Journal of Convex Analysis Volume 1 (1994), No. 2, 203–224

The Use of Monotone Norms in Epigraphical Analysis

M. Volle

Department of Mathematics, University of Avignon, 33, rue Louis Pasteur, F-84000 Avignon, France.

e-mail : mvolle@frmop22.cnusc.fr

Received 2 December 1993 Revised manuscript received 14 June 1994

We introduce and study two operations on functions that may be useful on one hand for computing the distance to an epigraph and, on the other hand, for dealing with constraints in mathematical programming. Both of them involve the concept of monotone norms. A special attention is payed to convex functions.

Keywords : Monotone norms, epigraphs, level sets, argmin calculus, convex duality, subdifferential calculus.

1. Introduction

Given an extended-real-valued function f on a normed space X, the problem of finding the distance from a point of the product space X × IR to the epigraph of f, E(f) := {(x, r) ∈ X × IR : f(x) ≤ r} , arises in various situations.

Let us recall for instance that in variational convergence ([1] [3], [7], [28]...) a sequence (f_n) of extended-real-valued functions on a finite dimensional space IR^p converges to f if and only if the sequence of the distance functions, (x, r) ∈ IR^p × IR −→ inf{δ((x, r), (z, s)) : (z, s) ∈ E(f_n)} , pointwise converges to, (x, r) ∈ IR^p × IR −→ inf{δ((x, r), (z, s)) : (z, s) ∈ E(f)} . Here δ denotes an arbitrary norm on the finite dimensional space IR^p × IR.

Another example is furnished by the proximal algorithm in convex optimization ([16], [21]). Suppose we have to minimize the lower semicontinuous proper convex function f on a Hilbert space H, with norm || ||. Assume that f admits at least a global minimum :

argmin f := {x ∈ H : f(x) = inf_H f} ≠ ∅ ,

ISSN 0944-6532 / $ 2.50 © Heldermann Verlag

204 M. Volle / The use of monotone norms in epigraphical analysis and let us choose a real number r ≤ inf_H f and x_0 ∈ H.

Denoting by Π the projection of H × IR onto H and by P_{E(f)} the hilbertian projection on the closed convex set E(f) the sequence, x_{n+1} = Π ∘ P_{E(f)} (x_n, r) , n ≥ 0 , weakly converges to a global minimum of f and one has lim_{n→+∞} f(x_n) = inf_H f , (see [14], Corollary 2.1) .

Figure 1

Here the distance in the product space H × IR is given by the hilbertian norm, (x, r) ∈ H × IR −→ √ ||x||^2 + r^2 . In the case when the function f is defined on an arbitrary normed space X, various norms on the product space X × IR may be useful for computing the distance to E(f). An elegant way for doing this is to consider a norm N on the space IR^2 which is monotone in the following sense (see for instance [4], [8], [12]), (a, b) ≤ (c, d) =⇒ N(a, b) ≤ N(c, d) ,

M. Volle / The use of monotone norms in epigraphical analysis 205 for all nonnegative real numbers a, b, c, d, IR^2 being ordered by the product order, (a, b) ≤ (c, d) ⇐⇒ a ≤ c and b ≤ d . We then consider the norm, N (x, r) = N(||x||, |r|) , (1.1) on the space X ×IR. In this way we obtain a multitude of equivalent norms on the product space X × IR.

Let us mention some examples of monotone norms on IR^2 . For any real number p > 1, the norm N_p given by N_p(r, s) = (|r|^p + |s|^p)^{1p} for any (r, s) ∈ IR^2, is monotone ; so is the norm N_∞ defined by N_∞(r, s) = max(|r|, |s|) = |r| ∨ |s| . Of course, many other examples may be given by taking, for instance N = αN_p + βN_p′ , N(r, s) = αN(r, s) + β|s| (α > 0, β > 0, p, p^′ ∈ [1, +∞])... The great class of polyhedral monotone norms is also available !

We compute the distance to an epigraph with respect to the norm N defined by (1.1) in section 3. In doing so, we introduce a new operation on functions. This operation preserves the convexity and can be viewed as a generalized infimal convolution : we prove that many classical (variational and geometrical) properties of the infimal convolution can be extended, in some way, to this new operation.

Another operation on functions related to a monotone norm can be found in convex programming. Let us consider a constraint set C defined by n inequalities, C = {x ∈ X : g_i(x) ≤ 0 , 1 ≤ i ≤ n} , where g_1, · · · , g_n are real-valued convex fonctions on X. Given a monotone norm N on IR^n we can write (see e.g [10] p.303) C = {x ∈ X : N(g^+_1 (x), · · · , g^+_n (x)) ≤ 0} , where g^+_i is the nonnegative part of g_i . By setting, γ(x) = N(g^+_1 (x), · · · , g^+_n (x)) , we obtain a real-valued convex function γ on X such that, C = {x ∈ X : γ(x) ≤ 0} . Then, the normal cone to C at a feasible point x, which is of particular interest when one has to minimize a convex function on C, very often coincides with the conical hull of the subdifferential of γ at x . So, it may be useful to compute such a subdifferential.

206 M. Volle / The use of monotone norms in epigraphical analysis The functions like γ preserves the convexity of the components g_1, · · · , g_p . This can be easily explain as follows : given nonnegative convex functions f_1, · · · , f_n on X, the function x −→ N(f_1(x), · · · , f_n(x)) := N(f_1, · · · , f_n)(x) is obtained by composing the function x −→ (f_1(x), · · · , f_n(x)) (1.2) with the norm N. As N is convex and nondecreasing on IR^n_+ and as (1.2) is convex with respect to the ordering cone IR^n_+, we have that N(f_1, · · · , f_n) is convex. Another reason to make a study of N(f_1, · · · , f_n) is that it generalizes some usual operations as the sum f_1 + · · · + f_n, the maximum f_1 ∨ · · · ∨ f_p, the sum of order p, p ≥ 1, (f^p_1 + · · · f^p_n)^{1p} (see [22]).

