Journal of Applied Analysis Vol. 3, No. 2 (1997), pp. 239–248

MINIMAX INEQUALITY OF KY FAN TYPE IN H-SPACES WITH APPLICATIONS

Y. XU AND X. WU

Received December 27, 1995 and, in revised form, June 28, 1996

Abstract. In this paper, we prove a main result about Ky Fan minimax inequality in any compact H-space. Then, we apply this result to fixed point problem, intersection problem of sets with convex sections, minimax inequality of the Von Neumann type, and variational inequality.

1. Some elementary concepts

We recall some elementary concepts on an H-space (see [3]). 1) Let X be a topological space and F (X) be a family of all nonempty finite subsets of X. Let Γ_A be a family of nonempty contractible subsets of X indexed by A ∈ F (X) such that Γ_A ⊂ Γ_A′ where A ⊂ A^′. The pair (X, {Γ_A}) is called an H-space.

2) The set C ⊂ X is called H-convex in (X, {Γ_A}) if Γ_A ⊂ C for any finite subset A ⊂ C.

1991 Mathematics Subject Classification. 47H04, 47H10, 49J35, 52A07. Key words and phrases. H-space, H-convex, H-quasiconcave, transfer lower– semicontinuous.

Supported by foundation of Yunnan Sci. Tech. Commission and foundation of Yunnan Educational Commission

ISSN 1425-6908 © Heldermann Verlag.

3) Let (X, {Γ_A}) be an H-space and Y a topological space. Let Φ : C × Y → R ∪ {±∞} is a functional and λ ∈ R. For each y ∈ Y, Φ(x, y) is called to be H-quasiconvex (or H-quasiconcave) in X about λ, iff the set

{x ∈ X : Φ(x, y) < λ} (or {x ∈ X : Φ(x, y) > λ})

is H-convex in (X, {Γ_A}).

4) Let X and Y be two topological spaces and r ∈ R. A functional, Φ : X × Y → R ∪ {±∞}, is called transfer lower–semicontinuous in Y iff, for each x ∈ X and y ∈ Y , Φ(x, y) > r implies that there exists a point x^′ ∈ X and an open neighborhood N(y) of y such that Φ(x^′, z) > r for all z ∈ N(y).

2. Main results

Lemma 1 (see [8]). Let (X, {Γ_A}) be a compact H-space and let T : X → 2^X be a set–valued mapping such that (1.1) for each x ∈ X, T (x) is a nonempty H-convex subset; (1.2) for each y ∈ X, T^{−1}(y) = {x ∈ X : y ∈ T (y)} contains an open set O_y (O_y may be empty for some y);

(1.3) ⋃ {O_y : y ∈ X} = X.

Then there is a point x_0 ∈ T (x_0).

Theorem 2. Let (X, {Γ_A}) be a compact H-space, and f, g : X × X → R be functional such that (2.1) f ≤ g on X × X;

(2.2) f(x, y) is transfer lower-semicontinuous about y; (2.3) g(·, y) is H-quasiconcave.

Then, for each λ ∈ R, one of the following property holds: (a) there exists a point x_0 ∈ X such that g(x_0, x_0) > λ; (b) there exists a point y_0 ∈ X such that f(x, y_0) ≤ λ for all x ∈ X.

Proof. For each λ ∈ R, let

S(y) = {x ∈ X : f(x, y) > λ} and T (y) = {x ∈ X : g(x, y) > λ}

for each y ∈ X. Then S(y) ⊂ T (y) by (2.1).

Suppose that there is an x ∈ X, such that f(x, y) > λ for each y ∈ X. Then S : X → 2^X is a multivalued mapping with nonempty values, so is T . By (2.3) we know that T (y) is H-convex for each y ∈ X. Hence the condition (1.1) of Lemma 1 holds.

