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This paper deals with a first-order differential equation with a polynomial nonlinear term. The
integrability and existence of periodic solutions of the equation are obtained, and the stability of
periodic solutions of the equation is derived.

1. Introduction

Consider the following first-order nonlinear differential equation:

% = > a(t)x"* (neN,n>2), (11)

k=0

when n = 2, (1.1) becomes Ricatti’s equation, when n = 3, (1.1) becomes the following non-
linear Abel type differential equation:

% = a(t)x® + b(t)> + c(t)x + d(t). (12)

The nonlinear Abel type differential equation plays an important role in many physical
and technical applications [1-9]. The mathematical properties of (1.2) have been intensively
investigated in the mathematical and physical literature. Matsuno [10] analyzed a two-
dimensional dynamical system associated with Abel nonlinear equation. Strobel and
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Reid [11], Reid and Strobel [12] have obtained superposition rules (prescriptions for
combining a finite number of known particular solutions in such a way to obtain the general
solution to a (system of) differential equation(s) without operation of integration) for the
Abel type equation, involving four or two particular solutions. Mak et al. [13], Mak and
Harko [14] have presented a solution-generating technique for Abel type ordinary differ-
ential equation, both suppose that y = y;(x) is a particular solution of (1.2), by means of
the transformations methods, and present an alternative method of generating the general
solution of (1.2) from a particular one.

Zheltukhin and Trzetrzelewski [15] developed the geometric approach to study the
dynamics of U(1)-invariant membranes. The approach reveals an important role of the
Abel nonlinear differential equation of the first type with variable coefficients depending on
time and one of the membrane extendedness parameters. The general solution of the Abel
equation was constructed.

However, little work was done about the integrability and periodicity of (1.1). In this
paper, we discuss the integrability and the periodic solutions of (1.1); the sufficient conditions
which guarantee the integrability and the existence of the periodic solutions for (1.1) are
obtained, and the stability of the periodic solutions of (1.1) is discussed. To the best of authors’
knowledge, this is the first paper considering the three periodic solutions of (1.1), some new
results are obtained.

The present paper is organized as follows. In Section 2, we give three lemmas to be
used later. In Section 3, the integrability of (1.1) is derived. In Section 4, the existence and
stability of the periodic solutions of (1.1) are obtained. In Section 5, we conclude our results.

2. Preliminary Lemmas

For the sake of convenience, suppose that f is a continuous w-periodic function defined on
R, we denote fir = supte[olw]f(t) and fr = infie[ow) f(t); m(f(t)) = (1/w) jg’ f(t)dt.
Consider the following:

% = x[a(t) + b(Hx""], (2.1)

ne€ N,n>2,a(t), b(t) are continuous functions defined on R.
Lemma 2.1. The domain R, = {x | x > 0} is positive invariant with respect to (2.1).

Proof. By (2.1), it follows that
x(t) = x(f) exp{ft [a(s) + b(s)x"-l(s)]ds}, (2.2)
to

the assertion is valid for all x(¢y) > 0, t > t. The proof is completed. O

Lemma 2.2. The domain R_ = {x | x < 0} is negative invariant with respect to (2.1).
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Lemma 2.3. Consider the following:

dx _

- = alhx +b(t), (2.3)

a(t), b(t) are continuous w-periodic functions, if m(a(t)) #0, then (2.3) exists a unique w-periodic
solution 1(t), and n(t) can be written as follows:

t+w t
b(s)elsw a7 g

e M@)o (2.4)

or

el Map(s)ds,  m(a(t)) <0,

n(t) = (2.5)

_f ejia(-r)drb(s)dsl m(a(t)) > 0.
t

Proof. The proof of Lemma 2.3 is a few, such as that of the papers [16, 17] and others, But in
[16], the author only proved the case of the almost periodic equation; in [17], the authors just
proved that Lotka-volterra equation has a unique globally attractive periodic solution, but
they did not give the very two expressions of the periodic solution as above. In order to make
the following proof clear, here we give our proof. O

From (2.3), it is easy for us to get the unique solution x(t) with the initial value x(tp) =
xo which can be written as follows:

t t t
x(t) = o DTy + f b(s)el M7 ds, (2.6)

to

thus we have

Hw t+w Hw
x(t+w) = el x4 I b(s)ek 2Mdrgg, (2.7)
to

Let t = ty, by (2.6) and (2.7), if x(t) is an w-periodic function, then it follows that x(ty) =
x(tp + w), thus we can get

[ b(s)el" a0 ds

1- eﬂ;’ a(t)dr

Xo = (28)
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Substitute (2.8) into (2.6), it follows that

j;o a(t)dr Jt

x(t) = e b(s)el: 2™ gg

4 b (s)eh! ™ AT g J-t
+

1- ej'g’ a(t)dr o

tt[())+w b(s)eﬁ—w a(n)dr gg 4 J‘tto b(s)eﬁ a(r)dr g _ ejg) a(t)dr J‘:O b(s)eﬁ a(r)dr 4o

1- ej‘g’ a(t)dr

(2.9)
. Lt;)w b(s)efﬁfw a(mdr gg 4 jf;i} b(s)ef;w a(rydr gg _ Lto b(s)eﬁm a4
1 = ely alndr
1 b(s)el g
- 1 = elo a(mdr
When m(a(t)) < 0, it follows that
(0 2 bl ds
o 1 = elo an)dr
j::) b(s)el-w™drgs — jfoo b(s)elw i g
) 1 — el a(mdr
_ J.ioo b(S)eL a(r)dr gq _ ﬁoo b(S)e-[s—w a(r)dr gg 010
1 - ely a(mdr
J‘ioo b(s)eﬁ- a('r)d'rds _ ejg’ a(t)dr J‘ioo b(S)eﬁ- a(T>deS
) 1 = ely atndr
t t
= f b(s)el:“Tds,
thus we have
t+w o
x(t+w) = f b(s)efs a(rdr g
t : 211
= j b(S)efs “(T)d'rds ( )
= x(t).

