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Firstly, we studied the solution of the equation ®k<>§u(x) = f(x) where u(x) is an unknown
unknown function for x = (x1,x2,...,x,) € R", f(x) is the generalized function, k is a
positive integer. Finally, we have studied the solution of the nonlinear equation ®(ku(x) =
f(x,0k1 LkA’gD’éu(x)). It was found that the existence of the solution u(x) of such an equation

depends on the condition of f and CIF-'L¥ A’éljgu(x). Moreover such solution u(x) is related to the
inhomogeneous wave equation depending on the conditions of p, g, and k.

1. Introduction

The operator O has been first introduced by Kananthai (see [1]), is named as the Diamond
operator iterated k—times, and is defined by

~((B2)- (52 a
OF = I — N , ptq=n. .
= ox; j=p+1 asz-

n is the dimension of the space R”, for x = (x1, x2, ..., x,) € R" and k is a nonnegative integer.
The operator 0¥ can be expressed in the form OF = A¥[JF = KA, where AF is the Laplacian
operator itrerated k—times defined by

k
02 02 0?
A= [ ), (1.2)
<ax% 9x3 6x§>
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and [ is the ultrahyperbolic operator iterated k—times defined by

k
2 2 2 2 2 2
O (N SN D
ox]  0x; 6xp ox ox ox

Kananthai (see [1, Theorem 3.1, page 33]) has shown that the convolution
(—1)kR;k(x) * Ri(x) is an elementary solution of the operator (¥, that is,

ok((—l)kng(x) * Rg,{(x)) = 6(x). (1.4)
Next, Kananthai (see [2]) has studied the linear equation
OFu(x) = f(x). (1.5)

This equation is the generalization of the ultrahyperbolic equation and it can be applied to
the wave equation. We obtain u(x) = (—1)k Mok (x) * f(x) as a solution of such an equation
(1.5) where

Mojor = REE(x) % RS, (x). (1.6)

The function Rg( (x) is called the ultrahyperbolic kernel defined by (2.2) and Rj, (x) is called

the elliptic kernel defined by (2.8), with a = 2k.
Furthermore, Yildirim et al. (see [3]) first introduced the <>’l§ operator that is named as
Diamond Bessel operator, where 0% is defined by

p 2 ptq :
O]é = <Zsz> - < Z Bx,-> 7 (17)
i1 j=pr1

and By, = 8%/0x? + (2vi/x;)(0/0x;),2v; = 2a; + 1, a; > =1/2,x; > 0. The operator (% can be
expressed by 0k = AKOK = D’gA’g, where

n k
Ak = <ZB,Q> ) (1.8)

i=1

14 p*q k
Ok = <ZBXI. - > Bx/.> ) (1.9)

i=1 j=p+1
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Next, W. Satsanit has first introduced ®* operator and ®* is defined by

K
k <i o? >3 pzm o2 ’
R = —_— — _
= 0x? 0]
= —_— —_— —_— —+ —_— . —_— + J—
Sox; S 6x]2.  ox? = 0x? S ax]2. S asz.

_ D"(Az— HOS=)I —D))k

_(3 1\
_<EQA+ZD)’

(1.10)
where ¢, A, and U are defined by (1.1), (1.2), and (1.3) with k = 1, respectively.
Now, firstly, the purpose of this work is to study the equation
& Oku(x) = f(x), (1.11)

where the operator @ is defined by (1.10) and O’g defined by (1.7), f(x) is a generalized
function and u(x) is an unknown function. Finally we study the equation

o Oku(x) = f(x, Dk-lLkA’gD’gu(x)) (1.12)

with f having a continuous first derivative for all x € QU 0€2, where Q is an open subset of
R", and 0Q denotes the boundary of Q, f is bounded on €, that is, |f| < N, N is constant, as
well as 05!, Lk, A% and OX are defined by (1.3), (2.46), (1.8) and (1.9), respectively.