In this way we give a single proof for several results. This is done in section 4 in which we limit ourselves to the case n=2, for the results we obtain can obviously be extended to the case n > 2 .

2. More on monotone norms The monotonicity and the continuity of N easily lead to the following property : for any families (r_i)_{i∈I} and (s_j)_{j∈J} of nonnegative real numbers bounded above, one has : N(sup_{i∈I} r_i, sup_{j∈J} s_j) = sup_{(i,j)∈I×J} N(r_i, s_j) N(inf_{i∈I} r_i, inf_{j∈J} s_j) = inf_{(i,j)∈I×J} N(r_i, s_j) . (2.1)

The above relations remain valid for any families of nonnegative extended real numbers if one sets, for any a, b in [0, +∞] : N(a, b) = +∞ if a = +∞ or b = +∞ .

This quite natural convention will be systematically used in the sequel. The concept of dual norm will be of particular importance in this paper. Let us recall that the dual norm N^′ of the norm N is defined on IR^2 by, N^′(λ, μ) = sup{λr + μs : (r, s) ∈ IR^2, N(r, s) ≤ 1} , for any (λ, μ) ∈ IR^2. The dual norm of N^′ is the initial norm N. We therefore have, for any (r, s) ∈ IR^2, N(r, s) = sup{λr + μs : (λ, μ) ∈ B(N^′)} , (2.2) where B(N^′) denotes the closed unit ball of N^′.

M. Volle / The use of monotone norms in epigraphical analysis 207 Clearly, N is monotone if and only if N^′ is monotone.

In such a case, the norm of a pair (r, s) of nonnegative real numbers, i.e. (r, s) ∈ IR^2_+, may be obtained by restricting the supremum in (2.2) to the nonnegative part B_+(N^′) of the unit ball B(N^′) of N^′ : B_+(N^′) = B(N^′) ∩ IR^2_+ .

We then have, for any (r, s) ∈ IR^2_+ , N(r, s) = sup{λr + μs : (λ, μ) ∈ B_+(N^′)} . Of course, by compactness of B_+(N^′) , the above supremum is attained : N(r, s) = max{λr + μs : (λ, μ) ∈ B_+(N^′)} , ∀(r, s) ∈ IR^2_+ . (2.3) The presence of the compact convex set B_+(N^′) will allow us to apply a minimax theorem. On the other hand, let us note that each element of B_+(N^′) is majorized (with respect to the product order on IR^2_+) by a maximal element, that is a (λ, μ) in B_+(N^′) such that, ({(λ, μ)} + IR^2_+) ∩ B_+(N^′) = {(λ, μ)} .

Consequently, denoting par E_+(N^′) the set of maximal elements of B_+(N^′), one also has, N(r, s) = max{λr + μs : (λ, μ) ∈ E_+(N^′)} . Of course E_+(N^′) is included in the nonnegative part S_+(N^′) of the unit sphere of N^′ : E_+(N^′) ⊂ S_+(N^′) := {(λ, μ) ∈ B_+(N^′) : N^′(λ, μ) = 1} .

In fact, E_+(N^′) is homeomorphic to a simplex ([15], Theorem 3.8). In particular, E_+(N^′) is compact.

Clearly, the inclusion above may be strict ; let us consider for example the norms N_p ; in such a case one has N^′_p(λ, μ) = N_q(λ, μ) with q = p/(p − 1) if p > 1, q = 1 if p = +∞, and q = +∞ if p = 1. The maximal elements of B_+(N_q) are given by,

E_+(N_q) = { S_+(N_q) if q < +∞ {(1, 1)} if q = +∞ .

We shall frequently use the lemma below. It relates the fact that the operation (r, s) ∈ IR^2_+ −→ N(r, s) is strongly isotone in the sense of Moreau ([18] p.118) . Lemma 2.1. Let N be a monotone norm on IR^2. For any nonnegative real numbers r, s, t, one has the equivalences, a) N(r, s) < t ⇐⇒ ∃p > r , ∃q > s : N(p, q) = t b) N(r, s) ≤ t ⇐⇒ ∃p ≥ r , ∃q ≥ s : N(p, q) = t .

208 M. Volle / The use of monotone norms in epigraphical analysis Proof. a) Assume that N(r, s) < t. By the continuity of N there exist r^′ > r and s^′ > s such that 0 < N(r^′, s^′) < t. Let us set α = t/N(r^′, s^′), p = αr^′, and q = αs^′ ; we then have p > r , q > s , and N(p, q) = t.

Assume that p > r, q > s, and N(p, q) = t, so that t > 0. Take λ < 1 such that r < λp , s < λq ; we then have N(r, s) ≤ λN(p, q) = λt < t . b) Assume that N(r, s) ≤ t. If N(r, s) = 0 then r = s = 0 and it suffices to choose p ≥ 0, q ≥ 0 such that N(p, q) = t . If N(r, s) > 0 let us set α = t/N(r, s) , p = αr, q = αs ; we then have p ≥ r , q ≥ s, N(p, q) = t. The other implication is trivial.

3. Computing the distance to an epigraph : A new operation on nonnegative convex functionals The various properties of monotone norms may be used for establishing some interesting formulas. We begin by computing the distance to an epigraph with respect to the norm N defined in (1.1). We denote by domf = {x ∈ X : f(x) < +∞} the domain of an extended-real-valued function f : X → IR , and we set a_+ = max(a, 0) for the nonnegative part of any a ∈ IR .

Proposition 3.1. The distance from any point (x, s) ∈ X × IR to the epigraph of the function f : X → IR, denoted by N ((x, s), E(f)), is given by : N ((x, s), E(f)) = inf_{u∈X}{N(||x − u||, (f(u) − s)_+) .