Hence, x(t) is a unique w-periodic solution of (2.3); we rewrite it as follows:

t t
n(t) = f b(s)ek 2 s, (2.12)
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Similarly, we can prove that when m(a(t)) > 0, (2.3) has a unique w-periodic solution
as follows:

n(t) = —f b(s)ek s gg. (2.13)

t

Remark 2.4. Under the conditions of Lemma 2.3, all the infinite integrals above are convergent.

3. A Sufficient Condition of Integrability of the First-Order Nonlinear
Differential Equation

In this section, we discuss the integrability of (1.1)

Theorem 3.1. Consider (1.1), where ay(t), a,(t) are continuous functions defined on certain interval
I, if there is a constant y such that the following conditions hold:

(F) @i (t) = (1) (0 = Dag(5)([] an(s)ds)"
(Hy) ax(t) = (—1)kC’n‘a0(t)(j'; an(s)ds)k, k=1,2,...,n-2,
then

(i) the general solution of (1.1) can be written as follows:

x(t) = i<ef ana(B)dt <c —(n-1) f aop(t)e’ “wlmdtdt) >1/(n1) + jt an(s)ds,  (3.1)

Y

where C is an integration constant which makes the number of root greater than zero if n is an odd
number.

(ii) Equation (1.1) has a particular solution

t
n(t) :f ay(s)ds. (3.2)

Y

Proof. (i) Since the conditions (H;), (H2) hold, (1.1) can be written as follows:

d<x _ j; an(S)dS> = <x - ft an(S)ds>

dt !

¢ n-1 t n-1
x [(—1)"a0(t) <I an(s)ds> + aop(t) <x - f an(s)ds> ] .
r Y

(3.3)
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Lety(t) =x - f; a,(s)ds, (3.3) can be changed as follows:

¢ n-1
% =y [(—1)”a0(t) <f an(s)ds> + ao(t)y”‘l] . (3.4)

r

This is the Bernoulli-type equation, set u(t) = y'"(t), the Bernoulli-type equation (3.4)
becomes

¢ n-1
% = (—1)"_1(n—1)a0(t)<f an(s)ds> u—(n-1)ao(t)

r

(3.5)
= an-1(Hu = (n—-T)ao(t),

according to the formula of general solution of linear differential equation, we can get that
the general solution of (3.5) is given by

u(t) = 6'[ an-1 (t)dt (C —(n-1) J‘ ao (t)e—_l‘anfl(t)dtdt> ) (3.6)
By the variable transformation of u(t) = y'™(t), it follows that

-1/(n-1)
y(t) = i<ef an-1 (Bt <c ~(n-1) j ao(t)e™! an—1<f>dfdt>> , (3.7)

since y(t) = x — J’; an(s)ds, we can get

x(f) = :I:<ef an (Dt <c -(n-1) f ag(t)e”! “”'“Mtdt) >_1/(H) + J't an(s)ds. (3.8)

Y

Remark 3.2. 1f n is an even number, take “+” in the front of above-corresponding formulas, if
n is an odd number, take “+”.

(ii) By (1.1), we set f(t,x) = 3}, ax(t)x™ ¥, thus f(t, x) is continuous on I x R, f(t, x)
is also continuous on I x R, hence (1.1) satisfies the principle of existence and uniqueness of
differential equation, therefore, (1.1) has no singular solution.

From the variable transformation of u(t) = y!~"(t), it requires y # 0, but from (3.4), we
know y = 0 is indeed a solution of (3.4). Since y = x — f; a,(s)ds, substitute 7(t) = j’; a,(s)ds
into (1.1), it just satisfies (1.1), so it is a particular solution of (1.1).

This is the end of the proof of Theorem 3.1. O

Corollary 3.3. Consider Abel type differential equation (1.2), a(t), d(t) are continuous functions
defined on certain interval I, if there is a constant y such that the following conditions hold:

() b(t) = =3a(t) [, d(s)ds,
(H2) c(t) = 2a(t) ([, d(s)ds)*,
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then the general solution of (1.2) can be written as follows:

x(t) = :i:(ef et (c -2 f a(t)e”! C(t)"”dt> >_1/2 + ft d(s)ds, (3.9)

Y

and f; d(s)ds is a particular solution of (1.2).

Corollary 3.4. Consider the following Ricatti’s equation:

Z—Jtc = a(t)x? +b(H)x +c(b), (3.10)

a(t), c(t) are continuous functions defined on certain interval I, if there is a constant y such that the
following condition holds:

(F) b(t) = -a(t) [ c(s)ds,
then the general solution of (3.10) can be written as follows:

x(t) = <ef b(t)dt (c - Ia(t)e‘f b(t)dtdt>)_l + f t c(s)ds, (3.11)

Y

and y(t) = f; c(s)ds is a particular solution of (3.10).

