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This paper is concerned with the problems of exponential admissibility and dynamic output feed-
back (DOF) control for a class of continuous-time switched singular systems with interval time-
varying delay. A full-order, dynamic, synchronously switched DOF controller is considered. First,
by using the average dwell time approach, a delay-range-dependent exponential admissibility
criterion for the unforced switched singular time-delay system is established in terms of linear
matrix inequalities (LMIs). Then, based on this criterion, a sufficient condition on the existence of
a desired DOF controller, which guarantees that the closed-loop system is regular, impulse free
and exponentially stable, is proposed by employing the LMI technique. Finally, some illustrative
examples are given to show the effectiveness of the proposed approach.

1. Introduction

The past decades have witnessed an enormous interest in switched systems, due to their
powerful ability in modeling of event-driven systems, logic-based systems, parameter- or
structure-varying systems, and so forth; for details, see [1-4] and the references therein.
Switched systems are a class of hybrid systems, which consist of a collection of continuous-
or discrete-time subsystems and a switching rule specifying the switching between them.
When focusing on the classification problems in switched systems, it is commonly recognized
that there exist three basic problems [1]: (i) finding conditions for stability under arbitrary
switching; (ii) identifing the limited but useful class of stabilizing switching signals, and
(iii) construct a stabilizing switching signal. Many effective methods have been presented to
tackle these three basic problems such as the multiple Lyapunov function approach [5], the
piecewise Lyapunov function approach [6], the switched Lyapunov function approach [7],
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the convex combination technique [8], and the dwell time or average dwell time scheme [9-
12]. On the other hand, time-delay is very common in engineering systems and is frequently
a source of instability and poor performance [13]. Therefore, control of switched time-delay
systems has received more and more attention in the past few years; see [14-23] and the
references therein.

As far as we know, singular systems (known also as descriptor, implicit or differential
algebraic systems) also provide a natural framework for modeling of dynamic systems and
describe a larger class of systems than the regular system models [24]. Switched singular
systems have strong engineering background such as electrical networks [25], economic
systems [26]. Recently, many results have been obtained in the literature for switched
singular systems, such as stability and stabilization [27-30], reachability [31], H,, control and
filtering problems [32]. For switched singular time-delay (SSTD) systems, due to the coupling
between the switching and the time-delay and because of the algebraic constraints in singular
model, the behavior of such systems is much more complicated than that of regular switched
time-delay systems or switched singular systems, and thus, to date, only a few results have
been reported in the literature. In [33], the robust stability and H, control problems for
discrete-time uncertain SSTD systems under arbitrary switching were discussed by using
switched Lyapunov functions. In [34], a switching signal was constructed to guarantee the
asymptotic stability of continuous-time SSTD systems. However, the aforementioned results
are focused on the basic problem (i), see [33], and problem (iii), see [34], for SSTD systems.
Problem (ii) is to identify stabilizing switching signals on the premise that all the individual
subsystems are stable. Basically, we will find that stability is ensured if the switching is
sufficiently slow [1], and it is well known that dwell time and average dwell time are two
effective tools to define slow switching signals. In [9], it was shown that if all the individual
subsystems are exponentially stable and that the dwell time of the switching signal is not
smaller than a certain lower bound, then the switched systems is exponentially stable. This
result was extended to both continuous-time switched linear time-delay systems [16] and
discrete-time cases [17]. Unfortunately, so far, to the best of the authors’” knowledge, the
problem of solving the basic problem (ii) for SSTD systems via the dwell time or average
dwell time scheme remains open and unsolved. On the other hand, the results in [33] are
derived based on the state feedback controller. In fact, in many practical systems, state
variables are not always available. In this case, the design of a controller that does not require
the complete access to the state vector is preferable. An important example of such controller
is the dynamic output feedback (DOF) controller. However, little attention has been paid to
the DOF controller design problem for SSTD systems. This forms the motivation of this paper.

In this paper, we are concerned with the problems of exponential admissibility and
DOF control for a class of continuous-time switched singular systems with interval time-
varying delay. A full-order, dynamic, synchronously switched DOF controller is designed.
First, by using the average dwell time approach and the piecewise Lyapunov function
technique, a delay-range-dependent exponential admissibility criterion is derived in terms
of LMIs, which guarantees the regularity, nonimpulsiveness, and exponential stability of
the unforced system. A estimation of the convergence of the system is also explicitly given.
Then, the corresponding solvability condition for the desired DOF controller is established
by employing the LMI technique. Finally, some illustrative examples are given to show the
effectiveness of the proposed approach.

Notation. Throughout this paper, R” denotes the n-dimensional Euclidean space and R™"
is the set of all n x n real matrices. P > 0 (P > 0) means that matrix P is positive definite
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(semipositive definite). Amin(P) (Amax(P)) denotes the minimum (maximum) eigenvalue of
symmetric matrix P. C,4 := C([-d,0],R") denotes the Banach space of continuous vector
functions mapping the interval [-d,0] to R". Let x; € C, 4 be defined by x; := x(t + 0),
6 € [-d,0]. || - || denotes the Euclidean norm of a vector and its induced norm of a matrix
and [|x¢lla = sup_yyllx(t + 0)||. The superscript “T” represents matrix transposition, the

symmetric terms in a matrix are denoted by “+”. diag{- - - } stands for a block-diagonal matrix
and Sym{ A} is the shorthand notation for A + AT.