We can find the solution u(x) of (1.12) that is unique under the boundary condition
Dk‘lLkAlgD’gu(x) = 0 for x € 0Q. By [4, page 369] there exists a unique solution W (x) of the
equation OW (x) = f(x, W(x)) for all x € Q with the boundary condition W(x) = 0 for all
x € 0Q where W (x) = OF LK AR R u(x).

Moreover, if we putp = k = 1in DkDgM(x) = W(x), then we found that M(x) =
IZH (x) * I(x) * W (x) is a solution of the inhomogeneous equation where If (x) and I>(x) are
defined by (2.6) and (2.20) with a = 2,y = 2, respectively.

Before going into details, the following definitions and some important concepts are
needed.

2. Preliminaries

Definition 2.1. Let x = (x1,%2,...,%,) be a point of the n-dimensional Euclidean space R",
denoted by

2 a2 a2 2 2 2
V=X]+Xy 4 X, =Xy — X Xsqe (2.1)
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The nondegenerated quadratic form p + g = n is the dimension of the space R”. LetI', = {x €
R" : x; > 0 and u > 0} be the interior of forward cone and let I'; denote its closure. For any
complex number a, define the function

U(u—n)/Z
——, forxel,,

R (v) = ¢ Ku(a) (2.2)
0, for x¢T,,

where the constant K, () is given by the formula

amD2T(2+a-n)/2)T((1 -a)/2)I(a)
F(2+a-p)/)T((p-a)/2)

Ky (a) = (2.3)

The function RY (v) is called the ultrahyperbolic kernel of Marcel Riesz and was introduced
by Nozaki (see [5]).

It is well known that RE (v) is an ordinary function if Re(a) > n and is a distribution of
a if Re(a) < n. Let supp RE (v) denote the support of RE (v) and suppose that supp R (v) C
T,, that is, supp RY (v) is compact.

From Trione (see [6, page 11]), Rg{ (v) is an elementary solution of the operator (¥,
that is,

OFRH (v) = 6(x). (2.4)

By putting p = 1 in R}} (v) and taking into account Legendre’s duplication formula for
I'(z), that is

I(2z) = 222-1yr-1/2r(z)r<z + %) (2.5)
we obtain
L' (v) = ‘2—()/; (2.6)
and v = x7 - x3 - x3 -+ — x> where
H,(a) = .7r<"-2>/22“-1r<“+§—_">r(g). 2.7)

If1(v) is the hyperbolic kernel of Marcel Riesz.

Definition 2.2. Let x = (x1,X,...,%,) be a point of R” and w = x7 + x3 + -+ + x2, then the
function R¢(w) denoted the elliptic kernel of Marcel Riesz and is defined by

w(afn) /2

Ri(w) = W,

(2.8)
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where
R (2.9)
~ ‘71.11/22111"(“/2)
W = F-ai/2) o

where a is a complex parameter and 7 is the dimension of R".

It can be shown that R?,, (x) = (—1)kAk6(x) where AF is defined by (1.2). It follows
that Rj(x) = 6(x), (see [7, page 118]).

Moreover, we obtain (—1)kR§k (x) is an elementary solution of the operator A¥ (see [8,
Lemma 2.4, page 31]). That is

Ak<(—1)’<ng(x)) = 6(x). (2.11)

By (2.2) and (2.3) with g = 0, then v*/2 reduces to w;,a_’ﬂ )2 \Where Wwp = X] XA

and K, (a) reduces to K, (a) = (x"/2T((1 - a) /2)I'(a)) /T((p — a)/2). By using the formula

I'(2z) = 222’1Jr_1/2F(z)F<z + %)

: ) (2.12)
F(E + z)l"(i - z) = mwsec(rz),

we obtain

K, (a) = %sec(%)w,,(a), (2.13)
where W), (a) is defined by (2.10) with n = p. Thus, for g = 0,

RH(v) = “g:;/)z =2cos( %) ﬁ:/; = 2cos( 5 ) Ri(wp), (2.14)

where w, = x2 + x5 + -+ + xrz,. Thus, if a = 2k, then

R (wy) = 2(-1)*RS, (w,) (2.15)

2 2 2

forg=0and wp = x7 + x5+ + x,.