Moreover for each x ∈ X, since S(x) ≠ ∅, there is a point y^′ ∈ S(x), i.e. f(y^′, x) > λ. According to (2.2) there exists an open neighborhood N(x)

MINIMAX INEQUALITY OF KY FAN TYPE IN H-SPACES WITH APPLICATIONS241

of x and a point y ∈ X such that f(y, z) > λ for each z ∈ N(x). i.e. for all z ∈ N(x), y ∈ S(z) ⊂ T (z). Hence, z ∈ T^{−1}(y) for all z ∈ N(x) which implies N(x) ⊂ T^{−1}(y). Let N(x) = O_y. Then T^{−1}(y) contains an open set O_y, which shows that for each x ∈ X, there exists a point y ∈ X and an open subset O_y ⊂ T^{−1}(y) such that ⋃ y∈X O_y = ⋃ x∈X N(x) = X

where O_y may be empty for some y ∈ X.

By virtue of Lemma 1, there exists a point x_0 ∈ X such that x_0 ∈ T (x_0), i.e. g(x_0, x_0) > λ.

This completes the proof of Theorem 2.

Remark 1. If X be a nonempty convex subset of a Hausdorff topological vector space, then result of Theorem 2 was given in [1], but its proof of Theorem is based on the KKM-mapping principle.

Corollary 3. Let (X, {Γ_A}) be a compact H-space, and let Φ, Ψ : X × X → R be functionals such that (3.1) Φ ≤ Ψ on the diagonal △ = {(x, x) : x ∈ X} and Φ ≥ Ψ on (X × X) \ △; (3.2) the function Φ(y, y) − Φ(x, y) is transfer lower–semicontinuous about y; (3.3) the function Ψ(·, y) is H-quasiconvex.

Then there exists a point y_0 ∈ X such that Φ(y_0, y_0) ≤ Φ(x, y_0) for all x ∈ X.

Proof. Define f and g on X × X by setting

f(x, y) = Φ(y, y) − Φ(x, y) and g(x, y) = Ψ(y, y) − Ψ(x, y).

Then f and g satisfy the hypothesis of Theorem 2. Since g(x, x) = 0 for all x ∈ X, Theorem 2 implies that there exists a point y_0 ∈ X, such that f(x, y_0) ≤ 0 for all x ∈ X i.e. Φ(y_0, y_0) ≤ Φ(x, y_0) for all x ∈ X. This completes the proof.

Remark 2. When Φ ≡ Ψ, Corollary 3 was given by Ky Fan ([4] p. 118, and Corollary 1 in [7]).

3. Some applications

Theorem 4 (Ky Fan minimax inequality). Let (X, {Γ_A}) be a compact Hspace, and f, g : X × X → R be two functionals such that (4.1) f ≤ g on X × X;

(4.2) f(x, y) is transfer lower–semicontinuous about y; (4.3) g(·, y) is H-quasiconcave.

Then the minimax inequality min_{y∈X} sup_{x∈X} f(x, y) ≤ sup_{x∈X} g(x, x) holds.

Proof. Let λ = sup_{x∈X} g(x, x). If λ = +∞ then Theorem is obviously true. So we may assume that λ < +∞. Since there is not an x_0 ∈ X such that g(x_0, x_0) > λ, Theorem 2 implies that there exists a point y_0 ∈ X such that f(x, y_0) ≤ λ for all x ∈ X, which results in min_{y∈X} sup_{x∈X} f(x, y) ≤ sup_{x∈X} g(x, x).

Remark 3. Obviously, Theorem 4 implies Theorem 2. When f ≡ g, Theorem 4 reduces to the Ky Fan minimax inequality [6].

Theorem 5. Let (X, {Γ_A}) be a compact H-space and A, B ⊂ X × X such that (5.1) A ⊂ B;

(5.2) for each fixed x ∈ X, the set {y ∈ X : (x, y) ∈ A} is open in X; (5.3) for each fixed y ∈ X, the set {x ∈ X : (x, y) ∈ B} is H-convex. Then one of the following properties holds: (a) there exists a point x_0 ∈ X such that (x_0, x_0) ∈ B; (b) there exists a point y_0 ∈ X such that {x ∈ X : (x, y_0) ∈ A} = ∅ .