2. Preliminaries and Problem Formulation

Consider a class of SSTD systems of the form

Ex(t) = Aopyx(t) + Adowx(t — d(t)) + Bopu(t),
y(t) = Comyx(t) + Caoyx(t - d(t)), (2.1)
x(t) =¢(t), te[-di-d0],

where x(t) € R” is the system state, u(t) € R™ is the control input, and y(t) € R” is the
measured output; o(t) : [0,+00) — O = {1,2,...,N} with integer N > 1 is the switching
signal; E € R™" is a singular matrix with rank E = r < n; for each possible value o(t) = i,i € J,
Ai, Agi, Bi, C; and Cg; are constant real matrices with appropriate dimensions; ¢(t) € Cy, 4,44,
is a compatible vector valued initial function; d(t) is an interval time-varying delay satisfying

di<d(t)<di+do, dt)<p, 2.2)

where d; > 0,d; >0and 0 < p <1 are constants.

Remark 2.1. Model (2.1) can describe many practical time-delay systems (e.g., chemical
engineering systems, lossless transmission lines, partial element equivalent circuit, etc.) with
time-varying parameters or structures, which may be caused by random failures and repairs
of the components, sudden environment changes, and varying of the operating point of a
system [13, 35]. In real application, the importance of the study of controller design problem
for model (2.1) also arises from the extensive applications in networked control [36].

Since rank E = r < n, there exist nonsingular transformation matrices P, Q € R such
that PEQ = diag{I,,0}. In this paper, without loss of generality, let

E = diag{I,,0}. (2.3)

Corresponding to the switching signal o(f), we denote the switching sequence by S :=
{Go, t0),--., (i, tc) | ik € 9,k =0,1,...} with t; = 0, which means that the i, subsystem
is activated when t € [tx, tx+1). To present the objective of this paper more precisely, the
following definitions are introduced.
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Definition 2.2 (see [16, 37]). For the switching signal o(t) and any delay d(t) satisfying (2.2),
the unforced part of system (2.1)

Ex(t) = Aspx(t) + Adonx(t —d(t)), 20
X1, (0) = x(tg +0), 0 € [~d; —da, 0] '

is said to be

(1) regular if det(sE — A;) is not identically zero for each o(t) =i,i € ),
(2) impulse free if deg(det(sE — A;)) = rank E for each o(t) =i,i € J,

(3) exponentially stable under the switching signal o(t) if the solution x(t) of system
(2.4) satisfies |lx(t)|| < te™*¢)||xy ||4,4a,, for all t > o, where A > 0 and ¢ > 0 are
called the decay rate and decay coefficient, respectively;

(4) exponentially admissible if it is regular, impulse free and exponentially stable under
the switching signal o(t).

Definition 2.3 (see [9]). For any T, > T1 > 0, let N;(T1, T>) denote the number of switching of
o(t) over (T, T). If No(Ty,T2) < No + (T> — T1) /T, holds for T, > 0, Ny > 0, then T, is called
average dwell time. As commonly used in the literature, we choose Ny = 0.

This paper considers the full-order DOF controller of the following form:

E.x. (t) = Aco(t)xc(t) + Bco(t)y(t)r
u(t) = Cco(t)xc(t) + Dco(t)y(t)/

(2.5)

where x.(t) € R" is the controller state vector, and E., A, B.i, C.; and D;, o(t) =1i,i € 0, are
appropriately dimensioned constant matrices to be determined.

Then, the problem to be addressed in this paper can be formulated as follows: given
the SSTD system (2.1), identify a class of switching signal o(t) and design a DOF controller
of the form (2.5) such that the resultant closed-loop system is exponentially admissible under
the switching signal o (t).

Before ending this section, we introduce the following lemma, which is essential for
the development of our main results.

Lemma 2.4. For any constant matrix Z € R"™", Z = ZT > 0, positive scalar a, and vector function
X : [-T,00) — R" such that the following integration is well defined, then

ar 1 pt t T t

e -1 f e“50 5T () ET ZEx (s)ds > f Ex(s)ds ) Z f Ex(s)ds ), t>0,
a t=d(t) t—d(t) t=d(t)

(2.6)

where 0 < d(t) <.
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Proof. The proof is almost the same as Lemma 1 in [20]. Using Schur complement, we have

e’ Vil (s)ETZEx(s) T (s)ET
[ (s) (s) x'(s) ] . 27)
* ea(t—s) Z—l
Integrating it from t — d(t) to t, we get
t t
f e NxT (s)ET ZEx(s)ds I xT(s)ETds
t-d(t) t=d(t)
. (e —1)Z! >0. (2.8)
a
Using Schur complement again, we find that Lemma 2.4 holds. O

3. Main Results

In this section, we first apply the average dwell time approach to investigate the exponential
admissibility for SSTD system (2.4), and give the following result.