Definition 2.3. Let x = (x1,x2,...,%,),v = (v1,V2,...,v,) € R}. For any complex number a, we
define the function S, (x) by

222 (1 4 2|v| — o) /2) ||V
TT,2" 2T (v +1/2)

Sa(x) = (2.16)



6 Mathematical Problems in Engineering

. e 2 2 2
Definition 2.4. Let x = (x1,X2,...,Xz),v = (V1,V2,...,Vs) €ERj,and V = x7 + x5 +--- + xp, =

x; - xﬁ T xf,+ 4 the nondegenerated quadratic form. Denote the interior of the forward
conebyI'y = {x €R}, : x1 >0,x2>0,...,x, >0,V > 0}. The function R, (x) is defined by

v (r-n=2v))/2
Ry(x) = AR (2.17)

where

a2 T (2 4y —n - 2pv]) /2)T((1- 1) /2)T(y)

L(2+y-p-2w)/2)T((p-2W-1)/2) (219

Ku(y) =

and y is a complex number. By putting p = 1 in R,(x) and taking into account Legendre’s
duplication formula for I'(z), that is,

I'(2z) = 222_1Jr_1/21"(z)1"<z + %) (2.19)
we obtain
ey < YO 020)
xX) = ——, :
' Nau(y)
and V = x? - x3 — x3 -+ — x2 where
24y-n-2

Na(y) = ar<"+2|v|-1>/222k-1r<—Y - id )r(g) (221)

Lemma 2.5. Given the equation A’gu(x) = 6(x) for x € R}, where A’{; is defined by (1.8), then
u(x) = (-1)*Su(x), (2.22)

where Sy (x) is defined by (2.16), with a = 2k.
Proof. (See [3, page 379] and [9]). O

Lemma 2.6. Given the equation Ofu(x) = 6(x) for x € R};, where O is defined by (1.9), then
u(x) = Rox(x), (2.23)

where Ry (x) is defined by (2.17), with y = 2k.

Proof. (See [3, page 379] and [9]). O
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Lemma 2.7. Given that P is a hyperfunction, then

Ps*(p) + k6* 7 (p) =0, (2.24)

where 8% is the Dirac-delta distribution with k-derivatives.
Proof. (See [8, page 233]). O

Lemma 2.8. Given the equation

OFu(x) =0, (2.25)

where TF is defined by (1.3) and x = (x1,x2,...,x,) € R", then u(x) = (ng_l)(v))("’) is a solution
of (2.25) withm = (n—4)/2,n > 4 and n is even dimension. The function (ng—l) (v))("’) is defined
by (2.2) with m-derivatives, a = 2(k — 1), and v being defined by (2.1).

Proof. We first show the generalized function 6™ (r* - s?) where r* = x} + x3 + -+ + x and

2 _ .2 2 a2 s . .
ST =Xt Xt t X, Pt =N, is a solution of the equation

Ou(x) =0, (2.26)

where [ is defined by (1.3) with k =1 and x = (x1, x2,...,x,) € R",

aixi@(m) <r2 _ 52> = 25,50 <r2 _ s2>,

aa—jizé(m) <r2 _ 52> — 2§(m+D) <r2 _ 52> + 4262 (rz 3 52>,

= 2p&tmh) <r2 - sz> + 4r25m+2) <r2 - sz>
= 2p6("’+1) <r2 - 52> + 4<r2 - sz>6(’”+2) (rz - sz> +4526m+2) <r2 - 52>
= 2p6(m+1) <r2 - 52> —4(m +2)8™D (rz - sz> + 452502 <r2 - sz>

= (2p - 4(m +2))6"* <r2 - s2> + 45260m+2) <r2 - 52>.

