) + cB)) ∩ co ( T_{Graph(h)}(x, h(x)) ) ≠ ∅ But by Proposition 7.1 of the Appendix, this is equivalent to the condition (F (x, h(x)) × (G(x, h(x)) + cB)) ∩ T_{Graph(h)}(x, h(x)) ≠ ∅ i.e., h is a solution to our contingent differential inclusion.

32 J-P. Aubin, H. Frankowska / Partial differential inclusions governing feedback controls

Remark. Since the bipolar cone of Graph(Dh(x)) is the graph of the bitranspose Dh(x)^{∗∗}, we have actually proved that h is a solution to the contingent differential inclusion if and only if it is a solution to the “relaxed” contingent differential inclusion 0 ∈ Dh(x)^{∗∗}(F (x, h(x))) − G(x, h(x)) + cB

Theorem 4.2. Let H ⊂ C(K, Y ) be a compact subset for the compact convergence topology. Assume that c := inf_{h∈H} Φ(h) < +∞. Then there exists a solution h ∈ H to the contingent differential inclusion 0 ∈ Dh(x)(F (x, h(x))) − G(x, h(x)) + cB Thanks to Theorem 4.1 it is sufficient to prove that the functional Φ is lower semicontinuous on the space C(K, Y ) for the compact convergence topology.

Proposition 4.3. The functional Φ is lower semicontinuous on equicontinuous subsets of the space C(K, Y ) for the compact convergence topology.

Proof. We may assume that Φ is proper. Let h_n be a sequence of equicontinuous maps satisfying for any n, Φ(h_n) ≤ c and converging uniformly to some h. We have to show that Φ(h) ≤ c. Indeed, fix x ∈ K, q ∈ B_∗ and p ∈ Dh(x)^∗(q). By Proposition 3.5, there exist subsequences (again denoted by) x_n ∈ K converging to x, q_n converging to q and p_n ∈ Dh_n(x_n)^∗(q_n) converging to p such that h_n(x_n) converges to h(x). Since F and G are upper semicontinuous with compact values, we know that for any (p, q) and ε > 0, we have { σ^♭(F (x, h(x)), p) − σ(G(x, h(x)), q) ≤ σ^♭(F (x_n, h_n(x_n)), p_n) − σ(G(x_n, h_n(x_n)), q_n) + ε ≤ (Φ(h_n) + ε) ‖q_n‖ + ε

for n large enough. Hence, by letting n go to ∞, we infer that for any ε > 0, σ^♭(F (x, h(x)), p) − σ(G(x, h(x)), q) ≤ (c + ε) ‖q‖ + ε Letting ε converge to 0 and taking the supremum on p ∈ Dh(x)^∗(q), we infer that Φ(h) ≤ c. In the case when Y = R, the contingent solutions are very closed in spirit to the viscosity solutions:

Proposition 4.4. Assume that Y = R. Then a continuous function h : X → R is a solution to (2.2) on a closed set K ⊂ X if and only if for every x ∈ K,

i) sup p∈∂_−h(x) ( σ^♭(F (x, h(x)), p) − sup(G(x, h(x))) ) ≤ 0

ii) inf p∈∂+h(x) (σ(F (x, h(x)), p) − inf(G(x, h(x)))) ≥ 0

J-P. Aubin, H. Frankowska / Partial differential inclusions governing feedback controls 33

Proof. Set

Φ_+(h, x) = sup p∈Dh(x)^∗(+1) ( σ^♭(F (x, h(x)), p) − σ(G(x, h(x)), +1) )

Φ_−(h, x) = sup p∈Dh(x)^∗(−1) ( σ^♭(F (x, h(x)), p) − σ(G(x, h(x)), −1) )

Φ_0(h, x) = sup p∈Dh(x)^∗(0) ( σ^♭(F (x, h(x)), p) )

If h is a solution, then properties i), ii) follow from Proposition 3.4 and Theorem 4.1 with c = 0.