Theorem 3.1. For prescribed scalars a« > 0, d; > 0, dp, > 0and 0 < p < 1, if for each i € O, there
exist matrices Qy > 0, Zy > 0,1=1,2, and P; of the following form

P11 O
P = (3.1)
Pp1 P

with Py € R”, Piny > 0, and Py being invertible, such that

(OFH PiTAdi + AiTl,IiAd,- ClETZﬂE
D; = | = D ETZ,E| <0, (3.2)

* * Dj33

where @1 = Sym{PlTAl} + 212:1 Qil + LKETP,' - ClETZilE + AITUI'A,', @ = —(1 - I/l)efa(d] +d2)Q,’2 -
0ETZpE + ALU;Agi, ®izz = —e Qi — ETZyE — E"ZpE, ¢1 = (ady)/(e* - 1), ¢; =
(adp)/ (e = 1) and U; = d?Zy + d3e* Zp. Then, system (2.4) with d(t) satisfying (2.2) is
exponentially admissible for any switching sequence S with average dwell time T, > T = (Inf)/a,
where B > 1 satisfies

P11 < PP, Qu<PQji, Za<PZy, 1=1,2, Vi jeD. (3.3)

Moreover, an estimate on the exponential decay rate is L = (1/2)(a — (In )/ T,).
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Proof. The proof is divided into three parts: (i) to show the regularity and nonimpulsiveness;
(ii) to show the exponential stability of the differential subsystem; and (iii) to show the
exponential stability of the algebraic subsystem.

Part (i) regularity and nonimpulsiveness. According to (2.3), for each i € 0, denote

Al Az Zan Zan
A= , Zin=|_. , (3.4)
A A Zin Zix

where Aj11 € R" and Z;;1; € R’. From (3.2), it is easy to see that ®;11 < 0, i € J. Noting
Qi >0and Z; > 0,1 = 1,2, we get Sym{P! A;} + aE"P, — c;E" Z4 E < 0. Substituting P;, A;,
Zj and E given as (3.1), (3.4) and (2.3) into this inequality and using Schur complement,
we have Sym{AiTzzPizz} < 0, which implies that Ai», i € 9, is nonsingular. Then by [24] and
Definition 2.2, system (2.4) is regular and impulse free.

Part (ii) exponential stability of the differential subsystem. Define the piecewise
Lyapunov functional candidate for system (2.4) as follows

V(.X't) = Vo'(t) (xt)

t
= xT(H)E" Py x(t) +I e xT(8)Qpx(s)ds

t—dy

t
a(s—t) ,.T
+ e x" (8)Qopx(s)ds
ft—d(t) ( ) o(t)2 ( ) (3‘5)

0 t
+d, f f e" ™ (Ex())" Zy (1 (Ex(s))ds dO
—dqy J t+0

—d1 t
+do f f e (Ex(s))" Zo(2(Ex(s))ds db.
—di—dy J t+60

As mentioned earlier, the ixth subsystem is activated when ¢t € [tx,tx.1). Then, along the
solution of system (2.4) under the switching sequence S, for t € [, tx+1), we have

Vi (x1) + aVi, (x1) <2x" () PLER(t) + xT () Qiax(t) — e x" (t - dy) Qyax(t — dh)
+ X7 () Qi (t) = (1= p)e ™Rl (t - d(t)) Qiax(t - (1))

+ (Ex(t))T<d§zik1 + d2e zikz) (Ex(t)) + ax () ET P, x(t)

t (3.6)
—d, f e (Ex(5))" Zy (Ex(5))ds

t—dl

t—d,
~d, f ) (E(5)) Z;0 (Bt (s)) ds.
t-d()
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By replacing Ex(t) with A; x(t) + Agi x(t—d(t)) and using Lemma 2.4 and Schur complement,
LMI (3.2) yields

Vi, (xt) + aVi, (x) < 0. (3.7)
Integrating (3.7) from tx to tj.1 gives

Vo (1) = Vi (1) < eV, (xr,), € [y, tinr)- (3.8)

Let x(t) = [28], where x;(t) € R" and x;(t) € R"". From (2.3) and (3.1), it can be seen

that for each i,i € 0, xT () ET P;x(t) = x{ (t) Py1x1 (t). Noting this, and using (3.3) and (3.5), at
switching instant tx, we have

Vi) < Vot (%) = PVis (i), k=120, (3.9)

where t,_ denotes the left limitation of tx. Therefore, it follows from (3.8), (3.9) and the relation
k = Ng(to, t) < (t—ty)/T, that

Vot (1) < €V () < -+ < eV (1)