(2.27)
By Lemma 2.5 with P = r? — s2, similarly,
P 52
S, 56 (1= 57) = (<29 +4(m +2))6" 0 (17 - $7) + 426D (P - 7). (228)

2
jpr10%;]
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Thus

P az . ptq a
o) - £ T ) 5 )
= (2(p+9q) -8(m+2))5mD (r2 - 52> - 4(1’2 - sz>6(’”+2) <r2 - s2> (229)
= (21 8(m +2))6™*D (12 = ) + 4(m +2)6"D (12 - 57)

= (2n - 4(m +2))6"+) <r2 - 52>.

If 21 — 4(m + 2) = 0, then we have (06 (r? — s?) = 0. That is, u(x) = 6™ (2 - s?) is a solution
of (2.26) withm = (n—4)/2, n > 4 and n is even dimension. We write

ku(x) = D(Hu(x)> -0, (2.30)

and from the above proof we have (¥ u(x) = 6™ (r2 - s?) withm = (n—4)/2,n > 4and n is
even dimension. Convolving the above equation by ng_l) (v), we obtain

R 1) (0) * O Mu(x) = RE, ) (0) %6 (72 - 57)
k-1 (R;gk_l)(u)) *u(x) = (R, ()™, where v = <r2 - 52> (2.31)
6 u(x) = u(x) = (RE,_; (0)) "
by (2.2), and v = r? — s is defined by Definition (2.1).

Thus u(x) = (RX 2k 1)(v))( ) is a solution of (2.25) withm = (n—-4)/2,n > 4 and n is
even dimension. O

Lemma 2.9. Given the equation
®*G(x) = 6(x), (2.32)
then
G = (R + (D™ Ry, () * (0%(0) 233)
is an elementary solution for the @ operator iterated k—times where @ is defined by (1.10), and

O(x) = —RH(x)+ ( 1)°R(x) (2.34)

where O**(x) denotes the convolution of O(x) itself k—times and (O*k(x))*_1 denotes the inverse of
O**(x) in the convolution algebra. Moreover G(x) is a tempered distribution.
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Proof. From (3.1), we have
3 . 173\"
&*G(x) = <Z<>A t1 ) G(x) = 6(x), (2.35)
or we can write
<§<>A + 1D3> <§<>A + 1D3>Hc(x) =6(x) (2.36)
4 4 4 4 '

Convolving both sides of the above equation by R? (x) * (—1)2Rj(x),

3\ k-1
<Z<>A + }LD3> * (Rgf(x) * (—1)2Rz(x)) <Z<>A + 411 > G(x) = 6(x) * RE (x) * (=1)*Ré(x),

(2.37)
or
<§D<RH(x)) £ A%(—1)2R (x) * RF (x) + SCPRY (x) # (—1)2R"(x)>
4 2 4 4 4 6 4
(2.38)
3 1 3 - H 2 pe
* (ZLOA + ZD ) G(x) = 6(x) * Ry (x) * (=1)"Rj(x).

By (2.4) and (2.8), we obtain
k-1
(Zé *6* R (x) + }16 * (—1)2Rz(x)> * (ZQA + %D3> G(x) = 6(x) * R (x) % (1)’ R(x).
(2.39)

Thus

3 k-1
(ZRf(x) + 31(—1)2Rz(x)> * <Z<>A + le > G(x) = R (x) * (=1)*R¢ (). (2.40)

Keeping on convolving both sides of the above equation by RF (x) * (=1)*R¢(x) up to k - 1
times, we obtain

O (x)  G(x) = (RE (x) * (-1)R; (x)>*k (2.41)

where the symbol xk denotes the convolution of itself k—times. By properties of R,(x), we
have

(R? (x) * (-1)°R§ (x)>*k = RH ()  (-1)% R, (x). (2.42)
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Thus,

O*(x) * G(x) = R (x) * (-1)*R¢, (x). (2.43)

Now, consider the function O**(x), since R (x)*(~1)*R¢(x) is a tempered distribution.
Thus O(x) defined by (2.34) is a tempered distribution, and we obtain that O**(x) is a
tempered distribution and Rgc(x) * (—1)2kRZk(x) € S is the space of tempered distribution.
Choose 8" C D, where 9 is the right-side distribution which is a subspace of @' of
distribution.