Proof. Let f and g be two characteristic functions defined on A and B respectively. Since A ⊂ B, we have f ≤ g on X × X. For each fixed x ∈ X and any t ∈ R, we have

{y ∈ X : f(x, y) > t} =

X, if t < 0; {y ∈ X : (x, y) ∈ A}, if 0 ≤ t < 1; ∅, if 1 ≤ t.

Thus, f(x, y) is transfer lower–semicontinuous about y for each fixed x ∈ X. For each fixed y ∈ X and any t ∈ R, we have

{x ∈ X : g(x, y) > t} =

X, if t < 0; {x ∈ X : (x, y) ∈ B}, if 0 ≤ t < 1; ∅, if 1 ≤ t.

MINIMAX INEQUALITY OF KY FAN TYPE IN H-SPACES WITH APPLICATIONS243

Thus, g(x, y) is H-quasiconcave on X for each fixed y ∈ X. Let 0 ≤ λ < 1. By Theorem 2, there exists a point x_0 ∈ X such that g(x_0, x_0) > λ, or there exists a point y_0 ∈ X such that f(x, y_0) ≤ λ for all x ∈ X. This implies that there exists a point x_0 ∈ X such that (x_0, x_0) ∈ B or there exists a point y_0 ∈ X such that (x, y_0) ∉ A for all x ∈ X, that is, {x ∈ X : (x, y_0) ∈ A} = ∅. The conclusion of Theorem be proved.

Remark 4. Obviously, Theorem 5 implies Theorem 2. Let λ ∈ R and define

A={(x, y) ∈ X × X : f(x, y) > λ} and B={(x, y) ∈ X × X : g(x, y) > λ}.

When A = B, Theorem 5 is due to Ky Fan [7] and can be formulated in terms of the complement M of A and the complement N of B as follows.

Corollary 6. Let (X, {Γ_A}) be a compact H-space and M, N ⊂ X × X such that (6.1) N ⊂ M;

(6.2) the set {y ∈ X : (x, y) ∈ M} is closed in X for each fixed x ∈ X; (6.3) the set {x ∈ X : (x, y) ∉ N} is H-convex (possibly empty) for each fixed y ∈ X.

Then one of the following properties holds: (a) there exists a point x_0 ∈ X such that (x_0, x_0) ∉ N; (b) there exists a point y_0 ∈ X such that X × {y_0} ⊂ M.

Proof. In terms of the complement M of A and the complement N of B in Theorem 5, we obtain the conclusion immediately.

Theorem 7 (Fixed point version). Let (X, {Γ_A}) be a compact H-space and let F, G : X → 2^X be two set–valued maps such that (7.1) F (x) ⊂ G(x) for each x ∈ X; (7.2) G^{−1}(y) is H-convex for each y ∈ X; (7.3) F (x) is open in X for each x ∈ X. Then one of the following properties holds: (a) there exists a point w ∈ X such that w ∈ G(w); (b) there exists a y_0 ∈ X such that F^{−1}(y_0) = ∅.

Proof. Let A = {(x, y) : y ∈ F (x)} and B = {(x, y) : y ∈ G(x)} be two subsets of X × X. We can easily see that Theorem 7 is equivalent to Theorem 5.

Now, given a Cartesian product X = ∏ {X_i : 1 ≤ i ≤ n} of topological space, let

X^i = ∏ {X_j : 1 ≤ j ≤ n, j ≠ i} and x^i = (x_1, . . . , x_{i−1}, x_{i+1}, . . . , x_n) ∈ X^i.

For x = (x_1, . . . , x_n), y = (y_1, . . . , y_n) ∈ X, let

(y_i, x^i) = (x_1, . . . , x_{i−1}, y_i, x_{i+1}, . . . , x_n).