4. The Existence and Stability of Periodic Solutions of
the First-Order Nonlinear Differential Equation

Define

to t
Q= x|x>f ay(s)ds ¢, Q=4x|x> inf J‘ ay(s)ds ¢,
Y te[0,w] Y

to t
Q3 = {x|x<’[ an(s)ds}, Q4 = {x|x< sup an(s)ds},

Y te[0,w] Jy

(4.1)

where a,(t), y, w are the same function and numbers as the following Theorem 4.1, and t; is
any given initial time of (1.1).

Theorem 4.1. Consider (1.1), n is an odd number, and n > 2, ay(t), a,(t) are continuous w-periodic
functions defined on R, if there is a constant y such that the following conditions hold:

H) ay1(8) = (n = Dao(8) ([ an(s)ds)"™,
H>) ar(t) = (—1)kc',;a0(t)(f; an(s)ds)X k=1,2,...,n-2,

(H1)
(Ha)
(Hs) m(an(t)) =0, an(t) #0,
(Ha) ao(t) <0,
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then

(i) equation (1.1) has three w-periodic solutions n(t), ¢(t), x(t), and they can be written as

follows:
t
(t) =] an(s)ds,
1 L a(s)ds
; t Y-,
¢(t) _ <—(Tl _ 1) f ao (s)efs llnl(T)des> + J‘ ay (s)ds, (4.2)
. Y

; t /1)y
x(t) = —<—(n - 1)f ap(s)es “"1(T)d7ds> + f a,(s)ds;

Y

(ii) if given any initial value x(ty) € Qi, then the periodic solution ¢(t) of (1.1) is globally
attractive in Qo;

(iii) if given any initial value x(ty) € Qa, then the periodic solution y(t) of (1.1) is globally
attractive in Qyq.

Proof. (i) Since the conditions (H;), (H>) hold, (1.1) can be written as follows:

d<x—j£ an(s)ds> i <x_J-t an(s)ds>

dt .

n-1 n-1
X [—ao(t) <It an(s)d5> + ap(t) (x - jt an(s)ds> ] .
r ¥

Let y(t) = x - f; an(s)ds, (4.3) can be changed as follows:

¢ n-1
‘% =y [—ao(t) (I an(s)ds> + ao(t)y"_ll ) (4.4)

This is the Bernoulli-type equation, set u(t) = y'™"(t), the Bernoulli-type equation (4.4)
becomes

(4.3)

n-1
W - =Dt <ft an(s>ds> u=(n-TDay(t),
r (4.5)

% = ap-1(Hu— (n = T)ao(t).



Mathematical Problems in Engineering

By (H3), (Hy), it follows that

de ay(s)ds = ft ay(s)ds + Itw a,(s)ds

Y Y t

_ f an(s)ds + f " au(s)ds

Y 0

- f au(s)ds,

Y

(4.6)

thus f; an(s)ds is an w-periodic function, therefore, (n — 1)a0(t)(f; an(s)ds)" ™ is also an w-

periodic function and

n-1
ay-1(t) = (m—1)ap(t) <Jt an(s)ds> <0,

Y
since ag(t) <0, a,(t) #0 (not identically equal to zero), thus we have

m(an-1(t)) <0,

(4.7)

(4.8)

according to Lemma 2.3, it follows that (4.5) has a unique w-periodic solution as follows

! t
(P(t) = _(1’1 - 1) f aO(S)eL' an-1 (T)deS,

(4.9)

from (4.9), it is easy to know that ¢(t) > 0, since ¢(t) is periodic on R, it is bounded on R, so it
is positive and bounded, since u(t) = y'™(t), and by Lemmas 2.1 and 2.2, it follows that (4.4)

has two w-periodic solutions as follows:

; t “1/(n-1)
w(t) = <—(n -1) JL ap(s)es “"1(T)des> (¢(to) >0),

-1/(n-1)

v (1) = —<—<n -1) f ag(s)elt o <T>dfds> (¢ (t0) <0),

(4.10)
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thus ¢ (t) is also positive and bounded, and ¢*(¢) is negative and bounded, by virtue of y(t) =
x - ﬁ an(s)ds, (1.1) has two w-periodic solutions as follows:

¢ t -1/(n-1) ¢
P(t) = <—(n—1)f_ ao(s)es ”"1(T)d7ds> +f a,(s)ds,

Y

t t e,
x(®) = —<—(n - 1)j ao(s)els “"1(T)des> + j a,(s)ds,

Y

(4.11)

and ¢(t0) € Qq, (i)(t) €, x(to) € 93, X(t) € Q4.

By (1.1), weset f(t,x) = >}, ar(t)x™*, thus f(t,x) is continuous on Rx R, and f(t, x)
is also continuous on R x R, hence (1.1) satisfies the principle of existence and uniqueness of
differential equation, therefore, (1.1) has no singular solution.

From the variable transformation of u(t) = y!~(t), it requires y #0, but from (4.4), we
know y = 0 is indeed a solution of (4.4), since y(t) = x — j; a,(s)ds, hence n(t) = f; a,(s)ds
is a periodic solution of (1.1). Substitute 7(t) = f; an(s)ds into (1.1), it just satisfies (1.1), so

n(t) = f; an(s)ds is indeed a periodic particular solution of (1.1), therefore, we have proved
that (1.1) has three w-periodic solutions 7(t), ¢(t), and y(t).