(3.10)
< e @ PTGty ().
According to (3.5) and (3.10), we obtain
Mlxt (B < Vouy (), Vo (xt,) < Aallx 131, (3.11)

where Ay = minvieodmin(Pa1), and Ay = maxvieoAmax (Pa1) + (1/a) (1 - e™)maxvies Amax (Qi1) +
(1/a)(1 = e * @) ymaxyicpdmax (Qi2) + (di/a®)(ady — 1 + e ) maxvies (2hmax (Zin) (| Aill +
l1A&ID) + (1/a?)(=da + ad%e“dl + dre™ ™ )maxXyien (2Amax (Zi2) (|| Al + || Adil]))- Then, combining
(3.10) with (3.11) yields

Ay —(In _
1 ()] < ‘\/)L—le /2P0 |1y [y o (3.12)
Part (iii) exponential stability of the algebraic subsystem. Since Aip», i € 9, is
_A. -1
nonsingular, set G; = I:IOr AX;:"ZZ] and H = [8 I:)_r ] Then, it is easy to get
. I, 0 ~ An 0 ~ T Pui 0
E :=G;EH = , A =GAH-=| _ , P:=G'PH=|_ _ |,
00 A1 L, Pyp1 Py

(3.13)
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i .l _ -1 5. 5 _ AT T
where Aji1 = A — AinAp, A, A = ApyAim, P = P, Por = Ajp P + Ap,P1, and

22 )
Ppy = AL, P). According to (3.13), denote
. Agin Aaina ~ Qi Qunz
Ag=GAgzH= """ "7, Qu = H'QuH = e
Agin1 Agin Qi1 Qi
(3.14)
N Z; Z;
Zil — G;TZiZG;1 _ Allll Azll2 ) I = 1’ 9
Zip1 Zix
Let
t
{(t) = [gl( )] = H'x(t) = x(b), (3.15)
&(t)

where ¢;(t) € R" and ¢,(¢) € R*7. Then, for any fixed o(t) = i,i € D, system (2.4) is restricted
system equivalent (r.s.e.) to

G(H) = Am&q1(H) + Agméi (t = d(1) + Agiado (t - d()), (3.16)

~&(t) = Amé&i(t) + Aani &1 (t - d(t)) + Aaima (t - d(t)). (3.17)

By (3.2) and Schur complement, we have [q)i“ pé;di] <0, where @, = Sym{PI.TAi} +212:1 Qi+
aETP; — ¢;ETZ;E and Dy =—(1- pt)e"”(d’ *®) iy — c;ET ZpE. Pre- and postmultiplying this
inequality by diag{ H', H'} and diag{H, H}, respectively, noting the expressions in (3.13)
and (3.14), and using Schur complement, we have

2
Sym { Py, } + ZQilzz P, Adin
1=1

* —(1 - p)e i) 9y

<0. (3.18)

Pre- and postmultiplying this inequality by [—Agml ] and its transpose, respectively, and
noting Qi]zz >0and 0 < p <1, we obtain Agizzéizzzﬁdizz - e‘“(d1+d2)Qi222 < 0. Then, according

to Lemma 7 in [38], we can deduce that there exist constants #; > 1 and #; > 0 such that

(e<1/2>“<d1+d2>/1d,-22)l <he, 1=0,1,..., VieD. (3.19)

Define
=t V=t1-d(v), j=12.., (3.20)
||A21|| = max |Ai21||/ “Afmn = max 'Adi21 , ”A(m” = max 'Adm”, Vied. (3.21)
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As mentioned earlier, under the switching sequence S, for t € [tk, tx.1), the ixth subsystem is
activated. Then, from (3.17) and (3.20), we have

&) - Ayndy <t0> - Agin&i <t1> - Aginds <t1>. (3.22)

Similarly, it can be obtained that & (') = —A;21&1 (') — Agi2181 (2) — Agi 2082 (£2). Substituting
this into (3.22), we get &(t) = (—Au2) & (1) = Xjo(-Adn) (Ainéi (F) + Aginéi (F)).
Continuing in the same manner and noting that #/ < #/~!, then there exists a finite positive
integer T;, such that

&(t) = (“Adik22>Tik & (tT"k) -> <-Adikzz>ﬁk <Aik21§1 (tjik> + Aginéy (tj"k”»/ (3.23)

jik =0

where tlic € (t_1,t] and tTc — .. When t € [te_1,t), the ix_qth subsystem is activated.
Then, following a similar procedure as the above, there exists a finite positive integer T;_,
such that

& <tTik> - <_Adik,122>Tik & <tT AT 1>
T 4T, -1 (3.24)

- > <—Adik_122>jik71 T (Aik_121§1 (fiik-1> + Adimén <fjik-1+1>>,

Jiga =Ty

where T Tici € (tgn, teo1] and t*Tir — ;. After k-times iterative manipulations, ¢
belongs to [ty, t1), and there exists a finite positive integer T;, such that

g (tT‘k+ +T;, ) — <_Adi022> §2<tT +-+Tj )
Ty tTiy 1 (3.25)

- Z (—Adi022>]10 et

! <Ai021§1 <tji°> + Aginél (tii°+1>)
Jig=Tiy+++T

where T+ € (=d; — dy, tp] and t7x*"*To — t,. By a simple induction, we have

&(t) = [fl(‘gdiﬂZ) ]§2 <tT 4Ty +T > - T%il(—gdikzz)ﬁk <Aik21§1 <tjik> + Aginér <tjik+1>)
-0 o0