Proof. Because N is monotone and by the choice of the norm N in X × IR, one has, with (2.1), N ((x, s), E(f)) = inf_{u∈X} r∈IR {N(||x − u||, |r − s|) : f(u) ≤ r} = = inf u∈ dom f inf r≥f(u) {N(||x − u||, |r − s|)} = inf u∈ dom f {N(||x − u||, inf_{r≥f(u)} |r − s|)} = inf u∈ dom f {N(||x − u||), (f(u) − s)_+} = inf_{u∈X}{N(||x − u||, (f(u) − s)_+)}

.

Let us assume that X is just a linear space.

M. Volle / The use of monotone norms in epigraphical analysis 209 Limiting ourselves to the nonnegative extended-real-valued functionals, the expression appearing in Proposition 3.1 is a special formulation of the following operation : to each f, g : X → [0, +∞] we associate the functional, denoted by f_N g , defined for any x ∈ X by, (f_N g)(x) = inf_{u∈X} N(f(x − u), g(u)) . (3.1) Let us give some examples of the above operation. By taking N = N_1 we recover the infimal convolution, or epigraphical sum f g ([17], [2],...) (f g)(x) = inf_{u∈X}{f(x − u) + g(u)} = (f_{N1} g)(x) .

In the case where N = N_∞ we get the quasi-infimal convolution, or level sum f△g ([20], [26], [27], [23]), (f△g)(x) = inf_{u∈X} max(f(x − u), g(u)) = (f_{N∞} g)(x) .

For N = N_p , p ∈]1, +∞[, we obtain the inverse sum of order p ([22]), inf_{u∈X}(f^p(x − u) + g^p(u))^{1p} = (f_{Np} g)(x) .

It is remarkable that, without any more assumptions, the operations (f, g) −→ f_N g enjoys interesting properties.

From a variational view point we have :

Proposition 3.2. For any extended-nonnegative-valued functionals f, g on X : inf_X (f_N g) = N(inf_X f, inf_X g) .

Proof.

inf_X (f_N g) = inf_{x∈X} inf_{u∈X} N(f(x − u), g(u)) = inf_{u∈X} inf_{x∈X} N(f(x − u), g(u)) ( see (2.1)) = inf_{u∈X} N(inf_X f, g(u)) = N(inf_X f, inf_X g)

To obtain an epigraphical description of f_N g let us introduce a binary operation on X × IR. For any (u, r), (v, s) in X × IR_+ we define, (u, r) ⊕_N (v, s) = (u + v, N(r, s)) . (3.2)

210 M. Volle / The use of monotone norms in epigraphical analysis Remark that ⊕_N is commutative iff the norm N satisfies N(r, s) = N(s, r) for any r, s ∈ IR_+ = [0, +∞[, and that ⊕_N is associative iff, for any r, s, t ∈ IR_+ , N(N(r, s), t) = N(r, N(s, t)) . These two properties hold for the norms N_p, p ∈ [1, +∞] .

The definition (3.2) may be extended to arbitrary subsets A, B of X × IR by setting,

A ⊕_N B =^⋃_{(u,r)∈A} (v,s)∈B (u, r) ⊕ (v, s) . (3.3)

We then have, denoting by, E_sh = {(x, r) ∈ X × IR : h(x) < r} , the strict epigraph of a function h : X → IR :

Proposition 3.3. For any nonnegative extended-real-valued functionals f, g on X, the following formula holds : E_s(f_N g) = E_sf ⊕_N E_sg .

Proof. An element (x, r) of X × IR belongs to E_s(f_N g) iff there exists u ∈ X such that N(f(x − u), g(u)) < r . By Lemma 2.1, this amounts to the existence of nonnegative real numbers s, t such that, f(x − u) < s , g(u) < t , N(s, t) = r . In other words, (x, r) = (x − u, s) ⊕_N (u, t) , with (x − u, s) ∈ E_sf and (u, t) ∈ E_sg . By (3.3) we have, equivalently, (x, r) ∈ E_sf ⊕_N E_sg .

By taking the projection onto the X axis in the above formula we get the relation, dom f_N g = dom f + dom g ,

M. Volle / The use of monotone norms in epigraphical analysis 211 which can also be obtained directly (the sum in the right hand member is taken in Minkowski sense).

A description of f_N g in terms of level sets is also available.

To this end we set, for any h : X → IR and any real number r, {h < t} = {x ∈ X : h(x) < t} {h ≤ t} = {x ∈ X : h(x) ≤ t} . Proposition 3.4. For any nonnegative extended-real-valued functionals f, g on X, and any t ≥ 0, one has the formula : {f_N g < t} = ⋃ r≥0,s≥0 N(r,s)=t {f < r} + {g < s} .

Proof. An element x ∈ X belongs to {f_N g < t} iff there exists u ∈ X such that N(f(x − u), g(u)) < t . By Lemma 2.1, this amounts to the existence of r ≥ 0, s ≥ 0 such that f(x − u) < r, g(u) < s, N(r, s) = t . By writting x under the form (x − u) + u we have, equivalently, x ∈ ⋃ r≥0,s≥0 N (r,s)=t {f < r} + {g < s} .

Remark 3.5. In the case when N = N_1 (resp. N = N_∞), Proposition 3.3 (resp. Proposition 3.4) gives the well known formula E_s(f g) = E_s(f) + E_s(g) ( resp. {f△g < t} = {f < t} + {g < t}) . Formulas involving the epigraphs (resp. level sets) instead of strict epigraphs (resp. strict level sets) can be obtained in the case when the infimum in definition (3.1) is attained. To this end, we need the notion of exactness.

Definition 3.6. The operation f_N g is said to be exact at a given point x ∈ dom f_N g if there exists u ∈ X such that, (f_N g)(x) = N(f(x − u), g(u)) ; f_N g is said to be exact if it is exact at each point of X.

212 M. Volle / The use of monotone norms in epigraphical analysis With the same arguments as in the proof of proposition 3.3. and 3.4. we get : Proposition 3.7. Assume that f_N g is exact. Then, E(f_N g) = E(f) ⊕_N E(g) , and, for any t ≥ 0 , {f_N g ≤ t} = ⋃ r≥0,s≥0 N(r,s)=t {f ≤ t} + {g ≤ t} .