Thus R (x) * (-1)*R¢, (x) € 9. It follows that R (x) * (-1)*R¢, (x) is an element
of convolution algebra, since 9, is a convolution algebra. Hence by the method of Zemanian
(see [10]), (2.33) has a unique solution

G(x) = (REL(x) * ((1)*Rg, (%)) * <O*k(x)>*_1, (2.44)

where (O"k(x))*_1 is an inverse of O**(x) in the convolution algebra and G(x) is called the
Green function of the ® operator. O

Lemma 2.10. Given the equation

LFK (x) = 6(x), (2.45)
where LK is the operator defined by
k_(3a2, 12\
L* = (ZLA + ZLD ) (2.46)

and A and O are defined by (1.2) and (1.3) with k = 1, respectively, one obtains that K(x) is an
elementary solution of the L* operator where

K(x) = (R () = (DR () * (0%) 7,
5 ) (2.47)
O(x) = RY'(x) + 7 (-1)°R{(x),

where O* (x) denotes the convolution of O(x) itself k—times and (O*k(x))*_1 denotes the inverse of
O**(x) in the convolution algebra. Moreover K (x) is a tempered distribution.
Proof. The proof of Lemma 2.10 is similar to the proof of Lemma 2.9. O

Lemma 2.11. Given the equation
Du(x) = f(x,u(x)), (2.48)

where f is defined and has continuous first derivatives for all x € QU 0Q, where  is an open subset
of R" and 0Q is the boundary of Q, assume that f is bounded, that is, | f (x, u(x))| < N forall x € Q.
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Then one obtains a continuous function u(x) as unique solution of (2.48) with the boundary condition
u(x) =0 for x € 0Q.

Proof. We can prove the existence of the solution u(x) of (2.48) by the method of iterations
and Schuder’s estimates. The details of the proof are given by Courant and Hilbert; (see [4,
pages 369-372]). O

Lemma 2.12. The function R, (x) and S_y(x) are the inverse of the convolution algebra of R\ and
Sok, respectively, that is,

RE, (x)*RE(x)=RE, . (x)=RH(x) =6,

(2.49)
S_ok(x) * Sor(x) = S_orsok(x) = So(x) = 6.
Proof. (See [7, page 158] and [11]). O
3. Main Results
Theorem 3.1. Given the equation
@ Oku(x) =0, (3.1)

where &% is the Otimes operator iterated k—times and O% is Diamond Bessel operator iterated k— times
defined by (1.10) and (1.7), respectively, and u(x) is an unknown function, one obtains that u(x) is a
solution of (3.1) where

u(x) = K(x) * (~1)*Spc(x) * Rye(x) * (- (RE,_ (0))™ (3.2)

where K(x) is defined by (2.47), as well as Sok(x), Ro(x), and (ngq) (v))™ are defined by

(2.16),(2.17), and (2.2) with a = 2k, y = 2k and a = 2(k — 1), respectively.

Proof. Since
k 3 1 3 ‘ k k—k (3.3)
® = ZLOA + ZLD , Op = AR0E. .
Consider the homogeneous equation

& Oku(x) = 0. (3.4)

The above equation can be written as
3 1\ ki
108+ 70 ARORu(x) =0, (3.5)

or
k 3 2 1 2 : kk
O 747+ 307 ) AfTu() =0. (3.6)
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That is,
OFLFAR TR u(x) = 0, (3.7)

where [, Lk,A’g, and D’g are defined by (1.3), (2.46), (1.8), and (1.9), respectively. By
Lemma 2.8, we obtain

L*AETSu(x) = (RE,_,, ()™ (3.8)

Since (—1)k52k (x), Rok(x) are the elementary solution of the operators A’é and D’{;,
respectively, and by Lemma 2.10, we have that K(x) is an elementary of the operator L*
defined by (2.46), that is,

AR (-1)*Sn(x) = 6(x),  DERx(x) = 6(x), 59)
LK (x) = 6(x). ’