- ﬁ{ [ﬁ( ~Ag) ] TZT] i (9105 + 92(9) }

p=1 q=p Jip1 =Ty 4Ty

(3.26)
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pi(t) = <_Adip,122>jip71 -Ty =Ty, Aip,121§1 (tjip—l >,
(3.27)
pa(t) = <_Adip-1 22>jiP71*Tfk""’T"P Adi,mén (ti b +1)

Therefore, from (3.15), (3.21), and (3.26), and noting t"«**To € (~d; — dy, ty], we obtain

2B € Ar+ Az + Az + Ay + As,

(3.28)
where
. -
A= [H <Adi]-22>Tl (B | PR
=0 ]
T, -1 }
Ay = Ay kz '(Adikﬂ)hk “|§1 (tj"k>
jik=
Tyl ) _
As=Ap ), <Adikzz>]k ||§1 (ff"“l) ||, (3.29)
j,-k:O
k k . T, Tie +N.JrTilﬂfl -1
s= a3 [T ae)"]] = twon .
p= q=p Jipo =Ty +-+Ty
- x k T,-k+~~~+T,-p71—1
As =Ad21Z{ [H <Adlq22> ] >, ||‘P2(t)||}'
p=1 q=p Jipa =Ty 4T,
Note
Tip ++Tiy -1
ty > tTict+To = f — ZU d<t1'> >t— (T +- - +T;)(di +da). (3.30)
=0
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Using (3.19) and the relation T, > T; = (In )/ a, the first term in (3.28) can be estimated as

-

k
A= |]]

j=0

o~ (1/Da(Ty 44T ) (dr+e)

~ T;.
<e(1/2)a(d1+d2)Adi]_22> / ”xto ||d1+dz

IN

C -
Hﬁi/_e*miTij e~ (1/2)alt-to) llxs, ||d1 s
| /=0 ) (3.31)

IN

C -
-1 Ti; —(1/2) (a—(1 T,) (t-t

Hﬁije MijLij | o=(1/2)(a=(n f)/Ta)( 0)||xt0||d1+d2

j=0

~(1/2) (@00 )/ Ta) (40 |

= Xle t0||d1+d2'

By (3.15), (3.12), (3.21), (3.20) and (3.19), we get
A Jik i 7 i || 4 A2~ 1/2)(@(n )/ Ta) (P —t
[ ) < | A 2t
<422 e(1/2>a<d1+d2>< A 22>j"k
— .)Ll 1k

- - i1
e~ (1/2)(a=(Inp)/Ta) (7 to)||xt0||dl+d2

A2 ~ Juc|| - _ 0_
< <\IT (e(l/Z)u(d1+d2) A dlm) Hler2a-tnpmaE—tyye y
A2 i ) g~ (1/2) (@~ p)/To) (t-to)
<A (e )e 2% L
(3.32)
Then, the second term in (3.28) can be estimated as
[
-~ 2 —n. i — — —
A, < Azl“)t_ Z By e i | e (1/2)(a=(In )/ To) (¢ tO)”xt0||d1+d2
N =
(3.33)

< o A |22 B /-0y TG

)Ll el — 1

1/2)(a=(Inp)/Ta

0 ||d1+d2

= X2€_( )(t_t0)||xfo||d1+d2'

Similarly, the third term in (3.28) can be bounded by

-~ )Lz e”"k
As < B e/t 7 g |42 e~ (1/D(a=(Inp)/Ta) (1)
3 > d21 -)‘1 el — 1 ” to||d1+d2 (334)

—(1/2)(a—(In p)/Ta) (t-to) [l

= Xze olldy -
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In addition, following a similar deduction as that in (3.32), we obtain
Ao Tiy++T; i,y Gy =Ti =T - —(1 ~
lor®)] <A /)L_1<e<1/2)a(d1+d2)> p<ﬁip,1€ i1 Uiy =T p>>e (1/2)(a-(nB)/Ta) (¢ to)”xtolldﬁdz‘
(3.35)

Then, considering this and (3.19), the fourth term in (3.28) can be estimated as

Ty +-+Ti) -1
p- .
] Z hi 167'7‘?*1 Uipr =T ==Tip)
-
]

ip1 =T;, +---+Tip

T; q

<€(1/2)'X(d1+d2) A diqn)

R -)LZ k k
Ay < Ay )t_lz [
p=1 P

q=

x 37(1/2)(117(111,5)/Ta)(Ho)”xto||gll+d2

71",,71

-~ .)Lz k k . T e _ _ _
< An )L_Z Bi, s Hﬁiqe iy Tig (¢ (1/2)(a=(In )/ Ta) (¢ t0)||xf0||d1+d2
Lp=1 a=p et —1

= X4e—(1/2)(a-(lnﬂ)/Tu)(t—to)||xt0”d .
1+dz

(3.36)