We also provide a formula for the set of approximate minimizers of f_N g. Let us recall that the set of ε-minimizers of a functional h : X → [0, +∞], which is proper (i.e. dom h ≠ ∅) is defined, for any ε ≥ 0, by ε − argmin h = {x ∈ X : h(x) ≤ inf_X h + ε} .

For ε > 0 the set ε-argmin h is never void, and for ε = 0 we recover the set of exact minimizers :

0 − argmin h = argmin h . As a first estimation we have :

Proposition 3.8. For any proper nonnegative extended-real-valued functionals f_1, f_2 on X, and any ε_1 ≥ 0, ε_2 ≥ 0, we have,

ε_1 − argmin f_1 + ε_2 − argmin f_2 ⊂ N(ε_1, ε_2) − argmin f_{1 N} f_2 .

Proof. Let us take x_i ∈ ε_i − argmin f_i , i = 1, 2, and consider x = x_1 + x_2. We then have :

(f_{1 N} f_2)(x) ≤ N(f_1(x_1), f_2(x_2)) ≤ N(ε_1 + inf_X f_1, ε_2 + inf_X f_2) ≤ N(ε_1, ε_2) + N(inf_X f_1, inf_X f_2) ≤ N(ε_1, ε_2) + inf_X (f_{1 N} f_2) .

Proposition below gives an exact formula :

Proposition 3.9. For any proper nonnegative extended-real-valued functionals f, g, one has, for all ε > 0,

ε − argmin f_N g = ⋂ δ>ε ⋃ ε_1≥0,ε_2≥0 N(ε_1+α,ε_2+β)=N(α,β)+δ ε_1 − argmin f + ε_2 − argmin g ,

where α = inf_X f and β = inf_X g.

M. Volle / The use of monotone norms in epigraphical analysis 213 Proof. Let us set h = f_N g, and γ = inf_X h. By proposition 3.2., we have γ = N(α, β). On the other hand, ε − argmin h = {h ≤ γ + ε} = ⋂ δ>ε {h < γ + δ} .

Now, by proposition 3.4, {h < γ + δ} ⊂ ⋃ r≥0,s≥0 N(r,s)=γ+δ {f ≤ r} + {g ≤ s} .

But, for each r ≥ 0, {f ≤ r} = {f ≤ α + (r − α)} = { (r − α) − argmin f if r ≥ α ∅ if r < α , and idem for {g ≤ s}. We deduce that, {h < γ + δ} ⊂ ⋃ r≥α, s≥β N(r,s)=γ+δ (r − α) − argmin f + (s − β) − argmin g .

Conversely, let us take x in the right hand side above. We then have x = x_1 + x_2 with f(x_1) ≤ r , g(x_2) ≤ s, hence, h(x) ≤ N(f(x_1), g(x_2)) ≤ N(r, s) = γ + δ so that ⋃ r≥α, s≥β N(r,s)=γ+δ (r − α) − argmin f + (s − β) − argmin g ⊂ {h ≤ γ + δ} .

The result follows by setting ε_1 = r − α, ε_2 = s − β, and by taking the intersection for all δ ∈]ε, +∞[ .

In the case of exactness we get similarly :

Proposition 3.10. Assume that f_N g is proper and exact. For any ε ≥ 0 we then have,

ε − argmin f_N g = ⋃ ε_1≥0, ε_2≥0 N (ε1+α, ε2+β)=N (α,β)+ε ε_1 − argmin f + ε_2 − argmin g ,

with α = inf_X f, β = inf_X g .

When f_N g is exact, Proposition 3.10 says in particular that the set of exact minimizers of f_N g is obtained by taking an union indexed by the set,

I_{α,β} = {(ε_1, ε_2) ∈ IR^2_+ : N(ε_1 + α, ε_2 + β) = N(α, β)} .

214 M. Volle / The use of monotone norms in epigraphical analysis It is important to quote that if (α, β) is a maximal element, for the product order on IR^2_+, of the set, {(r, s) ∈ IR^2_+ : r ≥ α, s ≥ β , N(r, s) = N(α, β)} , then I_{α,β} reduces to the singleton {(α, β)} .

This is for instance the case when N = N_p with p ∈ [1, +∞[, and when N = N_∞ if, besides, α = β. In this way we recover some results of [23] [27] .

Another important fact is that the operation_N preserves the convexity. (Recall that h : X → [0, +∞] is said to be convex if for any u, v ∈ X and any t ∈]0, 1[ one has h(tu + (1 − t)v) ≤ th(u) + (1 − t)h(v)). Proposition 3.11. Let f, g be nonnegative extended-real-valued convex functionals. Then f_N g is convex.

Proof. The monotonicity of N ensures that the function (u, x) ∈ X × X −→ N(f(x − u), g(u)) is convex. Therefore f_N g is a marginal function of a convex function of two variables. Hence f_N g is convex.

It is also possible to establish a general formula for the convex approximate subdifferential of f_N g. To this end we take for X a Hausdorff topological locally convex space (ℓ.c.s.) with dual X^∗. Let us recall that the ε-subdifferential, ε ≥ 0, of a convex function h : X → IR ∪ {+∞} at a point x ∈ dom h is defined by ([5], [9]...) : ∂_εh(x) = {y ∈ X^∗ : ∀u ∈ X : h(u) − h(x) ≥< u − x, y > −ε} . For computing the approximate subdifferential of f_N g we shall use the Legendre-Fenchel transformation : at each convex function h : X → IR ∪ {+∞} is associated its Fenchel conjugate, which is defined on X^∗ by, h^∗(y) = sup_{x∈X}(< x, y > −f(x)) , for any y ∈ X^∗ .

We then have classically, ∂_εh(x) = {h^∗− < x, · > +h(x) ≤ ε} , (3.4) for any ε ≥ 0.

