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In their classic book [1] Hardy et al. present the Holder inequality in a
general setting which can be rephrased as follows. Let f, g and H be three
functions satisfying the following assumption:

(A) f, g and H are suitably regular (for definiteness, continuous)
functions from [xg, 00), from [yy, 00) and from [xg, 00) X [y, 0©)
respectively to R™, such that

(a) fAx)g(y) < H(x, y) for all x > xo, y 2 yo,
(b) His jointly concave in (x, ).

The following result is then an immediate consequence of concavity:

PROPOSITION 1 Let f, g, H satisfy the assumption (A). Then for any
probability space (S, m) and any measurable functions ¢ and 1 from S to
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[x0, 00) and to [yo, 00) respectively, the following inequality holds:

/ dm(S)f(<P(S))g(¢(S))SH( [ans)eto). [ansrv). @)

The Hoélder inequality is obtained by taking xo =y, =0, f{x)=x?,
g(») =) with 0<a,b<1, and H=fQg, namely H(x,y)=£fx)g(»).
The concavity condition on H reduces to a+5<1, and the Holder
inequality follows as the limiting case a+b=1. In that case, both
members of (1) are homogeneous of degree 1 in m, and the condition that
mhasmass 1 or has finite mass can be eliminated by a limiting procedure.

In order to generalize the Holder inequality, it would be interesting to
analyse the assumption (A) in a systematic way. Meanwhile, one may try
to look for useful examples, namely to look for functions f, g and H
satisfying (A) that are reasonably simple or at least easily computable.
When looking for such examples, inspiration may be gained from the
problem of convergence of the integral [*°dx f (x)~! for large x. If
f(x) =fo(x) = x°, the convergence condition is o> 1. In order to get
closer to the limiting case, one may consider successively fi(x)=
x(log x)%, f>(x)=x(logx) (loglogx)“, etc., still with the convergence
condition o> 1. Coming back to the assumption (A), the analogue of
/1 consists of functions behaving at infinity like

fx) =x"(log x)%,  g(») =)"(log y)™” (2)

in the limiting power case a+ b= 1. We assume furthermore o> 0 in
order to get interesting examples. If the function f{x)g(y) is to admit a
concave majorant, then the same must hold for f,g and for the
restriction to rays A,(x) =f(x)g(Ax) A€R™), and we must therefore
assumea < 1 and B > a/(actually we shall need 3 > «). The purpose of this
note is to exhibit a simple explicit function H such that the assumption
(A) holds with the previous choice of fand g. The main resultis as follows:

PrROPOSITION 2 Let 0<a<1,0<a<fB=a+7, and define by, 6, and
6 by

b = [2a(1 - @) ' [Ba— 1)+ B(1 +4a(l —ay™)"],  (3)
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6= 200~ + (1 —a)™" — [2a(1 — a)a] ™"
v {aﬂ +[162(1 ~ @8y ~ 4a(1 ~ A)af(B +7) + 2] 2}, )
which is well defined for 4a(1 — a)y > o,
§=08  forda(l—a)y<a(B+1), (5)
{5=61 for 4a(1 — a)yy > a(B + 7). (6)
Let xo=1 and yo = €° and define f, g and H by
flx) =x(log x)*,  g(y) =y "“(log y)~*, ™
H(x,y) = fx)g(y) forx > 1, yo<y<xPe, (8)

H(x,y) = a®B72(8 — o)’ x"y'~(log y/x)*~”
forx>1, y> Max(yo,xﬂ/"‘). 9)

Then the assumption (A) is satisfied (and therefore Proposition 1 applies).

Remark 1 Define
b=B(1-a)" +28+7)7]- (10)

One can check directly on (3)—(6) but it follows more simply from the
proof of Proposition 2 given below that

8o < b < 6 forda(l —a)y> a(B+7),

5() = 51 = (52 for 4a(1 — a)'y = a(ﬁ + ’Y),

61> 80> 6, foraf <4a(l—a)y<a(f+7),
8 > 6, for 4a(l —a)y < a(B+7),

while 6, is not defined for 4a(1 — a)y < aB. On the other hand, it follows
from (5) that 6 = é, for a sufficiently small, for a sufficiently close to 1,
and for all a if v < a(B + 7) or equivalently 52> ~(y + 1).
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Remark 2 Clearly Proposition 2 remains true if one replaces ¢ by a
larger quantity in the definition of yy. It follows from the ordering given
in Remark 1 that

6 < Max(bo, 62)

and one can therefore replace § by Max(éy, 6,) in the definition of y,,
thereby avoiding the cumbersome 6;. In the same spirit, let

6 =B[(1-a) 7 +77]. (11)

One can check that 63 > 6, (more precisely 63 = 6y for a=0and 63 > 6, for
a > 0) and therefore obviously §; > Max(dy, 65), so that one can a fortiori
replace 6 by the very simple 63 in the definition of y,. The quantity 3 is
optimal for a =0, but it overestimates the singularity at v =0 for a > 0.

Remark 3 The function H can be defined and shown to be concave
in a larger region than indicated in (8), (9). In (8), (9) we have restricted
it to the largest product region where it can be used to implement the
assumption (A).

Remark 4 With ma probability measure, the main issue in Proposition
1 lies in the behaviour of £, g and H for large values of their arguments. In
particular one could replace fand g in (7) by various equivalent forms at
infinity in order to ensure preferred behaviour of these functions for
small values of (x, y). It turns out however that the explicit forms (7) or
rescaled versions thereof as used in Proposition 2’ below are especially
suitable to make subsequent computations simple and lead to simple
formulas for H.