(ii) According to the theories of linear differential equation, we know that the unique
solution u(t) of (4.5) with positive initial value u(ty) = uy is given by

t t t
u(t) = uoef’o 1 ()T _ (n-1) f ag(s)es #1174 (4.12)
to
Since
+ n-1
an-1(t) = (n—T1)ao(t) <J ﬂn(T)dT> , (4.13)
Y

thus a,,_1 (t) is an w-periodic function on R, and by (4.7), we know a,,_;(t) <0, thus (a,-1); <
0.
Following we prove that there is a positive number T > ty, such that

2way,
1- fg’ ap (T)dT’

(2%

(n - 1) (an—l)L

(1-¢) <u(t) <ug (4.14)

ast > T, here ¢ is any small positive number and ¢ < 1.
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From (4.12), given any positive number 1y > 0, by the condition ay(t) < 0 of

Theorem 4.1, it follows that u(t) > 0; following we first prove that u(t) has upper bound
on [tg, +o0)

t t .
u(t) = ugelo 1 — (1 - 1)J a(s)el: v (M gg
) (4.15)
t
S u() - (n - 1) f ao(s)ejg anfl(T)deS'

According to Lemma 2.3, it follows that

t t
u(t) <ug—(n-1) f ap(s)els a1 (M7 gg

(n-1) ft”w ao(s)ejst*w a1 (T)dT g

1-— ej'g) ay1(T)dt

_w(n- 1)ag ()l @1 (dT

1- efg’ ay-1(T)dr

, (t<i<t+w)

w(n = 1)ag()el # Oefi anar
-

1- el an(Ddr (4.16)

w(n - 1)ag(g)el a1 (Dldr oy ana (r)dr
0—

1 — e.[(()v an-1(7)dr

<u

w(n - 1)aO(é)ef([;)(lunfl('r)l*'an—l(T))dT
0—

1-— EJ‘(‘]‘) ay-1(t)dr

_w(n-T1)aog(é)
0 1- ej'é” a,_1(t)dr

<o — w(n-1)ag,

1— el apa(t)dr

So u(t) has upper bound on [#y, +o0).
Secondly, we prove that u(t) > (n —1)(ao,,/(an-1)) (1 —€)ast>T

t t
u(t) _ uoejfo an (T)dT (1’1 _ 1) f ao(s)eﬁ an,l(T)deS
to
t t
>—(n-1) J ag(s)els #1(Md7 gg
to

t
>-(n-1) J ag,, e =5 dg
to
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= (=) (s ) (1= et

_ Ll (1)1 (tto)
=(n-1 A A
=125 ( )

(4.17)

Since lim;_, ,,e(@ (=) = 0 forall € > 0 (¢ < 1), there must be T > t;, when t > T, we have
el@-L(th) < ¢ hence when t > T, we can get

ao

uty = (e =DE 75,

(1-¢), (4.18)

therefore, we have proved that there is a positive number T > ty, as t > T, it follows that

aoy, w(n-1) ao,

(an—l)L

(n-1) Q1-¢) <u(t) <up- (t>T), (4.19)

1- ej'é‘) an(r)dr”

under the transformation of u(t) = y'™(t), y(t) = x(t) - f; a,(s)ds, we can get the following.
If given the initial value

to
x(to) = (up) V"V 4 f a,(s)ds € Q, (4.20)
Y

then the unique solution x(t) of (1.1) is given by

¢ , -1/(n-1) ¢
ao(s)ek “"1(7)d7ds> +f a,(s)ds, (4.21)
Y

x(t) = (uoejfo ()T _ (n-1)

to

if given the initial value

to
x(to) = —(ug) /™ 4 f an(s)ds € Qs, (4.22)
Y

then the unique solution x*(t) of (1.1) is given by

) ; t /(1)
x*(t) = - <u0efto @At _ 1) | ag(s)els “"1(T)des> + J an(s)ds, (4.23)

to Y

and it is easy to know x(t) € Q, and x*(t) € Q4, respectively.
Define a Lyapunov function as follows:

V(tu ) = (u-9)’, (424)
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13

where u(t) is the unique solution with the positive initial value u(ty) = 1 of (4.5), and ¢ is
the unique positive w-periodic solution of (4.5), differentiating both sides of (4.24) along the

solution of (4.5), we get

av (t,u,¢) B du dy
—a ‘2(”_‘P)<E_E>

=2a,1(t)(u - )’
by (4.24), we have

av(t,u, )
V(tu )

=2a,(t)dt,
thus
V(t,9) =V (to,ulto), (ko)) elo %,
by (4.24), we can get
(=) = (ulto) - plt)) el %,
by (4.28), that it follows

|u— | = u(to) - p(to) |efto an-1(s)ds

since

x(t) =u V() + I t a(s)ds, () = VD (1) + It a,(s)ds,
Y Y

it follows that

u(t) - ! O ! .