In what follows C^+_0 (X) will denote the set of proper nonnegative extended-real-valued convex functionals on X. We adopt the following convention, valid for any h : X → [0, +∞] :

(0h)(x) = 0h(x) = { 0 if x ∈ dom h +∞ if x /∈ dom h (3.5)

M. Volle / The use of monotone norms in epigraphical analysis 215 Proposition 3.12. Assume that f, g ∈ C^+_0 (X). Then, (f_N g)^∗ = min (λ,μ)∈E_+(N^′) {(λf)^∗ + (μg)^∗} .

Proof. For any y ∈ X^∗ we easily get, (f_N g)^∗(y) = sup_{(u,x)∈D}(< x, y > −N(f(x − u), g(u))) , where D is the convex set defined as follows, D = {(u, x) ∈ X × X : x − u ∈ dom f and u ∈ dom g} . By using the expression of N(f(x − u), g(u)) in terms of the dual norm we obtain, (f_N g)^∗(y) = sup_{(u,x)∈D} inf_{(λ,μ)∈B+(N ′)} (< x, y) > −λf(x − u) − μg(u)) .

By the minimax theorem ([24] Thm 4.2) one can write, (f_N g)^∗(y) = inf (λ,μ)∈B_+(N^′) sup (u,x)∈D (< x, y > −λf(x − u) − μg(u)) = inf (λ,μ)∈B_+(N^′) ((λf)^∗(y) + (μg)^∗(y)) .

We now observe that the above infimum is attained as B_+(N^′) is compact and, due to the convention (3.5), the functional (λ, μ) ∈ B_+(N^′) −→ (λf)^∗(y) + (μg)^∗(y) is lower semicontinuous (see e.g. [17] p.52).

Taking into account the fact that the application, (λ, μ) ∈ B_+(N^′) −→ (λf)^∗ + (μg)^∗ ∈ IR^{X∗} , is nonincreasing and, on the other hand, the fact that each (λ, μ) ∈ B_+(N^′) is majorized by a maximal element of B_+(N^′), the minimum in(λ, μ) can be taken over the set E_+(N^′) of maximal elements of B_+(N^′).

Let us observe that for N = N_1, the formula in Proposition 3.12 reduces to the well known relation (f g)^∗ = f^∗ + g^∗ .

In the case when N = N_∞ we get, (f△g)^∗ = min{(λf)^∗ + (μg)^∗ : λ ≥ 0 , μ ≥ 0 , λ + μ = 1} , a formula quoted in [23], Proposition 4.1.

We are now in position to compute the approximate subdifferential of f_N g.

216 M. Volle / The use of monotone norms in epigraphical analysis Proposition 3.13. Let f and g be two functions in C^+_0 (X), and let u, v, x in X such that u + v = x, u ∈ domf, v ∈ domg . For any ε ≥ 0 we then have :

∂_ε(f_N g)(x) = ⋃ (λ,μ)∈E_+ (N^′) ⋃ ε_1≥0, ε_2≥0 ε_1+ε_2=ε+λf(u)+μg(v)−(f_N g)(x) ∂_{ε1} (λf)(u) ∩ ∂_{ε2} (μg)(v) .

Proof. By using (3.4) and Proposition 3.12, we have,

∂_ε(f_N g)(x) = ⋃ (λ,μ)∈E_+(N^′) {(λf)^∗ + (μg)^∗ + (f_N g)(x)− < x, · >≤ ε} = ⋃ (λ,μ)∈E_+(N^′) {[(λf)^∗ + λf(u)− < u, · >] + [(μg)^∗ + μg(v)− < v, · >] ≤ ε + λf(u) + μg(v) − (f_N g)(x)} Now, by the classical Fenchel inequality, the functionals in the brackets are nonnegative, so that,

∂_ε(f_N g)(x) = ⋃ (λ,μ)∈E_+(N^′) ⋃ ε_1≥0, ε_2≥0 ε_1+ε_2=ε+λf(u)+μg(v)−(f_N g)(x) A(λ, ε_1, u) ∩ B(μ, ε_2, v) ,

with A(λ, ε_1, u) := {(λf)^∗ + λf(u)− < u, · >≤ ε_1} and B(μ, ε_2, v) := {(μg)^∗ + μg(v) − ⟨v, ·⟩ ≤ ε_2} , and the result follows from (3.4).

Corollary 3.14. Let f, g ∈ C^+_0 (X) ; assume that f_N g is finite and exact at a point x, and consider u ∈ domf, v ∈ domg, such that u + v = x and (f_N g)(x) = N(f(u), g(v)). We then have, ∂(f_N g)(x) = ⋃ (λ,μ)∈E_+(N^′) λf(u)+μg(v)=N(f(u),g(v)) ∂(λf)(u) ∩ ∂(μg)(v) .

Proof. We apply Proposition 3.13 by taking ε = 0. Then, the formula follows from the fact that, for any (λ, μ) ∈ E_+(N^′), one has λf(u) + μg(v) − N(f(u), g(v) ≤ 0. Let us see what Corollary 3.14 says for N = N_1. The union set in the above formula is then reduced to the singleton {(1, 1)} and we get, ∂(f g)(x) = ∂f(u) ∩ ∂g(v) , a classical formula which can be found for instance in [13] p.368.

M. Volle / The use of monotone norms in epigraphical analysis 217 With additional continuity requirement we obtain :

Corollary 3.15. Let f , g , u , v , x be as in corollary 3.14. Assume moreover that f (resp. g) is continuous at u (resp. v). Then, ∂(f_N g)(x) = ⋃ (λ,μ)∈E_+(N^′) λf(u)+μg(v)=N(f(u), g(v)) λ∂f(u) ∩ μ∂g(v) .

Proof. We apply corollary 3.14. On one hand u belongs to the interior of the domain of f. Hence, due to (3.5), ∂(0f)(u) = {0}. In the same way : ∂(0g)(v) = {0}. On the other hand, for any λ > 0 (resp. μ > 0) one has ∂(λf)(u) = λ∂f(u) (resp. ∂(μg)(v) = μ∂g(v)).