Convolving both sides of (3.8) by K(x) * (—1)"52;< (x) * Rok(x), we obtain

K ()% (1) Spc(x) * Roge(x) * EFA§TS1(x) = K (x) % (-1)* St (20) ¥R () (RE ) ()™
(3.10)

By properties of convolution

EFK () % Al ()5St () ¥ T R () % () = K (x) % (~1)*Spe(x) * Rk (x) * (REE_y, (0)™

(3.11)
By Lemmas 2.10, 2.5, and 2.6, we obtain
6(x) * 6(x) * 5(x) * u(x) = K(x) * (~1)*Spe(x) * Raxe(x)  (REL_,, ()™ (3.12)
Thus
u(x) = K(x)  (~1)*S3e(x) * R (x) * (RE,_,, (0)™ (3.13)
is the solution of (3.1). 0

Theorem 3.2. Given the equation

&FOku(x) = f(x), (3.14)
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where & is the Otimes operator iterated k—times defined by (1.10), and O is the Diamond Bessel
operator iterated k—times defined by (1.7), f(x) is the generalized function, u(x) is an unknown
function, x = (x1,%2,...,%x,) € R" and n is even,

One obtains that

(m

u(x) = K@) * () S2(2) * Rox () = (Rl ()" + G () (1) S2(x) * R () * £ ()
(3.15)

is a general solution of (3.14) and G(x) is defined by (2.33), K(x) is defined by (2.47), as well as
Sok(x) and Ryi(x) are defined by (2.16) and (2.17) with a = 2k and y = 2k, respectively.

Proof. Consider the equation
&FOku(x) = f(x) (3.16)
or
SFAKDKu(x) = f(x). (3.17)
Convolving both sides of (3.14) by G(x) * (=1)* Sy (x) * Rax(x), we obtain
G(x) * (=1)*Saxe(x) * Rak(x) % @ AFTpu(x) = G(x) * (=1)*Sor(x) * Rox(x) * f(x).  (3.18)
By properties of convolution,
G (x) % AR (=1)"S2kc(x) * O Rok(x) # 14(x) = G(x) * (1) Sk (x) * Rox(x) * f(x).  (3.19)
By Lemmas 2.9, 2.5, and 2.6, we obtain
5(x) % 6(x) % 6(x) * u(x) = G(x) * (=1)*Spi(x) * Rox (x) * f(x). (3.20)
Thus
u(x) = G(x) * (=1)FSpr (x) * Ry (x) * f(x). (3.21)
Consider the homogeneous equation
@ Oku(x) = 0. (3.22)
By Theorem 3.1, we have a homogeneous solution

1(x) = K () % (~1)* S (x) * Rox(x) * (RE, ) (0)™. (323)
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Thus, the general solution of (3.14) is

() = K(x) * (1) S2(0) # R () * (R (0)) "+ G(x) % (1) Saix) Raw () # £ (),

(3.24)

as required. O
Theorem 3.3. Consider the nonlinear equation

o Oku(x) = f(x, Dk-lLkA’gD’gu(x)) (3.25)

where &, Ok K1, L¥, Ak and O are defined by (1.10), (1.7),(1.3),(2.44), and (1.9), respectively.
Let f be defined, and having continuous first derivative for all x € QU 0Q, Q is an open subset of R"
and 0 denotes the boundary function, that is,

|f (2 O LF AT ) | < N (3.26)

for all x € Q and the boundary condition
O LR ARDR u(x) = 0 (3.27)
for all x € 0Q2. Then one obtains
u(x) = Rifi 1) () % G(x) % (=1)* S () * Roxe (x) W () (3.28)
as a solution of (3.25) with the boundary condition

(m)

u(x) = (Rify_p ()" * G(x) ¥ (=1)*Sak (%) * Rox () (329)

for all x € 0Qm = (n - 4)/2, and W(x) is a continuous function for x € Q U
0Q, while Ré“('k_z)(v), Sok(x), and Ry (x) are given by (2.2), (2.16), and (2.17) with a = 2(k-2),a =
2k, and y = 2k, respectively. Moreover, for k = 1 one obtains