Thus, Theorems of Ky Fan (see [5]–[7]) concerning sets with convex sections can be extended in a natural way.

Theorem 8. Let (X_i, {Γ_{Ai} }) (i = 1, 2, . . . , n) be n compact H-spaces, and f_1, . . . , f_n; g_1, . . . , g_n, be real–valued functions on the product space (X, {Γ_A}) where A = ∏ {A_i : 1 ≤ i ≤ n} such that (8.1) f_i ≤ g_i on X for i = 1, 2, . . . , n;

(8.2) for each i = 1, 2, . . . , n and for each fixed x_i ∈ X_i, f_i(x_i, x^i) is transfer lower–semicontinuous on X^i;

(8.3) for each i = 1, 2, . . . , n and for each fixed x^i ∈ X^i, g_i(x_i, x^i) is Hquasiconcave on X_i.

Let t_1, . . . , t_n be n real numbers. For each point x^i ∈ X^i, there exists a point x_i ∈ X_i such that f_i(x_i, x^i) > t_i. There exists a point u ∈ X such that g_i(u) > t_i for i = 1, 2, . . . , n.

Proof. For any two points x = (x_1, . . . , x_n) and y = (y_1, . . . , y_n) of X, we define

Φ(x, y) = min_{1≤i≤n}{f_i(x_i, y^i) − t_i} and Ψ(x, y) = min_{1≤i≤n}{g_i(x_i, y^i) − t_i}.

Then:

1) Φ ≤ Ψ on X × X by (8.1).

2) Φ(x, y) is transfer lower–semicontionuous on X for each fixed x ∈ X. (If Φ(x, y) > t, where t is real number, then for all i = 1, 2, . . . , n we have f_i(x_i, y^i) > t + t_i. By (8.2), that there exists an x̄_i ∈ X_i and an open neighborhood N(y^i) of y^i such that f_i(x̄_i, z^i) > t + t_i (i = 1, 2, . . . , n). It follows that there exists a point (x̄_i, y^i) ∈ X and an open neighborhood N(y_i, y^i) such that for i = 1, 2, . . . , n, f_i(x̄_i, z^i) − t_i > t. Hence, Φ(x̄, z) = min_{1≤i≤n}{f_i(x̄_i, z^i) − t_i} > t for all z ∈ N(y_i, y^i).)

3) Ψ(x, y) is H-quasiconcave on X for each fixed y ∈ X by (8.3). (For each t ∈ R the set

MINIMAX INEQUALITY OF KY FAN TYPE IN H-SPACES WITH APPLICATIONS245

{x ∈ X : Ψ(x, y) ≥ t, fixed y ∈ X}

= {x ∈ X : min_{1≤i≤n}{g_i(x_i, y^i) − t_i} ≥ t, 1 ≤ i ≤ n}

= {x ∈ X : min_{1≤i≤n}{g_i(x_i, y^i) ≥ t + t_i}, 1 ≤ i ≤ n} = n⋂ i=1 {x ∈ X : g_i(x_i, y^i) ≥ t + t_i}

which is H-convex.)

The last part of the hypothesis asserts that for each y ∈ X, where y^i ∈ X^i, there exists an x_i ∈ X_i, such that f_i(x_i, y^i) > t_i for each i (1 ≤ i ≤ n). Hence, Φ(x, y) = min_{1≤i≤n}{f_i(x_i, y^i) − t_i} > 0.

According to Theorem 2, there exists a point u ∈ X such that Ψ(u, u) > 0. Thus, g_i(u) > t_i for i = 1, 2, . . . , n. The theorem is proved.