Assume that f(u) ≠ 0 or g(v) ≠ 0. Applying the above formula for p ∈]1, +∞[ we have, with 1 p + 1 q = 1 ,

∂(f_{Np} g)(x) = ( f q(u) f^q(u) + g^q(v)

)^1_p ∂f(u) ∩ ( gq(v) f^q(u) + g^q(v)

)^1p ∂g(v) . If p = 1 and f(u) = g(v) we obtain, ∂(f△g)(x) = ⋃ λ≥0,μ≥0 λ+μ=1 λ∂f(u) ∩ μ∂g(v) ,

a formula established in [23], Proposition 4.2, by using a totally different method. A simpler formula arises in the situation we describe below ; it is an easy consequence of Corollary 3.15.

Corollary 3.16. Let f, g, u, v, x be as above. Assume, moreover, that f(u) = g(v) = 0. Then, ∂(f_N g)(x) = ⋃ (λ, μ)∈E_+ (N^′) λ∂f(u) ∩ μ∂g(v) .

4. An intermediate operation.

In the definition of (f_N g)(x) appears the function, u ∈ X −→ N(f(x − u) , g(u)) , which deserves a special treatment for the reasons we have explained in the introduction. For any nonnegative extended-real-valued functionals f , g on X we consider the functional N(f, g) defined on X by, (N(f, g))(x) = N(f(x) , g(x)) , for any x ∈ X.

218 M. Volle / The use of monotone norms in epigraphical analysis We easily obtain the general relations, dom N(f, g) = dom f ∩ dom g , inf_X N(f, g) ≥ N(inf_X f , inf_X g) .

Let us give a description of the level sets of N(f, g).

Proposition 4.1. For any f , g : X → [0, +∞] , and t ∈ IR_+ , we have : {N(f, g) ≤ t} = ⋃ r≥0 , s≥0 N(r,s)=t {f ≤ r} ∩ {g ≤ s} .

Proof. By Lemma 2.1 the inequality N(f(x) , g(x)) ≤ t amounts to the existence of r and s in IR_+ such that f(x) ≤ r , g(x) ≤ s and N(r, s) = t , which gives the above formula.

The approximate minimizers of N(f, g) may be obtained as follows : Proposition 4.2. Let f , g be two nonnegative proper functionals on X , and let α = inf_X f , β = inf_X g , γ = inf_X N(f, g). Then, for any ε ≥ 0,

ε − argmin N(f, g) = ⋃ ε_1≥0 , ε_2≥0 N (α+ε1 , β+ε2)=γ+ε ε_1 − argmin f ∩ ε_2 − argmin g .

Proof. By using Proposition 4.1 we get, ε- argmin N(f, g) = {N(f, g) ≤ γ + ε} = ⋃ r≥0 , s≥0 N(r,s)=γ+ε {f ≤ r} ∩ {g ≤ s}

= ⋃ r≥α , s≥β N (r,s)=γ+ε (r − α) − argmin f ∩ (s − β) − argmin g .

The result follows by setting r − α = ε_1 , s − p = ε_2. We now give a formula for the exact subdifferential of N(f, g).

Theorem 4.3. Let f and g be two nonnegative extended-real-valued convex functionals on X. Assume that f and g are finite and continuous at a given point x ∈ X. Then, ∂N(f, g)(x) = ⋃ (λ,μ)∈E_+(N^′) λf(x)+μg(x)=N(f(x) , g(x)) λ∂f(x) + μ∂g(x) .

M. Volle / The use of monotone norms in epigraphical analysis 219

Proof. The function N(f, g) coincides with the pointwise supremum over the compact set E_+(N^′) of the functionals λf +μg. On the other hand, there exists an open neighborhood U of x where f and g are finite and continuous. Hence the function (λ, μ, u) ∈ E_+(N^′) × U → λf(u) + μg(u) is finite and continuous. We then have (see [25] or [13] Thm 6.4.9), ∂N(f, g)(x) = co ⋃ (λ,μ)∈E_+(N^′) λf(x)+μg(x)=N(f(x) , g(x)) ∂(λf + μg)(x) ,

where co denotes the weak^∗ closure of the convex hull. Now, by [19] Theorem 3, ∂(λf + μg)(x) = λ∂f(x) + μ∂g(x). Moreover, as ∂f(x) and ∂g(x) are weak^∗ compact and as E_+(N^′) is compact, the set E := ⋃ (λ,μ)∈E_+ (N^′) λf(x)+μg(x)=N(f(x) , g(x)) λ∂f(x) + μ∂g(x) is weak^∗ com-

pact. On the other hand, it can be easily proved that {(λ, μ) ∈ E_+(N^′) : λf(x) + μg(x) = N(f(x), g(x))} is convex. Applying the lemma 2.4 in [22], we infer that E is convex too.

When dealing with nonnegative convex functions f and g vanishing at x, the above formula may be simplified :

Corollary 4.4. Let f and g be two nonnegative extended-real-valued convex functionals on X and let x ∈ X be such that f(x) = g(x) = 0. Assume moreover that f and g are continuous at x. Then, ∂N(f, g)(x) = ⋃ (λ,μ)∈E_+(N^′) λ∂f(x) + μ∂g(x) .

To compute the Fenchel conjugate of the function N(f, g) we need to introduce some notations. Given a function ψ : X^∗ → IR ∪ {+∞} and a positive real number λ we set, for any y ∈ X^∗, ψ_λ(y) = λψ( y λ ) . When ψ is convex, so is the function of two variables, (λ, y) ∈ ]0, +∞[ × X^∗ −→ ψ_λ(y) .

Let us consider two functions f and g in Γ^+_0 (X), the set of nonnegative proper convex lower semicontinuous functions on X, and, denoting by B^∗_+(N^′) = {(λ, μ) ∈ B_+(N^′) : λ > 0 , μ > 0} the positive part of the unit ball of N^′ , let us define,

φ = inf

(λ,μ)∈B^∗_+ (N^′)

(f^∗)_λ (g^∗)_μ , (4.1)

220 M. Volle / The use of monotone norms in epigraphical analysis or, more explicitly, for any y ∈ X^∗ ,

φ(y) = inf { λf^∗( y − v λ ) + μg^∗( v μ ) : (λ, μ) ∈ B^∗_+(N^′) , v ∈ X^∗} .