Conversely if i), ii) hold true, then sup_{x∈K} max (Φ_+(h, x), Φ_−(h, x)) ≤ 0. It remains to show that Φ_0(h, x) ≤ 0. Fix any p ∈ Dh(x)^∗(0). Then (p, 0) ∈ ( T_{Ep(h)}(x, h(x)) )_− . By Rockafellar’s result from [35] there exist x_n → x, (p_n, q_n) → (p, 0) such that q_n ≠ 0,^{pn}_{|qn|} ∈ ∂_−h(x_n). Hence, by i), σ^♭(F (x_n, h(x_n)), p_n) − ‖q_n‖ σ(G(x_n, h(x_n)), +1) ≤ 0 Taking the limit we get σ^♭(F (x, h(x)), p) ≤ 0.

We can relate solutions to the contingent differential inclusion (2.2) to viscosity solutions when the set-valued map F : X ∼>X does not depend on y and when G is equal to 0. The above proposition implies that both h and −h are viscosity subsolutions to the Hamilton-Jacobi equation −σ(F (x), h^′(x)) = 0 The apparent discrepancy comes from the fact that solutions h of the contingent partial differential inclusion are energy functions and not the value function of an optimal control problem.

5. Single-Valued Solutions to Partial Differential Inclusions

We shall look for solutions in a compact convex subset H of the space C_Λ(K, Y ) of Lipschitz maps from K to Y .

Theorem 5.1. Let K be a closed subset of X. Consider a compact convex subset H of C_Λ(K, Y ). When h ∈ H, we denote by T_H(h(·)) ⊂ C(K, Y ) the tangent cone to H at h for the pointwise convergence topology. Let D_δh(x) be a family of closed convex processes satisfying D_δh(x) ⊂ Dh(x) and assume that for every h ∈ H, there exist v, w ∈ C(K, Y ) such that ∀ x ∈ K, w(x) ∈ D_δh(x)(F (x, h(x))), v(x) ∈ G(x, h(x)) & w(·) − v(·) ∈ T_H(h(·)) Then there exists a solution h ∈ H to the contingent differential inclusion ∀ x ∈ K, 0 ∈ Dh(x)(F (x, h(x))) − G(x, h(x))

34 J-P. Aubin, H. Frankowska / Partial differential inclusions governing feedback controls

Proof. We assume that there is no solution to the contingent differential inclusion and we shall derive a contradiction.

Indeed, thanks to Proposition 7.1, this amounts to assume that for any h ∈ H, there exists x ∈ K such that 0 /∈ co ( T_{Graph(h)}(x, h(x)) ) − F (x, h(x)) × G(x, h(x)) Since the images of F and G are compact and convex, the separation theorem implies that there exists also (p, −q) ∈ X^∗ × Y^∗ such that 0 < σ^♭(F (x, h(x)), p) − σ(G(x, h(x)), q) & p ∈ Dh(x)^∗(q) Set a(h; x, q) := sup p∈D_δh(x)^∗(q) σ^♭(F (x, h(x)), p) − σ(G(x, h(x)), q) Since Dh(x)^∗(q) ⊂ D_δh(x)^∗(q), we observe that 0 < a(h; x, q) On the other hand, the function (y, p) → σ^♭(F (x, y), p) − σ(G(x, y), q) being lower semicontinuous (because F and G are upper semicontinuous with compact values), there exist neighborhoods N_1(h(x)) and N_2(p) such that ∀ y ∈ N_1(h(x)), ∀ p^′ ∈ N_2(p), 0 < σ^♭(F (x, y), p^′) − σ(G(x, y), q) By Proposition 3.9, there exists η(x) > 0 such that whenever ‖l −h‖_Λ ≤ η(x), there exists p^′ ∈ D_δl(x)^∗(q) satisfying l(x) ∈ N_1(h(x)) and p^′ ∈ N_2(p). Hence 0 < σ^♭(F (x, l(x)), p^′) − σ(G(x, l(x)), q) ≤ a(l; x, q) Consequently, h belongs to the subset N(x, q) defined by N(x, q) := {l ∈ C_Λ(K, Y ) | 0 < a(l; x, q)} which is open in C_Λ(K, Y ) by Proposition 3.9.