(x) - f; an(s)ds)" (901} an(s)ds)”

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)
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substitute (4.31) into (4.29), it follows that

1 1

(xt -1 an(s)ds>n_l (p-1; an(s)ds>n_l

(4.32)

= 1 B 1 oy an1 ()ds

(x(to) [ an(s)dts) ™ (ptto) - [ au(s)ds) "

According to mean value theorem, we can get

|- = 1) (x(B) - $(O)] = |~(n = 1) (x(ko) — P(to)) | ™%, (4.33)

where
t t
x(t) - J‘ an(s)ds <& < ¢(t) - f a,(s)ds (4.34)
¥ Y
or
p(t) - f an(s)ds < & < x(t) - f an(s)ds,
! ! (4.35)
to to
x(to) —f an(s)ds < ¢ < ¢(ty) —f a,(s)ds
¥ ¥
or
to to
¢(to) —f a,(s)ds < ¢ < x(tp) —J a,(s)ds. (4.36)
¥ ¥

Since ¢(t) is positive and bounded, and from (4.19), (4.31), we know that

to

t t to
x(t) - J‘ an(s)ds, ¢(t) —j an(s)ds, x(to) —I an(s)ds, (to) — j a,(s)ds (4.37)
Y

Y Y Y

are positive and bounded as t > T, hence ¢, § are positive and bounded as t > T, so we have

|x(t) - p(t)| = (%) |x(to) - $(to) |effo an-1(s)ds (4.38)
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by (4.8), it follows that

f ay-1(s)ds — —oo, (4.39)

fo

ast — +oo, and by (4.38), we can get that the w-periodic solution ¢(t) of (1.1) is globally at-
tractive in €.

(iii) The proof of the periodic solution y(t) of (1.1) being globally attractive in Q4 is
similar to that of the periodic solution ¢(t) of (1.1) being globally attractive in £,, so we omit
it here.

This is the end of the proof of Theorem 4.1. O

Remark 4.2. In Theorem 4.1, since the transformation of u = yl‘", it follows u > 0, thus we
suppose the initial value u(ty) > 0.

Theorem 4.3. Consider (1.1), nis an even number, and n > 2, ay(t), a,(t) are continuous w-periodic
functions defined on R, if there is a constant y such that the following conditions hold:

(Hy) apa () = (1= mag() ([} an(s)ds)",

(Hy) ax(t) = (—l)kCﬁaO(t)(f; an(s)ds)k, k=1,2,...,n-2,

(Hs) m(an(t)) = 0, an(t) 0,
(Ha) ao(t) <0, [ an(s)ds <0,

then
1) equation (1. as two w-periodic solutions n(t), ¢(t), and they can be written as follows:
i) equation (1.1) h periodic solutions 1 d they b i 11
t
1) = [ an(s)as,
¥
, t EYICEIN (4.40)
P(t) = <—(n— 1)f ao(s)es an-l<f>des> +j a,(s)ds.
o ¥
(ii) If given any initial value x(ty)) € & = {x | x > f;o an(s)ds}, then the periodic solution
@(t) of (1.1) is globally attractive in Q, = {x | x > infie[g w] J'i an(s)ds}.
Proof. The proof of Theorem 4.3 is similar to that of Theorem 4.1, so we omit it here. O

Theorem 4.4. Consider (1.1), n is an even number, and n > 2, ay(t), a,(t) are continuous w-periodic
functions defined on R, if there is a constant y such that the following conditions hold:

() an1 (t) = (1= n)ao(t)([ an(s)ds)"",

(H2) a(t) = (-1 Cag()([! an(s)ds) k=1,2,...,n-2,

(Hs) m(an(t) = 0, an(t) 20,
(Ha) ao(t) > 0, [ an(s)ds >0,
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then

(i) equation (1.1) has two w-periodic solutions 1(t), ¢(t), and they can be written as follows:

t
1) = [ au(o)ds,

Y

t , -1/(n-1) t
(i)(t) = <—(n— 1) Ji ao(s)efs anl(T)des> +J‘ an(S)dS-

Y

(4.41)

(ii) If given any initial value x(tp) € Q1 = {x | x < ﬁo an(s)ds}, then the periodic solution

@(t) of (1.1) is globally attractive in Q, = {x | x < SUP;(0,0] fi a,(s)ds}.

Proof. The proof of Theorem 4.4 is similar to that of Theorem 4.1, so we omit it here.
From Theorem 4.1, if n = 3, it is easy for us to draw the following corollary.
Define

to

t
Q = {x|x> d(s)ds}, Q, = {x|x> inf f d(s)ds},
te[0,w] Y

Q3 = {x|x<jt0d(s)ds}, Q= {x|x< sup td(s)ds},

Y te[0,w] /¥

,
(4.42)

where d(t), y, w are the same function and numbers as the following Corollary 4.5, and ¢, is
any given initial time of (1.2). O

Corollary 4.5. Consider Abel type differential equation (1.2), a(t), d(t) are w-periodic continuous
functions defined on R, if there is a constant y such that the following conditions hold:

() b(t) = =3a(t) [, d(s)ds;

(F2) c(t) = 2a(t)([; d(s)ds)*;

(Hz) m(d(t)) = 0, d(t) #0;

(Hi) a(t) <0;
then

(i) equation (1.2) has three w-periodic solutions n(t), ¢(t), x(t), and they can be written as
follows:

t
() =j d(s)ds,

Y

t , -2

P(t) = <_2J a(s)efsc(r)drds> +I d(s)ds, (4.43)
o v
-1/2

X(t)=—<—2J‘i a(S)eﬁc(T)deS> + | d(s)ds.
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(ii) If given any initial value x(ty) € €1, then the periodic solution ¢(t) of (1.2) is globally
attractive in Q,.

(iii) If given any initial value x(ty) € Qs, then the periodic solution y(t) of (1.2) is globally
attractive in Qyq.