Similarly, the fifth term in (3.28) can be bounded by

-~ )Lz k k . T em”’l _ _ _
As < e(1/2aldi+d) 4 ) rlz By s I_Iﬁiqe 1igTig — e~ (1/2)(a-(In ) /Ta)(t tU)”xfo||d1+d2
p=1 q=p

—(1/2)(a=(In p)/Ta)(t-to) [l

= Xs€ to ||d1+d2'
(3.37)
Therefore, using (3.31) and (3.33)—(3.37), ||&2(t)|| can be estimated as
a2 (Ol € (pr + o + o + ya + xs)e” V2@ DTN e,y (3.38)

Combining (3.15), (3.12) and (3.38) yields that system (2.4) is exponentially stable for any
switching sequence .S with average dwell time T, > T;; = (In ) /a. This completes the proof.
O

Remark 3.2. In terms of LMIs, Theorem 3.1 presents a delay-range-dependent exponential
admissibility condition for the switched singular systems with interval time-varying delay.
It is noted that this condition is obtained by using the integral inequality (Lemma 2.4); no
additional free-weighting matrices are introduced to deal with the cross-term. Therefore, the
condition proposed here involves much less decision variables than those obtained by using
the free-weighting matrices method [16, 19, 21, 22] if the same Lyapunov function is chosen.

Remark 3.3. Equation (3.26) plays an important role in analyzing the exponential stability of
the algebraic subsystem, which can be seen as a generalization of the iterative equation in
[37] for nonswitched singular time-delay system to switched case.
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Remark 3.4. If p = 1in T, > T, = (Inf)/a, which leads to P11 = Pj11, Qu = Qji, Zu = Zj1,
1=1,2,foralli,j € J,and T} = 0, then system (2.4) possesses a common Lyapunov function
and the switching signals can be arbitrary.

In the following, we are to deal with the design problem of DOF controller for the
SSTD system (2.1). Applying the DOF controller (2.5) to system (2.1) gives the following
closed-loop system

En(t) = Agyn(t) + Agonyn(t - d(t)), (3.39)

where 77(t) = [xT (t)xI ()]", and
_TE 0 - Asty + BotyDeot)yCoty Bo)Ceot)
E= , Aoty =

0 Ec Bca(t) Co(t) Aco(t)

(3.40)

— Adoty + BoyDeotyCao(ry 0
Adory = .

Beo(tyCaotr) 0
The following Theorem presents a sufficient condition for solvability of the DOF controller
design problem for system (2.1).

Theorem 3.5. For prescribed scalars a« > 0,y > 0,d; > 0,d, >0and 0 < u < 1, if for each i € D,
and given scalars & and &, there exist matrices Y;, A, Bei, Cei, Dei, Qin1, Qinz, Qinz, Zin, Zina,
Zixn, 1 =1,2, and R; and U; of the following form

Raii O U O
R - U= (3.41)
Riz1 Ri» Upr Ui

with Rip € R™, Uy € R™, Ry > 0, Uiy > 0, Ripp € R0 Uy € R0 apnd Rppy
and Uy being invertible, such that

Y Yz Yiz Yaa Yias 0 cE'ZynE c1E" ZinE]
* Yo Yz Yis Yos 0 aETZ],E E"ZunE
* % Yz Yiaa Yiss O 0 0
* * * Y Yus O 0 0

<0, (3.42)
* % % * Y5 Yise E"ZpnE E'ZpioE
* * * * * Yi66 CzETZiEuE CzETZizzzE

* * * * * * Yirm Yizs

* * * * * * * Yiss

_ ‘ : [ Zm Z
g, - [le anz:I 20, Tye [ i1 1112] >0, 1=1,2, (3.43)

*  Qux *  Zin
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where Ylll = Sym{éllA +§11B DClC +EC1C }+Zl 1 Qllll +dETR ClETzzlllE YllZ = AC1+§1lB écz"'
EnAT + éaCTDTBT CTBT + 37, Quz — a1 ET ZzllZE Yoz = —¢nl + RT + & AT + §11CTDTBT

c1 ct1

C Ba’ Y114 = _Y + §12AT + élZCTDTBT CTBCI/ Y115 = 135 = éllAdl + éllB DClCdl + Bacdu
Y = Sym{Aa +&oBiCei} + Xy Qe + aETU; — \ET ZunE, Y3 = ~&nl + AL + &1 CLBT,
Y4 = -Y; +A +§12CTBT+LI, s Yios = Yy5 = §12Adl+§IZB DCICd1+BC1CdlI i33 = 2§111+d Zin +
d3e"M Zip11, Y134 = =gl = Y; + d2Zj1p + d3e® Zip1o, Yiss = =Sym{Y;} + d?Zi» + dae “dlzlzzzl
sts = —(1 - pe ™ d+d) Q) — CzE lenE Yise = —(1 - #)efa(d”dZ)Q 212 — ©ET Zzzle Yies =
(1= p)e ™) Qrpy — 2 ET ZinyoE, Yiz7 = =(1 = p)e ™™ Qi1 — 1 ET Zum E — E" ZipnE, Yizg =
—(1-p)e 1 Quia—c1ET ZinnE—2ET Zip1oE, Yigs = —(1- ) e * Qo —c1ET ZinpnE— ¢ ET Zipo E.
Then, there exists a DOF controller in the form of (2.5), such that system (3.39) is exponentially
admissible for any switching sequence S with average dwell time T, > T} = Inp/a, where p > 1
satisfies