Summing up, we just have proved that if there is no solution to the contingent differential inclusion, then H can be covered by the open subsets N(x, q). Being compact, it can be covered by a finite number m of such neighborhoods N(x_i, q_i). Let α_i(·) be a continuous partition of unity associated with this covering. We introduce now the function φ : H × H → R defined by φ(h, l) := m∑ i=1 α_i(h)⟨q_i, l(x_i) − h(x_i)⟩

It is continuous with respect to h on C_Λ(K, Y ) (because the α_i’s are so and h → ⟨q_i, h(x_i)⟩ are continuous for the pointwise topology), affine with respect to l and satisfies φ(l, l) = 0. Hence, H being convex and compact, Ky Fan Inequality (see [10, Theorem 3.1.1]) implies

J-P. Aubin, H. Frankowska / Partial differential inclusions governing feedback controls 35 the existence of h̄ ∈ H such that for every l ∈ H, φ(h̄, l) ≤ 0. This means that the discrete measure ∑_m i=1 α_i(h̄)q_i ⊗ δ(x_i) belongs to the normal cone to H at h̄ since for every l ∈ H, ⟨ m∑ i=1 α_i(h̄)q_i ⊗ δ(x_i), l − h̄⟩ = m∑ i=1 α_i(h̄)⟨q_i, l(x_i) − h̄(x_i)⟩ ≤ 0

We then deduce from the assumption of theorem that ∑_m i=1 α_i(h̄)a(h̄; x_i, q_i) ≤ 0. Indeed, there exist continuous functions v(·) and w(·) such that ∀ x ∈ K, v(x) ∈ G(x, h̄(x)) & w(x) ∈ D_δh̄(x)(F (x, h̄(x))) and w(·) − v(·) ∈ T_H(h̄(·)). Therefore, for any p_i ∈ D_δh̄(x_i)^∗(q_i), there exists u_i ∈ F (x_i, h̄(x_i)) such that σ^♭(F (x_i, h̄(x_i)), p_i) − σ(G(x_i, h̄(x_i)), q_i) ≤ ⟨p_i, u_i⟩ − ⟨q_i, v(x_i)⟩ ≤ ⟨q_i, w(x_i) − v(x_i)⟩ So that, by taking the supremum on p_i ∈ D_δh̄(x_i)^∗(q_i), we obtain a(h̄; x_i, q_i) ≤ ⟨q_i, w(x_i) − v(x_i)⟩ Multiplying by α_i(h̄) ≥ 0 and summing from i = 1 to m, we obtain m∑ i=1 α_i(h̄)a(h̄; x_i, q_i) ≤ ⟨_m ∑ i=1 α_i(h̄)q_i ⊗ δ(x_i), w(·) − v(·) ⟩ ≤ 0 because w(·) − v(·) ∈ T_H(h̄(·)) and ∑_m i=1 α_i(h̄)q_i ⊗ δ(x_i) belongs to the normal cone to H at h̄. We claim that in the same time ∑_m i=1 α_i(h̄)a(h̄; x_i, q_i) > 0. Indeed, whenever α_i(h̄) > 0, then h̄ belongs to N(x_i, q_i), which implies that 0 < a(h̄, x_i, q_i). We have therefore obtained a contradiction.