We observe that φ is a marginal function of a convex function of four variables : v , y , λ , μ. Hence φ is convex. On the other hand, as (λf)^∗ = (f^∗)_λ and (μg)^∗ = (g^∗)_μ , one easily sees that the mapping, (λ, μ) ∈ B^∗_+(N^′) −→ (f^∗)_λ (g^∗)_μ ,

is nonincreasing with respect to the product order of IR^2 .

It follows that in (4.1) one may replace B^∗_+(N^′) by the nonvoid subset of its maximal elements. This subset is also given by, E^∗_+(N^′) = {(λ, μ) ∈ E_+(N^′) : λ > 0 , μ > 0} .

We are now in position to state the result about the Fenchel conjugate of the convex lower semicontinuous nonnegative proper function N(f, g).

Theorem 4.5. Let f , g be two functions in Γ^+_0 (X) such that dom f ∩ dom g ≠ ∅. The Fenchel conjugate of N(f, g) coincides with the weak^∗ lower semicontinuous hull φ of the convex function φ defined in (4.1).

Proof. As a matter of computation, one easily obtains that φ^∗(x) = sup (λ,μ)∈E^∗_+(N^′) λf(x) + μg(x) ,

for any x ∈ X. In the other words, φ^∗ = N(f, g) . Hence (N(f, g))^∗ coincides with the biconjugate of φ. As N(f, g) ∈ Γ^+_0 (X) , we also have φ^{∗∗} = (N(f, g))^∗ ∈ Γ^+_0 (X^∗). Therefore (N(f, g))^∗ coincides with the lower semicontinuous hull φ of φ.

By using Theorem 4.5 we are going to establish a general formula on the ε-subdifferential of N(f, g). Theorem 4.6. Let f, g ∈ Γ^+_0 (X) , h = N(f, g) , x ∈ dom f ∩ dom g. Then, for any ε > 0, ∂_εh(x) = ⋃ (λ,μ)∈E^∗_+ (N^′) ⋃ ε_1≥0 , ε_2≥0 ε_1+ε_2=ε+λf(x)+μg(x)−h(x) λ∂ε_1 λ f(x) + μ ∂ε_2 μ g(x) .

M. Volle / The use of monotone norms in epigraphical analysis 221 Proof. By a mere translation one may assume that x = 0. We then have,

∂_εh(0) = {h^∗ + h(0) ≤ ε} ,

or, from Theorem 4.5, ∂_εh(0) = {φ + h(0) ≤ ε} . Observe that the infimum of the function y ∈ X^∗ −→ φ(y) + h(0) coincides with −(φ + h(0))^∗(0) = −φ^∗(0) + h(0) = 0. Hence, see for instance [20] Theorem 7.6, ∂_εh(0) = {φ + h(0) < ε} . Now, for any y ∈ X^∗, the following lines are equivalent : y ∈ {φ + h(0) < ε} ∃(λ, μ) ∈ E^∗_+(N^′) , ∃(v, w) ∈ (X^∗)^2 : y = v + w and (f^∗)_λ(v) + (g^∗)_μ(w) < ε − h(0)

∃(λ, μ) ∈ E^∗_+(N^′) : λ [ f^∗( v λ ) + f(0) ] + μ [g^∗( w μ ) + g(0)] < ε + λf(0) + μg(0) − h(0) .

The two brackets above being nonnegative by Fenchel inequality, the last line amounts to the existence of ε_1 ≥ 0 and ε_2 ≥ 0 such that,

f^∗( v λ ) + f(0) < ε_1 λ , g^∗( w μ ) + g(0) < ε_2 μ , ε_1 + ε_2 = ε + λf(0) + μg(0) − h(0) .

In particular (see (3.4)) : v ∈ λ∂ε_1 λ f(0) and w ∈ μ∂ε_2 μ g(0) .

Therefore, we have proved the inclusion (recall that ∂_εh(0) is weak^∗ closed) : ∂_εh(0) ⊂ ⋃ (λ,μ)∈E^∗_+ (N^′) ⋃ ε_1≥0 , ε_2≥0 ε_1+ε_2=ε+λf(0)+μg(0)−h(0) λ∂ε_1 λ f(0) + μ∂ε_2 μ g(0) .

Conversely, let us take (λ, μ) ∈ E^∗_+(N^′) , ε_1 ≥ 0 , ε_2 ≥ 0 such that ε_1 + ε_2 = ε + λf(0) + μg(0) − h(0) , v ∈ ∂ ε1_λ f(0) , w ∈ ∂ ε2_μ g(0). We have to show that y := λv + μw belongs to ∂_εh(0). From Theorem 4.4 we have,

h^∗(y) = φ(y) ≤ φ(y) ≤ (f^∗)_λ (g^∗)_μ(y) ≤ (f^∗)_λ(λv) + (g^∗)_μ(μw) = λf^∗(v) + μg^∗(w) .

222 M. Volle / The use of monotone norms in epigraphical analysis As v ∈ ∂ε_1 λ f(0) and w ∈ ∂ε_2 μ g(0) , we then have,

h^∗(y) ≤ λ [ ε_1 λ − f(0) ] + μ [ ε_2 μ − g(0) ] = ε − h(0) ,

hence, by (3.4), y ∈ ∂_εh(0).

We now give some applications of Theorem 4.6 and corollary 4.4 ; we always suppose that f and g belong to Γ^+_0 (X), x ∈ dom f ∩ dom g , and ε > 0.