Rii1 < PR, Ui < pUj, Q; < ﬂ@jzf Zi < ﬂzjl/ I=1,2, Vi jeoD. (3.44)
Moreover, a desired DOF controller realisation is given by
Aci = Yi_lgci/ B = Yi_léci/ Cii= écir D = Dci/ VieD. (345)

Proof. From Theorem 3.1, we known that system (3.39) is exponentially admissible for any
switching sequence S with average dwell time T, > T} = (Inf)/a, where > 1 satisfying
(3.3), if for each i € 0, there exist matrices Qll >0,Zy >0,1=1,2, and P; with the form of
(3.1) such that the inequality (3.2) with E, A; and Ay; instead of E, A; and Cj, respectively,
holds. By decomposing ®; in (3.2), we obtain that for each i € 0

®; = ILAIT] <0, (3.46)

where J; is any invertible matrix with compatible dimension, and

- T — —T-T —— —T— —
1 o o] Am P; = Ji+ A i JiAa ciE ZaE
— - T — —_—
T, = A Az O , A = * -Ji- ]i +U; ]iAdi TO (3.47)
0 I 0 * * Ai33 C2E ZizE
0 0 I | * * * Ai44 ]

) —— . —T— — ~ — —T— —
with Ajp = Sym{J;A;} + 37, Qy + @E; P — ¢iE ZyE, Mgz = —(1 - p)e *@+@) Q. — o, Z,E,
_ T — T —
and Ay = - Q.; - \E ZyE - oE ZE. Hence, @; < 0 holds if

A; <0. (3.48)
LetE = diag{E, E}. For each i € 9, define

P; = diag({R;, U;}. (3.49)
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By (2.3) and (3.41), we have
E'R;=R'E>0, E'U;=U’E>0, (3.50)
which combining (3.49) yields
—T— —T—
E

P;=D,E >0. (3.51)

Then, from (3.41), (3.44) and (3.51), it can be deduced that

EP;<pEP;, Vijeo. (3.52)
Denote
_ al Y
Ji= b . (3.53)
&l Y

Substituting (3.43), (3.49) and (3.53) into (3.48), and defining

Ai=YiAu, Bo=YiBi, Ceo=Cu Dei=Dy VieD (3.54)

we can easily obtain (3.42). This completes the proof. O

Remark 3.6. Note that condition ®; of Theorem 3.1 involves some product terms between the
Lyapunov matrices and the system matrices, which complicates the DOF control synthesis
problem. To solve this problem, in the proof of Theorem 3.5, we have made a decoupling
between the Lyapunov matrices and the system matrices by introducing a slack matrix
J; in condition Aj;. Compared with the variable change method used in [39, 40], the
decoupling technique proposed here simplifies the DOF controller design problem greatly,
which decreases the conservatism in some sense.

Remark 3.7. Scalars ¢ and ¢pp, i € 9, in Theorem 3.5 are tuning parameters which need to
be specified first. The optimal values of these parameters can be found by applying some
optimization algorithms such as the program fminsearch in the optimization toolbox of
MATLAB, the branch-and-band algorithm [41].

Remark 3.8. It is noted that in this paper, the derivative matrix E is assumed to be switch-
mode-independent. If E is also switch-mode-dependent, then E is changed to E;, i € 9. In
this case, the transformation matrices P and Q should become P; and Q; so that P,E;Q; =
diag{I,,0}, and the state of the transformed system becomes X(t) = Qlfl () = [x;; () iiz(t)]T
with iﬂ (t) € R" and iITl (t) € R*", which implies that there does not exist one common state
space coordinate basis for all subsystems. Then, some assumptions for E; (e.g., E;, i € D, have
the same right zero subspace [27]) should be made so that Q; remains the same; in this case,
the method presented in this paper is also valid. How to investigate the general SSTD system
with E being switch-mode-dependent is an interesting problem for future work via other
approaches.
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Table 1: Comparison of allowable upper bound d, for different d; in Example 4.1.

Methods 072 Number of variables
Lemma 1 [21] 1.130 (dy =0.1) 1.099 (d; =0.3) 1.084 (dy = 0.7) 84
Theorem 1 [22]  1.130 (d; = 0.1) 1.099 (d; = 0.3) 1.084 (d; = 0.7) 84
Theorem 3.1 1.134 (d1 = 0.1) 1.133 (d;1 = 0.3) 1.133 (d; = 0.7) 30

400

350

300

250

200

150 |

System state

100 |

50

— xi(t)
— T x0(t)

Figure 1: State trajectories of the open-loop subsystem 1.

4. Numerical Examples

In this section, some numerical examples are presented to demonstrate the effectiveness of
the proposed methods.