Lemma 5.2. Let H : K ∼>Y be a set-valued map and let H be a subset of continuous selections of H. Then T_H(h(·)) ⊂ {v ∈ C(K, Y ) | ∀ x ∈ K, v(x) ∈ T_{H(x)}(h(x))} If in addition for any finite sequence (x_i, y_i) ∈ Graph(H) (i = 1, . . . , m) such that x_i ≠ x_j when i ≠ j, there exists a selection s ∈ H interpolating it: ∀ i = 1, . . . , m, s(x_i) = y_i then equality holds true: T_H(h(·)) = {v ∈ C(K, Y ) | ∀ x ∈ K, v(x) ∈ T_{H(x)}(h(x))} Proof. Indeed, let v ∈ C(K, Y ) such that v(x) ∈ T_{H(x)}(h(x)) for all x ∈ K. Then there exists ε_λ(·) converging to 0 with λ for the pointwise convergence topology such that

36 J-P. Aubin, H. Frankowska / Partial differential inclusions governing feedback controls

h(x) + λv(x) + λε_λ(x) ∈ H(x). Let us consider any neighborhood of 0 for the pointwise topology V := {l ∈ C(K, Y ) | sup_{i=1,...,n} ‖l(x_i)‖ ≤ ε} associated with a finite subset {x_1, . . . , x_n} and λ small enough for ε_λ(·) to belong to it. By the interpolation assumption there exists l_λ ∈ H such that

∀ x_i, l_λ(x_i) = h(x_i) + λv(x_i) + λε_λ(x_i) ∈ H(x_i)

Thus the continuous function u_λ := (l_λ − h)/λ is such that h + λu_λ ∈ H and belongs to the neighborhood v + V of v for the topology of the pointwise convergence. In other words, v belongs to the tangent cone to H at h for the pointwise topology.

6. Feedback Controls Regulating Smooth Evolutions

Consider a control system (U, f): { x^′(t) = f(x(t), u(t)) u(t) ∈ U(x(t)) (6.1)

Let (x, u) → φ(x, u) be a non negative continuous function with linear growth. We have proved in [14] that there exists a closed regulation map R^φ ⊂ U larger than any closed regulation map R : K ∼>Z contained in U and enjoying the following viability property: For any initial state x_0 ∈ Dom(R) and any initial control u_0 ∈ R(x_0), there exists a solution (x(·), u(·)) to the control system (6.1) starting at (x_0, u_0) such that ∀ t ≥ 0, u(t) ∈ R(x(t)) and for almost all t ≥ 0, ‖u^′(t)‖ ≤ φ(x(t), u(t))

Let K ⊂ Dom(U) be a closed subset. We recall that a closed set-valued map R : K ∼>Z is a feedback control regulating viable solutions to the control problem satisfying the above growth condition if and only if R is a solution to the contingent differential inclusion ∀ x ∈ K, 0 ∈ DR(x, u)(f(x, u)) − φ(x, u)B satisfying the constraint ∀ x ∈ K, R(x) ⊂ U(x) In particular, a closed graph single-valued regulation map r : K → Z is a solution to the contingent differential inclusion ∀ x ∈ K, 0 ∈ Dr(x)(f(x, r(x))) − φ(x, r(x))B (6.2) satisfying the constraint ∀ x ∈ K, r(x) ∈ U(x) Such solution can be obtained by a variational principle. We introduce the functional Φ defined by Φ(r) := inf{c ≥ 0 | ∀ x, q, sup_{p∈Dr(x)∗(q)}(⟨p, f(x, r(x))⟩ ≤ (φ(x, r(x)) + c)‖q‖)}

J-P. Aubin, H. Frankowska / Partial differential inclusions governing feedback controls 37 Theorem 6.1. Let R ⊂ C(K, Y ) be a nonempty compact subset of selections of the set-valued map U (for the compact convergence topology). Suppose that the functions f and φ are continuous and that c := inf_{r∈R} Φ(r) < +∞. Then there exists a solution r(·) ∈ R to the contingent differential inclusion ∀ x ∈ K, 0 ∈ Dr(x)(f(x, r(x))) − (φ(x, r(x)) + c)B As for the existence of such a feedback, we deduce from Theorem 5.1 the following consequence:

Theorem 6.2. Consider a nonempty convex subset R ⊂ C_Λ(K, Z) of selections of the set-valued map U which is compact in C_Λ(K, Z). Suppose that the functions f and φ are continuous and fix any family of closed convex processes D_δr(x) ⊂ Dr(x). If for every r ∈ R, there exist v, w ∈ C(K, Y ) such that ∀ x ∈ K, w(x) ∈ D_δr(x)(f(x, r(x))), v(x) ∈ φ(x, r(x))B & w(·) − v(·) ∈ T_R(r(·)) then there exists a solution r ∈ R to the contingent differential inclusion (6.2).