1) For N = N_1 , one has N^′ = N∞ so that E^∗_+(N^′) = {(1, 1)}. Here N(f, g) is nothing but the sum f + g and we get,

∂_ε(f + g)(x) = ⋃ ε_1≥0 , ε_2≥0 ε_1+ε_2=ε

∂_{ε1} f(x) + ∂_{ε2} g(x) ,

a formula quoted in [11] Theorem 3.2.

2) For N = N_∞ , one has N^′ = N_1 and E^∗_+(N^′) = {(λ, μ) : λ > 0 , μ > 0 , λ + μ = 1}. In the present case, N(f, g) coincides with the pointwise supremum f ∨ g of f and g and we have, denoting by S^∗ = {(λ, μ) : λ > 0 , μ > 0 , λ + μ = 1} the positive part of the simplex S,

∂_ε(f ∨ g)(x) = ⋃ (λ,μ)∈S^∗ ⋃ ε_1≥0 , ε_2≥0 ε_1+ε_2=ε+λf(x)+μg(x)−(f∨g)(x) λ∂ε_1 λ f(x) + μ∂ε_2 μ g(x) .

a formula quoted in [11] Theorem 2.2.

3) Let p ∈ ]1, +∞[ and let N = N_p. Then N^′ = N_q ( 1 p + 1 q = 1) and E^∗_+(N^′) = {(λ, μ) : λ > 0 , μ > 0 , λ^q + μ^q = 1}. Here N(f, g) represents the direct sum of order p . Assuming f and g continuous at the point x, with f(x) = g(x) = 0, we have, by corollary 4.4,

∂(f^p + g^p)^{1p} (x) = ⋃ (α,β)∈S α^{1q} ∂f(x) + β^{1q} ∂g(x) .

In such a case, the subdifferential of the direct sum of order p coincides with the direct sum of order q of the subdifferentials.

M. Volle / The use of monotone norms in epigraphical analysis 223 References

[1] H. Attouch : Variational convergence for functions and operators, Pitman, London,1984. [2] H. Attouch, R. Wets : Epigraphical analysis, Ann. Inst. Poincaré Anal. Non Linéaire 6, 1989, 73-100.

[3] H. Attouch, R. Wets : Quantitative stability of variational systems : I. The epigraphical distance, Trans. Amer. Math. Soc., 328, no2, 1991, 695-729.

[4] F.L. Bauer, J. Stoer, C. Witzgall : Absolute and monotonic norms Num. Math. 3, 1961, 257-264.

[5] A. Brondsted, R.T. Rockafellar : On the subdifferentiability of convex functions, Proc.

Amer. Math. Soc. 16, 1965, 605-611.

[6] C. Castaing, M. Valadier : Convex Analysis and Measurable Multifunctions, Lectures Notes in Math. 580, Springer Verlag Berlin-Heidelberg, 1977.

[7] E. De Giorgi, T. Franzoni : Su un tipo de convergenza variazionale Atti Accad. Naz. Lincei (8) 58, 1975, 842-850.

[8] R. Durier : Meilleure approximation en norme vectorielle et théorie de la localisation, RAIRO, Modelisation Mathématiques et Analyse Numérique 21, 1987, 605 – 626.

[9] J.-B. Hiriart-Urruty : ε-subdifferential calculus in Research Notes in Math. Vol 57, Pitman, 1982, 43-92.

[10] J.-B. Hiriart-Urruty, C. Lemarechal : Convex Analysis and Minimization Algorithms I, Springer-Verlag, 1993.

[11] J.-B. Hiriart-Urruty, M. Moussaoui, A. Seeger, M. Volle : Subdifferential calculus, without qualifications conditions, using approximate subdifferentials : a survey, Nonlinear Analysis, Vol. 24, No. 12, 1995, 1727 – 1754.

[12] A.D. Ioffe : On the local surjection property, Non Linear Analysis, Vol 11, No5, 1987, 565-592 [13] P.-J. Laurent : Approximation et Optimisation, Hermann, 1972.

[14] B. Lemaire : Quelques résultats récents sur l’algorithme proximal, Séminaire d’analyse numérique, Toulouse, 1989.

[15] D.T. Luc : Theory of vector optimization, Lecture Notes in Economics and Mathematical Systems no319, Springer Verlag, 1989.

[16] B. Martinet : Algorithme pour la résolution des problèmes d’optimisation et de minimax, Thèse d’Etat, Grenoble, 1972.

[17] J.-J. Moreau : Fonctionnelles convexes, Collège de France, 1966.

[18] J.-J. Moreau : Inf-convolution, sous-additivité, convexité des fonctions numériques, J. Math.

pures et appl. 49, 1970, 109-154.

[19] R.T. Rockafellar : Extension of Fenchel’s duality theorem for convex functions, Duke Math.

J. 33, 1966, 81-90.

[20] R.T. Rockafellar : Convex Analysis, Princeton, 1970.

[21] R.T. Rockafellar : Monotone operators and the proximal point algorithm, SIAM J. Control and Optimization, 1976, 877-898.

[22] A. Seeger : Direct and inverse addition in convex analysis and applications, J. Math. Anal and Appl., 148, 1990, 527-544.

224 M. Volle / The use of monotone norms in epigraphical analysis

[23] A. Seeger, M. Volle : On a convolution operator obtained by adding level sets : classical and new results, RAIRO, Oper. Res. Vol. 29, No. 2, 1995, 131 – 154.

[24] M. Sion : On general minimax theorems, Pacific J. Math. Vol 8, 1958, 171-176. [25] M. Valadier : Sous-différentiels d’une borne supérieure et d’une somme continue de fonctions convexes, C.R.A.S. Paris, t 268, Série A, 1969, 39-42.

[26] M. Volle : Contributions à la dualité en optimisation et à l’épi-convergence, Thèse d’Etat, Pau, 1986.

[27] M. Volle : Calculus rules for global approximate minima and applications to approximate subdifferential calculus, Journal of Global Optimization 5, 1994, 131 – 157.

[28] R.A. Wijsman : Convergence of sequences of convex sets , cones and functions II, Trans.

Amer. Math. Soc. 123, 1966, 32-45.