From Theorems 4.3 and 4.4, if n = 2, it is easy for us to draw the following corollaries.

Corollary 4.6. Consider Ricatti’s equation (3.10), a(t), c(t) are w-periodic continuous functions
defined on R, if there is a constant y such that the following conditions hold:

(1) b(t) = ~a(t) [, c(s)ds;
(Ha) m(c(t)) = 0, c(t) £0;
(Hs) a(t) <0, j;c(s)ds <0;

then

(i) equation (3.10) has two w-periodic solutions 1(t), ¢(t), and they can be written as follows:

t
m0=f0@Ma

Y

t t
d(t) = <- f ) a(s)efsb(T)des>

(ii) If given any initial value x(tp) € Q1 = {x | x > fio c(s)ds}, then the periodic solution ¢(t)

G (4.44)
+J‘ c(s)ds.

Y

of (3.10) is globally attractive in Qy = {x | x > infie[o,w] f; c(s)ds}.
Corollary 4.7. Consider Ricatti’s equation (3.10) a(t), c(t) are w-periodic continuous functions
defined on R, if there is a constant y such that the following conditions hold:
(H1) b(t) = —a(t) f; c(s)ds;

(Ha) m(c(t)) = 0, c(t) £0;
(Hz) a(t) >0, j;c(s)ds >0;

then,

(i) equation (3.10) has two w-periodic solutions y(t), ¢(t), and they can be written as follows:

t
1) = [ c(s)ds,

Y

t , -
() = <— f_ a(s)efsb(T)des>

(ii) If given any initial value x(tp) € Q1 = {x | x < J’i" c(s)ds}, then the periodic solution ¢(t)

o, (4.45)
+ f c(s)ds.

Y

of (3.10) is globally attractive in L = {x | x < SUp,cg J'; c(s)ds}.
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Theorem 4.8. Consider (1.1), n is an odd number, and n > 2, ay(t), a,(t) are continuous w-periodic
functions defined on R, if there is a constant y such that the following conditions hold:

() @n1 (1) = (n = Dao(t)([; an(s)ds)"";
(o) ax(t) = (~1)*Chao(t)([} an(s)ds), k =1,2,...,n-2;

(Hz) m(an(t)) =0, an(t) #0;
(Hy) ao(t) > 0;

then,

(i) equation (1.1) has three w-periodic solutions 1(t), ¢(t), x(t), and they can be written as

follows:
t
® = [ an(s)ds,
" L
o 1/(n-1)  at
—((n-1 i ana(r)dr g «(s)ds, 4.46
o(t) (m >L a(s)e § +Law)s (4.46)

+o0 , “1/(m=1)
x(t) = —((n -1) J ag(s)e a,,,1<7)drds> + f a,(s)ds.
t

Y

(ii) if given any initial value x(typ) € Qi U Qo, then the periodic solution n(t) of (1.1) is
globally attractive in Qz U Qy, where

to to
Qr=1x| I a,(s)ds < x < ((p(fg))_l/n_1 + f an(s)ds},
¥ ¥

O = J‘to ama (0
p=3x| | an(s)ds>x>—(p(t)) + j ay(s)dsy,
Y Y

te[0,w] Y

t t
Q3 ={x| ti[%f ]f a,(s)ds < x < sup <((p(t))_1/("_l) +j an(s)ds> }, (4.47)
€l0,w Y
t

t
Qi=4x]| sup | ax(s)ds 2x>ti[r01f]<—(¢p(t))—1/(n—1) +f an(s)ds>},
€|0,w

te[0,w] Jy Y

(P(t) (n - 1) f ao(s)eﬁ anfl(T)des‘
t

Remark 4.9. Where ¢(t) above is the same function as that of the following formula (4.54),
and tj is any given initial time of (1.1).
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Proof. (i) Since the conditions (H;), (Hz) hold, (1.1) can be written as follows:

d<x _ f; an(s>ds) = (x - jt an(s)ds>

dt ,

n-1 n-1
X [—ao(t) <ft an(s)ds> + ap(t) <x - f an(s)ds> ] .
r Y

Lety(t) =x - ﬁ a,(s)ds, (4.48) can be changed as follows:

¢ n-1
i%/ = [—ao(t) (L an(s)ds> + ao(t)ynll . (4.49)

This is the Bernoulli-type equation, set u(t) = y'™(t), the Bernoulli-type equation (4.49) be-
comes

(4.48)

n-1
W n- 1>ao<t>< [ t an(s>ds> = (n=1)ay(t),
. (4.50)
W O (= Dan(t)
By (H3), (Hy), it follows that
tw t t+w
n(s)ds = | an(s)ds + n(s)d
LassLassLaSS
t w
=f an(s)ds+f a,(s)ds (4.51)
y 0
= ft a,(s)ds,
Y

thus f; an(s)ds is an w-periodic function, therefore, (n — 1)a0(t)(f; a,(s)ds)"! is also an w-
periodic function and

n-1
ay1(t) = (m=1)ag(t) <Jt an(s)ds> >0, (4.52)