7. Appendix: Dual Characterization of the Viability Domain Let F : X ∼>X be a set-valued map and K ⊂ Dom(F ) be a nonempty subset. We denote by T_K(x) := { v ∈ X | lim inf_{h→0+} d(x + hv; K) h = 0 }

the contingent cone to K at x ∈ K. The set K is called a viability domain of F if ∀ x ∈ K, F (x) ∩ T_K(x) ≠ ∅ For every x ∈ K denote by N^P_K (x) := {y − x | dist(y, K) = ‖y − x‖} The following result provides a very useful duality characterization of viability domains: Proposition 7.1. Assume that the set-valued map F : K ∼>X is upper semicontinuous with convex compact values. Then the four following properties are equivalent: i) ∀ x ∈ K, F (x) ∩ T_K(x) ≠ ∅ ii) ∀ x ∈ K, F (x) ∩ co (T_K(x)) ≠ ∅ iii) ∀ x ∈ K, ∀ p ∈ (T_K(x))^− , σ(F (x), −p) ≥ 0 iv) ∀ x ∈ K, ∀ p ∈ N^P_K(x), σ(F (x), −p) ≥ 0 Remark. The equivalence between i) and ii) was first noticed in a different context in [26]. A more simple proof of this fact was given in [13]. The equivalence of i) and iv) was

38 J-P. Aubin, H. Frankowska / Partial differential inclusions governing feedback controls

proved in [36] and [19]. However the proof from [13] also implied that i) ⇐⇒ iv). We provide it below for the reader convenience.

Proof. Clearly i) yields ii). The equivalence between ii) and iii) follows obviously from the Separation Theorem. Since y − x ∈ N^P_K (x) implies that y − x ∈ (T_K(x))^− we have iii) =⇒ iv).

Assume that iv) holds true and fix x ∈ K. Let u ∈ F (x) and v ∈ T_K(x) achieve the distance between F (x) and T_K(x): ‖u − v‖ = inf y∈F (x), z∈T_K (x) ‖y − z‖ and set w :=^{u+v}_2 . We have to prove that u = v. Assume the contrary. Since v is contingent to K at x, there exist sequences h_n > 0 converging to 0 and v_n converging to v such that x + h_nv_n belongs to K for every n ≥ 0. We also introduce a projection of best approximation

x_n ∈ Π_K(x + h_nw) of x + h_nw onto K and we set z_n := x_n − x h_n so that h_n(w − z_n) ∈ N^P_K(x_n). By assumption iv),

∃ y_n ∈ F (x_n), such that ⟨w − z_n, y_n⟩ ≤ 0 (7.1)

Since x_n converges to x, the upper semicontinuity of F implies that for any ε > 0, there exists N_ε such that for n ≥ N_ε, y_n belongs to the neighborhood F (x) + εB, which is compact. Thus a subsequence (again denoted by) y_n converges to some element y ∈ F (x). We shall now prove that z_n converges to v. Indeed, inequality ‖w − z_n‖ = 1 h_n ‖x + h_nw − x_n‖ ≤ 1 h_n ‖x + h_nw − x − h_nv_n‖ = ‖w − v_n‖ implies that the sequence z_n has a cluster point and that every cluster point z of the sequence z_n belongs to T_K(x). Furthermore, every such z satisfies ‖w − z‖ ≤ ‖w − v‖. We now observe that v is the unique best approximation of w by elements of T_K(x). If not, there would exist p ∈ T_K(x) satisfying either ‖w − p‖ < ‖w − v‖ or p ≠ v and ‖w −p‖ = ‖w −v‖ = ‖w −u‖. In the latter case, we have ⟨u−w, w −p⟩ < ‖u−w‖‖w −p‖, since the equality holds true only for p = v. Each of these conditions together with the estimates ‖u − p‖^2 = ‖u − w‖^2 + ‖w − p‖^2 + 2⟨u − w, w − p⟩ ≤ ‖u − v‖^2 imply the strict inequality ‖u − p‖ < ‖u − v‖, which is impossible since v is the projection of u onto T_K(x). Hence z = v.