Theorem 9. Let (X_i, {Γ_{Ai} }) be n (n > 1) compact H-spaces, and let A_1, . . . , A_n and B_1, . . . , B_n be subsets of the product space X = ∏ {X_i :

1 ≤ i ≤ n}. Suppose that (9.1) A_i ⊂ B_i for i = 1, 2, . . . , n;

(9.2) for each i = 1, 2, . . . , n and for each x_i ∈ X_i, the set A_i(x_i) = {x^i ∈ X^i : (x_i, x^i) ∈ A_i} is open in X^i;

(9.3) the set B_i(x^i) = {x_i ∈ X_i : (x_i, x^i) ∈ B_i} is H-convex for each i (i = 1, 2, . . . , n), and for each point x^i ∈ X^i the set A_i(x^i) = {x_i ∈ X_i : (x_i, x^i) ∈ A_i} is nonempty.

Then

⋂_n

i=1 B_i ≠ ∅.

Proof. For each i (i = 1, 2, . . . , n), let f_i and g_i be characteristic functions of sets A_i and B_i respectively. i.e.

f_i(x) = { 1, if x ∈ A_i; 0, if x ∈ X \ A_i.

g_i(x) = { 1, if x ∈ B_i; 0, if x ∈ X \ B_i.

Since A_i ⊂ B_i (i = 1, 2, . . . , n), then f_i ≤ g_i on X. For each fixed x_i ∈ X_i (i = 1, 2, . . . , n) and any t ∈ R, we have

{x^i ∈ X^i : f_i(x_i, x^i) > t} =

X^i, if t < 0; A_i(x_i), if 0 ≤ t < 1; ∅, if 1 ≤ t.

which implies that the condition (8.2) is satisfied. Similarly,

{x_i ∈ X_i : g_i(x_i, x^i) > t} =

X_i, if t < 0; B_i(x^i), if 0 ≤ t < 1; ∅, if 1 ≤ t.

which implies that the condition (8.3) is satisfied.

When 0 ≤ t < 1, since A_i(x^i) ≠ ∅ (i = 1, 2, . . . , n), it follows that the final hypothesis of Theorem 8 is satisfied. Therefore, according to Theorem 8, there exists a point u ∈ X such that g_i(u) > t for each i (i = 1, 2, . . . , n), i.e. there exists a point u ∈ B_i for each i (i = 1, 2, . . . , n). Hence, we have ⋂_n i=1 B_i ≠ ∅. This completes the proof.

Remark 5. If each i (i = 1, 2, . . . , n), we define A_i = {u ∈ X : f_i(u) > t_i} and B_i = {u ∈ X : g_i(u) > t_i}, then we can easily see that the Theorem 9 implies Theorem 8.

Theorem 10 (Ben-Ei-Mechaiekh–Degurie–Granas). Let (X, {Γ_A}) and (Y, {Γ_B }) be two compact H-spaces, and f, s, t, g be four real–valued functions on X×Y satisfying (10.1) f ≤ s ≤ t ≤ g on X × Y ;

(10.2) f(x, y) is lower–semicontinuous on Y for each fixed x ∈ X; (10.3) s(x, y) is H-quasiconcave on X for each fixed y ∈ Y ; (10.4) t(x, y) is H-quasiconvex on Y for each fixed x ∈ X; (10.5) g(x, y) is upper–semicontinuous on X for each fixed y ∈ Y . Then for each λ ∈ R, one of the following property holds: (a) there exists a point y_0 ∈ Y such that f(x, y_0) ≤ λ; for all x ∈ X; (b) there exists a point x_0 ∈ X such that g(x_0, y) ≥ λ for all y ∈ Y .

Proof. Let A_1 = {(x, y) ∈ X × Y : f(x, y) > λ}; A_2 = {(x, y) ∈ X × Y : g(x, y) < λ}; B_1 = {(x, y) ∈ X × Y : s(x, y) > λ}; B_2 = {(x, y) ∈ X × Y : t(x, y) < λ}, where λ ∈ R.