Y
since ag(t) > 0, a,(t) #0 (not identically equal to zero), thus we have

m(an-1(t)) >0, (4.53)
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according to Lemma 2.3, it follows that (4.50) has a unique w-periodic solution as follows:
+0oo "
p(t) = (n-1) J ag(s)els a1(Mdrgg (4.54)
t

from (4.54), it is easy to know that ¢(t) > 0, since ¢(t) is periodic on R, it is bounded on R,
so it is positive and bounded, since u(t) = y'™(t), and by Lemmas 2.1 and 2.2, it follows that
(4.49) has two w-periodic solutions as follows:

oo t 1/(n-1)
w(t)=<(n—1)f ao<s>efs“"fl<f>dfds) , () > 0),
' (4.55)

oo , “1/(n-1)
w*(t>=—(<n—1>j ao(s>efs“"fl<ﬂd7ds) . (¢*(to) <0),
t

thus ¢s(t) is also positive and bounded, and ¢*(¢) is negative and bounded, by virtue of y(t) =
x - ji an(s)ds, (1.1) has two w-periodic solutions as follows:

+oo -1/(n-1)
P(t) = ((n -1) L ao(s)eﬁ “"*1(7)"”515) + ft an(s)ds,
! (4.56)

+oo t -
x) = —((n -1) J ao(s)efs “"’1(T)d7ds> + j an(s)ds.
t

Y

By (1.1), we set f(t,x) = 3}, ax(H)x"*, thus f(t,x) is continuous on R x R, and fy(t, x) is
also continuous on R x R, hence (1.1) satisfies the principle of existence and uniqueness of
differential equation, therefore, (1.1) has no singular solution.

From the variable transformation of u(t) = y!™(t), it requires y # 0, but from (4.49), we

know y = 0 is indeed a solution of (4.49), since y(t) = x — j; a,(s)ds, hence 7(t) = f; a,(s)ds
is a periodic solution of (1.1). Substitute 7(t) = f; an(s)ds into (1.1), it just satisfies (1.1), so
n(t) = f; an(s)ds is indeed a periodic particular solution of (1.1), therefore, we have proved
that (1.1) has three w-periodic solutions 7(t), ¢(t) and y(t).

(ii) According to the theories of linear differential equation, we know that the unique
solution u(t) of (4.50) with the positive initial value u(ty) = uo is given by

t t :
1(t) = upeh O _ (1) [ ag(s)el e @ g
fo (4.57)

_ ejfo ay-1(t)dt [uo _ tp(to)] + ().

If given the initial value 1y > @(to), then u(t) > ¢(t) > 0.
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Remark 4.10. Since the transformation of u(t) = y~"(t), it requires u(t) > 0, in addition,

ol a1 (AT _ (n=1) fi ao()([] an(@)de)" " dr (4.58)

ast — +oo, that is to say, it requires ug > ¢(to).

Under the transformation of u(t) = y'™(t), y(t) = x(t) - f; a,(s)ds, we can get the
following.
If given the initial value

to to
x(to) = (up) /™ + f an(s)ds < p(to) /Y +I an(s)ds € Qi, (4.59)
Y Y
then the unique solution x(t) of (1.1) is given by
t ; f )y
x(t) = (uoejfo ap(r)dr (n—-1) ao(s)ejs an—l(T)deS> + J‘ a,(s)ds, (4.60)
t(] Y
and it is easy for us to know that x(t) € Q3.
If given the initial value
to 1 1 to
x(to) = —(up) ™/ " 4 f an(s)ds > —(q(to)) /"7 +I ay(s)ds € Q; (4.61)
¥ ¥
then the unique solution x(¢) of (1.1) is given by
t ; t “1/(n-1) 4
x(t) = — <uoejfo a1 (T)dr _ (n—1) ao(s)efs anl(T)deS> + f a,(s)ds (4.62)
to Y

it is easy for us to know that x(t) € Q4.
Therefore, we can draw the following conclusion.
If given the initial value x(tp) € Q; U Q,, then x(t) € Q3 U 4.
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Next, we prove that the periodic solution 7(t) of (1.1) is globally attractive in Q3 U €4
if given the initial value x(tg) € £2; U €.

t

|x(t) = n(t)] =

t -1/(n-1)
t
i(uoejfo ap1(T)d7 _ (n-1) ao(s)efs an-1 ('r)drds>

to

: , t ~1/(n-1)
— <u0€J’0 ap1(7)dt (TL _ 1) f ao(s)efs anl(T)des>
to

J't ay-1(7)dr /ey
= <e 0 W Tug — g (to)] + tp(t)> (4.63)

_ |x(t0) — 11(to) |
[x(to) = (ko) |1 el ™ D [y — o(20)] + p(t)
|x(t0) = 1(to) |

H\/(l/ o) [eﬂ(’ @O g — p(to)] + (t)

4

by (4.53), it follows that

t
j au-1(s)ds — +oo, (4.64)

to

as t — +oo, from (4.63), we can get that the w-periodic solution 7(t) of (1.1) is globally
attractive in Qz U Q4.
This is the end of the proof of Theorem 4.8. O

Theorem 4.11. Consider (1.1), n is an even number, and n > 2, ay(t), a,(t) are continuous w-
periodic functions defined on R, if there is a constant y such that the following conditions hold:

(H1) ana(t) = (1=m)ao(t)(f} an(s)ds)"";
(Hy) ax(t) = (-1)’<c’,§a0(t)(j; an(s)ds)X k=1,2,...,.n-2;
(Hs) m(an(t)) = 0, an(t) £0;
(Ha) ao(t) <0, [ an(s)ds > 0;
then

(i) equation (1.1) has two w-periodic solutions 1(t), ¢(t), and they can be written as follows:

t

1) = [ an(o)ds,
Y

(4.65)

b(t) = ((n ~1) I :m ag(s)els an—1<f>des>1/(nl) + f a,(s)ds;