M(x) = <Rﬂ(x) * (-1)2Ri4(x)) x <O*1(x)> * (=1)¥S_5 () * u(x) (3.30)

as a solution of the inhomogeneous equation

O0M (x) = W(x), (3.31)
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where O and Op are defined by (1.3) and (1.9) with k = 1, respectively, and u(x) is obtained from
(3.28). Furthermore, If one puts p = k = 1, then the operators 0% and O, reduce to

o oo < By -By-By---B, (332)

o2 o2 02 o2
—_— - — ) (By, = By, - By, — -+~ — B, )M(x) = W(x), 3.33
(axf o2 o2 ax,z,> ( : IM(x) = W(x) (3:33)

where IzH (x) is defined by (2.6) with a = 2 and I,(x) is defined by (2.20) with y = 2.

Proof. Since
o Oku(x) = OOF ' LR AR u(x) = f<x, Dk-lLkA’gD’gu(x)), (3.34)

u(x) has continuous derivative up to order 6k for k =1,2,3,..., and Dk‘lLkA’l;D’l;u(x) exists
as the generalized function. Thus we can assume that

O LRARDR u(x) = W(x), VxeQ. (3.35)
Then (3.34) can be written in the form
&FOku(x) = OW (x) = f(x, W(x)). (3.36)
By(3.26)

|f(x, Wx)| <N, xeQ (3.37)

and by(3.27) W(x) = 0,x € 0Q, or
O LRARDRu(x) =0, Vx € 0Q. (3.38)

We obtain a unique solution of (3.28) which satisfies (3.27) by Lemma 2.8.

Since Rik_l)(x), (-1)*Syi(x), and Roi(x) are the elementary solution of the operators

Ok-1, A’g, and le;/ respectively, and by Lemma 2.10, we have that K (x) is an elementary of the
operator L¥ where L¥ = ((3/4)A2 + (1/4)(?)*, that is,
COFIRY, () =6, AR(=1)*Su(x) = 6,
(3.39)
KRok(x)=6, L*K(x)=6.
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From (3.35), we have
O LR AR TR u(x) = W (x).
Convolving the above equation by
Rty (20) % K () % (=1)"Sa1e(x) * R (x),
we obtain

(REf 1y () * K () % (=1)5S0x(x) % Rok(x) ) + (D L¥ A5 Dsu(x))

= (Rb{ey) () * K (x) % (1) Sk (x) % Rax () ) % W (20),
By properties of convolution, we obtain

<Dk IRE 1)(x)> * (LkK(x)> x (A’g * (-1)"52k) x (D’gRZk) * 1(x)

= (REy 1) (0 % K (@) (-1 S () % Rox(x) ) % W (x).

By (3.39) we obtain

O6%x6x6*xO6*u(x) = <R§k_1)(x) * K(x) * (—1)k52k(x) * RZk(x)> * W(x).

Thus

() = (REf_y) () # K(x) # (-1) S51(x) % Rox () ) * W (),

as a solution of (3.25).
Next, consider the boundary condition (3.38). From

O LR AR TR u(x) = 0,
by Lemma 2.8, we have
LFASTISu(x) = (R (o)™
where m = (n —4)/2,n > 4 and n is even. Convolving both sides of (3.47) by

K (x) * (=1)Sax () * Rox(x),

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)
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we obtain
(K(x)*(—l)kszk(x) *Rzk(x)>*<LkA’L§D’L§> * 1(x)
k H (m)
= K(x) #(-1)*S2e(x)  Rox(x) * (REfy 5 (0)) .
By the properties of convolution, we obtain
(LkK(x)> * (A’;(-nkSZk) * <D§R2k> w1 (x)
_ k H (m)
= K(x) * (=1)" Sk (x) * Ro(x) * (Rz(k,z) (v)".
By (3.39), we obtain
6% 6% 6xu(x) = (K(x) % (<1)*S2(x) % Rax(x) ) * (R, ) (0)) ™.
Thus, forx e 0Q and k =2,3,4,5,....,