Example 4.1. Consider the switched system (2.4) with E = I, N = 2 (e.g., there are two
subsystems) and the following parameters, which are borrowed from [21]:

-2 0 -1 0 -2 0 -1 0
Ap = , Agr = , Ay = , Ap = . (41
0 -09 0 -1 0 -0.7 -1 -1

For y = 04, a = 0.5 and = 1.1, employing the LMIs in [21, 22] and those in Theorem 3.1
yields an allowable upper bound dy (in this paper dy = dy + dy) of the delay d(t) that
guarantees the stability of system (2.4). Table 1 shows the values of the upper bound for
various d; and the number of involved variables by using different methods. It is easily seen
from Table 1 that Theorem 3.1 of this paper not only provides better results than those criteria
in [21, 22] but also reduces the computational overhead to some extent.
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Figure 2: State trajectories of the open-loop subsystem 2.

Switching signal
N

—_
T

0 2 4 6 8 10
Time (s)

Figure 3: Switching signal with the average dwell time T, > 0.13.

Example 4.2. Consider the switched system (2.4) with N = 2 and the related parameters are

given as follows:
10 073 0 -1.1 1
E = y Al = 7 Adl = 7
00 0 -1 0 05

04 0 -1 01
A2 = 7 Ad2 = ’
-0.1 -1 0 0.1

(4.2)
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2.5

System states

-0.5

— x1(t)
- x(t)

Figure 4: State trajectories of the closed-loop system under DOF control.

and d; = 0.1,d, = 02, u = 04 and a = 0.5. It can be verified that both of the above two
subsystems are stable. Let § = 1; it can be found that there is no feasible solution to this case,
which implies that there is no common Lyapunov function for the above two subsystems (see
Remark 3.4). Now, we consider the average dwell time scheme, and set § = 1.2. Solving the

LMIs (3.2) gives the following solutions:

197719 0 07438 —1.2478 Op = 10° 0.0002 0.0102
= , = , = X ,
17.9611 819.3011 _1.2478 68.3107 2 0.0102 1.0735
624.4425 0.8810 332.4246 —0.4902
"7 08810 379.5848] %7 204902 3734311
233711 0 0.7501 —0.8269 02201 89316
" [-26.9375 642.4532| 27 0.8269 66.5062 | 27 189316 9173497
560.8384  0.7643 2942097 -0.4003
7 07643 379.5975| 27 Z0.4003 373.4858

(4.3)

which means that the above switched system is exponentially admissible. Moreover, by
further analysis, it can be found that the allowable minimum of f is fimin = 1.046 when a = 0.5;

in this case T); = (In Prin) /a = 0.0899.
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Example 4.3. Consider the switched system (2.1) with N = 2 and
10
E= ,
00
09 0 0.5 0.1
Al = ’ Adl = 4
1 -5 1 0.1
0.3
B, = [ ], C; =103 01], Ca1=[0.1 0.1],

(4.4)
0.1

0.5 0.1 0.2 05 0.4
Ay = , Ap = , By = ,
2 -5 1.5 0.1 0.1
C=[01 03], Cap=[0101],

and d(t) = 0.3 + 0.2sin(1.5¢). A simple calculation yields d; = 0.1, d, = 0.4 and p = 0.3.
By simulation, it can be checked that both of the above two subsystems with u(t) = 0
are unstable, and the state responses of the corresponding open-loop systems are shown in
Figures 1 and 2, respectively, with the initial condition given by ¢(t) = [1 2]", t € [-0.5,0].
In view of this, our goal is to design a DOF control u(t) in the form of (2.5) such that the
closed-loop system is exponentially admissible.

Seta = 0.5, p = 1.05 (thus T, > T; = (Inp)/a = 0.0976), and choose ¢;; = 0.9255,
¢12 = 0.0067, &13 = 0.9811, é14 = 0.0016. Solving the LMIs (3.41)—(3.44), the corresponding gain
matrices of the DOF controller are computed as

263829 —0.4700 _67.7480 0.6423 0.6811
47| 208920 -0.8529]" 27| 95961 —0.8803]" 7 02272
4.0654 (45)
o= | sl Gt [33.6391 0.1324],  C., = [23.4740 —0.5180],

D, = —22.4825, Dy =-17.9093

To show the effectiveness of the obtained DOF controller, giving a random switching signal
with the average dwell time T, > 0.13 as shown in Figure 3, we get the state trajectories of
the closed-loop system as shown in Figure 4, for the given initial condition ¢(t) = [1 2],
t € [-0.5,0]. It is clear that the designed controller is feasible and ensures the stability of the
closed-loop system despite the switching and the time-varying delay.

5. Conclusions

In this paper, the problems of exponential admissibility and DOF control for a class of
continuous-time switched singular systems with interval time-varying delay have been
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investigated. A class of switching signals has been identified for the switched singular time-
delay systems to be exponentially admissible under the average dwell time scheme. The
DOF controller has been designed, and the corresponding solvability condition has been
established by using the LMI technique. Numerical examples have been provided to illustrate
the effectiveness of the proposed methods.
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