Y
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(ii) if given any initial value x(tp) € Q1 = {x | x > f;" an(s)ds}, then the periodic solution

n(t) of (1.1) is globally attractive in Qy = {x | x > infie[ow] j; a,(s)ds}.
Proof. The Proof of Theorem 4.11 is similar to that of Theorem 4.8, so we omit it here. O

Theorem 4.12. Consider (1.1), n is an even number, and n > 2, ag(t), a,(t) are continuous w-
periodic functions defined on R, if there is a constant y such that the following conditions hold:

(F1) a1 () = (1= m)ao(8)([} an(s)ds)"";
(Hy) ax(t) = (—1)’<c’,;a0(t)(j; an(s)ds)f, k=1,2,...,n-2;

(H3) m(a,(t)) =0, a,(t) £0;
(Hy) ag(t) >0, f; an(s)ds < 0;

then
(i) equation (1.1) has two w-periodic solutions 1(t), §(t), and they can be written as follows:
t
1) = [ ans)as,
¥
(4.66)
+00 . -1/(n-1) t
P(t) = ((n -1) f ag(s)es “Mﬂdfds) + f an(s)ds;
t Y
(ii) if given any initial value x(tp) € Q1 = {x | x < fi“ a,(s)ds}, then the periodic solution
n(t) of (1.1) is globally attractive in Q, = {x | x < SUP;e[0,0] f; a,(s)ds}.
Proof. The Proof of Theorem 4.12 is similar to that of Theorem 4.8, so we omit it here. O

From Theorem 4.8, if n = 3, it is easy for us to draw the following corollary.

Corollary 4.13. Consider Abel type differential equation (1.2), a(t), d(t) are w-periodic continuous
functions defined on R, if there is a constant y such that the following conditions hold:

(1) b(t) = =3a(t) [, d(s)ds;
(FI2) c(t) = 2a(t)([; d(s)ds)*;
(Hs) m(d(t)) = 0, d(t) £0;
(Hy) a(t) > 0;

then
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(i) equation (1.2) has three w-periodic solutions n(t), ¢(t), x(t), and they can be written as
follows:

t
n = [ s,
Y

o(t) = <2 fw a(s)ef:C(T)des>_l/2 + f d(s)ds, (4.67)
Y

x(t) = (2 Lw a(s)efécwdfds)_l/z + f d(s)ds.
Y

(ii) If given any initial value x(ty) € q U Ly, then the periodic solution 1(t) of (1.2) is global-
ly attractive in Q3 U Ly, where

to to
Qi ={x|| d(s)ds<x<(pty))"*+ f d(s)ds},
Y Y

t[) t()
Qo ={x|| d(s)ds>x>—(p(ts)) "+ d(s)ds},
Y Y

t t
Qs;=1{x| inf J d(s)ds < x < sup ((q;(t))l/z +f d(s)ds> }, (4.68)
tG[O,(A)] y te[O,w] y
t P
Qu=13x| sup | d(s)ds>x> inf (—((p(t)) / +j d(s)ds> },
te[0,w] V¥ te[0w] y

p(t) = 2f a(s)eﬁc(T)des'
t

From Theorem 4.11 and 4.6, if n = 2, it is easy for us to draw the following corollaries.

Corollary 4.14. Consider Riccati’s equation (3.10), a(t), c(t) are w-periodic continuous functions
defined on R, if there is a constant y such that the following conditions hold:

(Hy) b(t) = ~a(t) [} c(s)ds;

(Hz) m(c(t)) =0, c(t) £0;

(Hz) a(t) <0, j;c(s)ds >0;
then

(i) equation (3.10) has two w-periodic solutions 1(t), ¢(t), and they can be written as follows:

1) = [ ctsyds,
! (4.69)

t

d(t) = <Lm a(s)ef§b<f>des>l +I c(s)ds.

Y
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(ii) If given the initial value x(tg) € 1 = {x | x > ﬁ“ c(s)ds}, then the periodic solution 7(t)
of (3.10) is globally attractive in Qy = {x | x > infie[o,w] f; c(s)ds}.

Corollary 4.15. Consider Riccati’s equation (3.10), a(t), c(t) are w-periodic continuous functions
defined on R, if there is a constant y such that the following conditions hold:

(Hy) b(t) = —a(t) gc(s)ds;

(H) m(c(t)) =0, c(t) £0;

(Hs) a(t) >0, J’ic(s)ds <0;
then

(i) equation (3.10) has two w-periodic solutions 1 (t), ¢(t), and they can be written as follows:

t
n(t) =f c(s)ds,
Y
(4.70)

d(t) = qw a(s)eflb(ﬂdfds>_l + Jt c(s)ds.

t Y

(ii) If given any initial value x(tp) € Q1 = {x | x < j;‘) c(s)ds}, then the periodic solution 7(t)
of (3.10) is globally attractive in L = {x | x < SUp,g J'; c(s)ds}.

5. Concluding Remarks

Generally, just as Ricatti’s equation, (1.1) is nonintegrable, however in the present paper,
we have got a sufficient condition which guarantees the integrability and have presented
some exact periodic solutions of nonlinear equation if the coefficients of (1.1) satisfy certain
conditions; moreover, we get that the periodic solutions are globally attractive in certain
conditions. These conclusions will have certain applications.
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