u(x) = K@) * (-1 S (x) * Rox () = (Rl ()",

as required.
Now, for k = 1in (3.28), we have

u(x) = 6(x) % G(x) % (<1)Sa(x) * Ry (x) % W (x).
By (247), we have
G(x) = (RE () * (-1)*Rs(x)) » (o*l(x))*_l.
Taking into account (3.53), e obtain
u(x) = (R ()« (PR ) * (07 () * (-1)!$2(x) * Ra(x) x W(x)

as a solution of (3.25) for k = 1.
Convolving both sides of (3.55) by

(R0 * (1R, @) * (0 (1)) * (-1)S-2(x),

by Lemma 2.12, we obtain

(Ri(x) * (—1)2Ri4(x)) * (o*l(x)) % (=1)S_p(x) * u(x) = R (x) * Ry (x) % W ().
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(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)
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By Lemma 2.6, we obtain
M(x) = (RE(x) * (-1)°R, () ) * (01 (x)) * (1)S-2(x)  u(x)
as a solution of the inhomogeneous equation
O0pM(x) = W(x).
Now, consider the boundary condition for k = 1in (3.27); we have

LApOpu(x) =0, or OgLApu(x)=0

for x € 0Q. Thus by Lemma 2.8, for k = 1, we have

LAgu(x) = 6™ (v) for x € 0Q,

(3.58)

(3.59)

(3.60)

(3.61)

where 6 (x) = Ré{ (x). Convolving the above equation by K(x) * (-1)S2(x) where K(x) is

defined by (2.47) with k = 1 and S, (x) is defined by (2.16) with a = 2, we obtain
K (x) % (<1)Sy(x) * (LApu(x)) = 6" (v) * K (x) * (<1)S(x).
By properties of convolution,
LK (x) * Ag(=1)Sa(x) * u(x) = 6™ (v) x K (x) * (-1)S5(x).
By Lemmas 2.10 and 2.5, we obtain
5(x) % 6(x) * u(x) = 6" (v) * K(x) * (-1)Sa(x).
It follows that
u(x) = 6" (v) x K(x) * (=1)S»(x).
By (2.47) with k = 1, we have
K(x) = (R (x) * (-1)°R5(x) ) * (o*l(x))*fl.

Taking into account (3.65), we obtain

u(x) = 6™ (v) * (Rf (x) * (-1)°R¢ (x)> * (O*l(x)>*_1 % (=1)Sy(x) for x € Q.

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)

(3.67)
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Now consider the case k = 1,p =1, and g = n — 1, that is, from (3.59), Rf (x) reduced
to IZH(x) where IZH (x) is defined by (2.2) with a = 2 and R,(x) reduced to I(x) where I,(x)
is defined by (2.17) with y = 2, and then the operator [J defined by (1.3) reduces to the wave
operator

r-2 & O e (3.68)

Up defined by (1.9) reduces to the Bessel wave operator
OO0 = By, = Bx, =By, —-+- = By,, (3.69)
and then the solution M (x) reduced to
M(x) = I (x) * I(x) * W (x), (3.70)
which is the solution of inhomogeneous wave equation
O'OpM(x) = W(x), (3.71)

or

LR R & 02
A . —— ) (By, - By, - By, — - — By )M(x) = W(x). 3.72
< 5 o B ax3> ( M) =W().  (372)

With the boundary condition for x € 0Q,

L*O0pApu(x) =0, (3.73)

where L* = (3/4)A? + (1/4)(0%)* and O* is defined by (3.68), or for x € 0Q2 and by (3.65), we
obtain

u(x) = 6™ (s) * (14H (x) * (—1)2Rj(x)> % <D*1(x)>*_l % (=1)S2(x), (3.74)
where I4(x) is defined by (2.20) withy =4, s = x% - x% - x% —---—x2%,and D(x) reduced from
O(x) where it is defined by (2.34), that is, D(x) = (3/4)If (x) + (1/2)(—1)2R2(x). O
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