Suppose that the assertion of theorem is false. Then for each fixed y ∈ Y , A_1(y) = {x ∈ X : f(x, y) > λ} ≠ ∅ and for each fixed x ∈ X, A_2(x) = {y ∈ Y : g(x, y) > λ} ≠ ∅. It is easy to see that other conditions of Theorem 9 from the hypotheses of Theorem 10. By virtue of Theorem 9, we have B_1 ∩ B_2 ≠ ∅. Let (x_0, y_0) ∈ B_1 ∩ B_2. Then

λ < s(x_0, y_0) ≤ t(x_0, y_0) < λ

which is a contradiction. The proof is completed.

MINIMAX INEQUALITY OF KY FAN TYPE IN H-SPACES WITH APPLICATIONS247

Corollary 11. Let (X, {Γ_A}) and (Y, {Γ_B }) be two compact H-spaces, and let f, s, t, g be four real–valued functions on X × Y satisfying (11.1) f ≤ s ≤ t ≤ g on X × Y ;

(11.2) f(x, y) is lower–semicontinuous on Y for each fixed x ∈ X; (11.3) s(x, y) is H-quasiconcave on X for each fixed y ∈ Y ; (11.4) t(x, y) is H-quasiconvex on Y for each fixed x ∈ X; (11.5) g(x, y) is upper–semicontinuous on X for each fixed y ∈ Y . Then the minimax inequality holds as follows

inf_{y∈Y} sup_{x∈X} f(x, y) ≤ sup_{x∈X} inf_{y∈Y} g(x, y).

Proof. This is the immediate conclusion of Theorem 10.

Remark 6. If X and Y are two nonempty compact convex subsets in a Hausdorff topological vector space, Corollary 11 is due to Ben-Ei-Mecha-iekh, Deguire and Granas [2].

Corollary 12 (Minimax principle of Von Neumann). Let(X, {Γ_A}), (Y, {Γ_B }) be two compact H-spaces and let f : X × Y → R be a real–valued functionon satisfying (12.1) f(x, y) is H-quasiconvex and lower–semicontinuous for each fixed x ∈ X; (12.2) f(x, y) is H-quasiconcave and upper–semicontinuous for each fixed y ∈ Y . Then the minimax inequality holds as follows

min_{y∈Y} max_{x∈X} f(x, y) = max_{x∈X} min_{y∈Y} f(x, y).

Proof. Taking f = s = t = g in Corollary 11, we can easily see the minimax equality holds.

References

[1] Ben-El-Mechaiekh, H., Deguire, P., Granas, A., Une alternative nonlinèaire en analyse convex et applications, C. R. Acad. Sci. Paris Ser. I Math. 295 (1982), 257–259.

[2] Ben-El-Mechaiekh, H., Deguire, P., Granas, A., Points fixes et coincidences pour les fonctions multivoques, C. R. Acad. Sci. Paris Ser. I Math. 292 (1982), 381–384.

[3] Chang, S.-S., Variational Inequality and Complement Problem Theory with Applications, Shanghai Scientific and Technological Literature Publishing House, Shanghai, China (1990).

[4] Fan, K., Convex Sets and Their Applications, Summer Lectures, Appl. Math. Div., Argonne Nat. Lab. (1959).

[5] Fan, K., Sur une théorème minimax, C. R. Acad. Sci. Paris Ser. I Math. 259 (1964), 3925–3928.

[6] Fan, K., Applications of a theorem concerning sets with convex sections, Math. Ann.

163 (1966), 189–203.

[7] Fan, K., A Minimax Inequality and Applications, in O. Shisha, ed., Inequalities III.

Proc. of the Third Symposium on Inequalities, Academic Press, New York, 1972. [8] Tarafdar, E., Fixed point theorems in H-spaces and equilibrium points of abstract economies, J. Austral. Math. Soc. Ser. A 53 (1992), 252–260.

Yuguang Xu Xian Wu Department of Mathematics Department of Mathematics Kunming Junior Normal College Yunnan Normal University Kunming Yunnan 650031 Kunming Yunnan 650092 People’s Republic of China People’s Republic of China