Consequently, all the cluster points being equal to v, we conclude that z_n converges to v. Therefore, we can pass to the limit in inequalities (7.1) and obtain, observing that w − v = (u − v)/2, ⟨u − v, y⟩ = 2⟨w − v, y⟩ ≤ 0 where y ∈ F (x) (7.2)

J-P. Aubin, H. Frankowska / Partial differential inclusions governing feedback controls 39

Since F (x) is closed and convex and since u ∈ F (x) is the projection of v onto F (x), we infer that ⟨u − v, u − y⟩ ≤ 0 (7.3) Finally, T_K(x) being a cone and v ∈ T_K(x) being the projection of u onto this cone, and in particular, onto the half-line vR_+, we deduce that ⟨u − v, v⟩ = 0 (7.4) Therefore, properties (7.2, 7.3, 7.4) imply that ‖u − v‖^2 = ⟨u − v, −v⟩ + ⟨u − v, u − y⟩ + ⟨u − v, y⟩ ≤ 0 and thus, that u = v.

References

[1] J.-P. Aubin : Contingent derivatives of set-valued maps and existence of solutions to nonlinear inclusions and differential inclusions, Advances in Mathematics, Supplementary Studies, Ed. Nachbin L. 1981, 160-232 [2] J.-P. Aubin : Smooth and heavy solutions to control problems, in Nonlinear and Convex Analysis, Eds. B-L. Lin & Simons S., Proceedings in honor of Ky Fan, Lecture Notes in Pure and Applied Mathematics, June 24-26, 1985 [3] J.-P. Aubin : Smallest Lyapunov Functions of Differential Inclusions, J. Differential and Integral Equations, 2, 1989 [4] J.-P. Aubin : A Survey of Viability Theory, SIAM J. on Control and Optimization, 28, 1990, 749-788 [5] J.-P. Aubin : Viability Theory, Birkhäuser, Boston, Basel, Berlin, 1991 [6] J.-P. Aubin, A. Cellina : Differential Inclusions, Springer-Verlag, Grundlehren der math.

Wiss., 1984 [7] J.-P. Aubin, G. Da Prato : Solutions contingentes de l’équation de la variété centrale, Comptes-Rendus de l’Académie des Sciences, Série 1, Paris, 311, 1990, 295-300 [8] J.-P. Aubin , G. Da Prato : Contingent Solutions to the Center Manifold Equation, Annales de l’Institut Henri Poincaré, Analyse Non Linaire, 9, 1992, 13-28 [9] J.-P. Aubin, I. Ekeland : Applied Nonlinear Analysis, Wiley-Interscience, 1984 [10] J.-P. Aubin, H. Frankowska : Set-Valued Analysis, Birkhäuser, Boston, Basel, Berlin, 1990 [11] J.-P. Aubin, H. Frankowska : Inclusions aux dérivés partielles gouvernant des contrôles de rétroaction, Comptes-Rendus de l’Académie des Sciences, Série 1, Paris, 311, 1990, 851-856 [12] J.-P. Aubin, H. Frankowska : Systèmes hyperboliques d’ inclusions aux dérivés partielles, Comptes-Rendus de l’Académie des Sciences, Série 1, Paris, 312, 1991, 271-276 [13] J.-P. Aubin, H. Frankowska : Feedback controls for uncertain systems, in Modeling, estimation and control of systems with uncertainty, Di Masi, Gombani & Kurzhanski Eds, 1991, 1-21 [14] J.-P. Aubin, H. Frankowska : Viability kernels of control systems, in Nonlinear Synthesis, Eds. Byrnes & Kurzhanski, Birkhäuser, Boston, Basel, Berlin, 1991 [15] J.-P. Aubin, H. Frankowska : Hyperbolic Systems of Partial Differential Inclusions, Annali di Scuola Normale Superiore di Pisa, Series 4, vol. XVIII, 1992, 541-562

40 J-P. Aubin, H. Frankowska / Partial differential inclusions governing feedback controls

[16] J. Audounet : Solutions discontinues paramétriques des systèmes de lois de conservation et des problèmes aux limites associés, Séminaire de Toulouse, 1985 [17] Y. Brenier : Averaged multivalued solutions for scalar conservation laws, SIAM J. Num.

Anal., 21, 1984, 1013-1037 [18] C.I. Byrnes, A. Isidori : Output regulation of nonlinear systems, IEEE Trans. Autom.

Control, 35, 1990, 131-140 [19] P. Cardaliaguet : Domaines discriminants en jeux différentiels, Thèse de l’Université de Paris-Dauphine, 1994 [20] J. Carr : Applications of Centre Manifold Theory, Springer Verlag, 1981 [21] M.G. Crandall, L.C. Evans, P.-L. Lions : Some Properties of Viscosity Solutions of Hamilton- Jacobi equations, Transactions of A.M.S., 282, 1984, 487-502 [22] M.G. Crandall, P.-L. Lions : Viscosity solutions of Hamilton-Jacobi equations, Transactions of A.M.S., 277, 1983, 1-42 [23] G. Da Prato, A. Lunardi A. : Stability, instability and center manifold theorem for fully nonlinear autonomous parabolic equations in Banach spaces, Arch. Rat. Mech. Anal., 101, 1988, 115-141 [24] G. Dal Maso, P. Le Floch, F. Murat Definition and weak stability of a nonconservative product, Preprint CMA, 1989 (to appear) [25] A. Forestier, P. Le Floch : Multivalued solutions to some nonlinear and nonstrictly hyperbolic systems, Preprint CMA, 212, 1990 (to appear) [26] H.G. Guseinov, A.I Subbotin, V.N. Ushakov : Derivatives for multivalued mappings with applications to game-theoretical problems of control, Problems of Control and Information Theory, 14, 1985, 155-168 [27] H. Frankowska : L’équation d’Hamilton-Jacobi contingente, Comptes Rendus de l’Académie des Sciences, PARIS, Série 1, 304, 1987, 295-298 [28] H. Frankowska : Optimal trajectories associated to a solution of contingent Hamilton-Jacobi equations, Applied Mathematics and Optimization, 19, 1989, 291-311 [29] H. Frankowska : Lower semicontinuous solutions of Hamilton-Jacobi-Bellman equation, SIAM J. on Control and Optimization, 31, 257–272, 1993 [30] H. Frankowska : Set-Valued Analysis and Control Theory, Systems and Control: Foundations and Applications, Birkhäuser, Boston, Basel, Berlin (to appear) [31] P.-L. Lions : Generalized solutions of Hamilton-Jacobi equations, Pitman, 1982 [32] R.T. Rockafellar : Monotone Processes of Convex and Concave Type, Mem. of AMS # 77, 1967 [33] R.T. Rockafellar : Convex Analysis, Princeton University Press, 1970 [34] R.T. Rockafellar : Convex algebra and duality in dynamic models of production, Mathematical Models in Economics, Los (Ed), North Holland, Amsterdam, 1974 [35] R.T. Rockafellar Proximal subgradients, marginal values, and augmented Lagrangians in nonconvex optimization, Math. of Oper. Res., 6, 1981, 424-436 [36] V.M. Veliov : On the Lipschitz continuity of the value function in optimal control, JOTA, (to appear)