For the applications, it may be convenient to rescale the variable y in
order to get a fixed range for it and to reformulate Proposition 2 in the
following equivalent form:

PROPOSITION 2 Let 0<a< 1, 0<a<fB=a+~; define 6 by (3)-(6);
let xo=yo=1; and define f, g and H by

flx) = x(log x)*,  g(y) =y (6 +1log )™, (7

H(x,y) = flx)g(y) for x> 1, 1<y<e?xPle (&)
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H(x,y) = o® B78(8 — )"~ x* y'~%(6 + log y/x)*~*
forx > 1, y > Max(1,e~® x%/), 9"

Then the assumption (A) is satisfied (and therefore Proposition 1 applies).

Proof of Proposition 2 Clearly one should try to define H=f®g
insofar as this is a concave function of (x, y), and only large values of
(x, y) matter since smaller values can be eliminated by suitably choosing
Xo and y,. It will turn out (see below) that f® g is concave for (x, y) not
too small and y < Cx?® for some constant C. Therefore the product
form H=f®g is suitable except in the region y > Cx”® where it has
to be modified. In that region, we modify f® g by replacing its graph by
the concave envelope of that graph and of the origin of coordinates,
namely by the cone with apex at the origin and tangent to that graph.
For that purpose we consider for A > 1 the restriction to rays

ha(x) = f(x)g(Ax) = A x(log x)*(log Ax)™” (12)

which is well defined for x > 1.
Now

L /iy = x71(1 + a/log x — B/ log Ax). (13)

The tangent from the origin to the graph of 4, touches the latter for
A /hy = x7!, namely alog Ax = log x, or equivalently at the intersec-
tion of the ray y=Ax with the curve S (hereafter called separatrix)

defined by y=x%* (> x> 1). For y > Max(x, x*/®) we replace f® g by
the conic function

H(x,y) = 0/(x/6) g(v/6) = x* y'~“(log x/6)*(log y/6)*  (14)
where 0 < 1 is defined by the condition that (x/, y/6) € S, namely
o log y/0 =B log x/6 (15)
so that (14) reduces to

H(x,y) = a® 778 — )% x* y'~*(log y/x)*"” (16)
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by an elementary computation. That function is well defined for
0 <x <y. Furthermore it follows from (13) that H(x,y) > f(x)g(y) for
1 <x<x”/*<y.Infact let hy(x) = H(x, Ax). Then by (13)

/
< _ —d—loghA
A X

4 Jogi =/
; b d

1

—1 S —

dx o/ hy X

for 1 < x < x?* < A\xwhile hy(x) = hy (x) for x*/* = \x, thereby yielding
the required inequality by integration.

We now define the function Hy(x,y), in the domain (x>1,y>1)
where f(x) g(y) is naturally defined, by

{ Hy(x,y) = I:I(x,y) for 1 <x < xPle<y,
(17)

Hy(x,y) = flx)g(y)  for 1 <y < xPl.

We have seen that Hy(x, y) > fix)g(y) for x > 1, y > 1, and it remains
only to be shown that Hy is concave in [1,00) X [yo, 00) so that its
restriction H to that domain fulfils the condition (b) of the assump-
tion (A).

We recall a few elementary properties of concave functions. A real
valued function F defined in a convex subset X of R” is concave by
definition if the hypograph G_(F) = {(x,y) € X x R: y < F(x)}is a convex
subset of X x R.If X'is open with closure X, if F € C(X)is concavein X and
if F extends by continuity to a function F € C(X), then Fis concave in X.
If X is open and F € C'(X), a necessary and sufficient condition for Fto be
concave is that the graph G(F) = {(x, y) € X x R: y = F(x)} lies below its
tangent plane locally at every point x of (a dense subset of ) X. If X'is open
and F € C*(X) itis sufficent for Fto be concave that the Hessian matrix of
Fbe non-positive (as a matrix) at every point of (a dense subset of ) X.

The function H, defined above lies in C(Q)NC'(Q) NC*(Q\S),
where Q = (1, 00) X (yo, 00). From the previous properties, it follows
that for H, to be concave in Q, it suffices that the Hessian matrix of H,
be non-positive in Q\S.

We first consider the conic form H. Omitting the prefactor, we take

H(x,y) = x*y'(log y/x)™"
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so that

, = (y/x)"~*{allog /)™ + y(log y/x)" "V} = k(y/x),
1, = (x/»){ (1 - a)(1og y/x)™" = y(log y/x) "V} = (y/x),
A = —(/x)K(y/x),  Hj=(1/x)¢(/x),

Hy, = (1/x) K (v/x) = —(v/x*) £ (v/x).
An elementary computation shows that

K () = —M(\)

~ A“’{a(l — a)(log A)™" + (1 — 2a)(log A)~+D

— (7 + Dlog )"0+ .

One checks that the Hessian of H vanishes, and the concavity condition
reduces to k'(\) > 0, namely

a(1 — a)(log N)? + (1 = 2a)log A —y(y+1) > 0

or equivalently A > \g=exp(y6o/5) with &, defined by (3). Therefore
the function H is concave for 0 < \ox <y, and by the appropriate
restriction, the function Hj is concave for x> 1, y > Max(\g x, xP%).
Furthermore, the ray y = A\gx intersects the separatrix .S at the point
(X0, Jo) with Xy = exp(abo/B), Jo = exp(dy) so that by further restric-
tion, the function H is concave for x > 1, y > Max (o, xP/ o).

We next consider the product form f®g. The concavity of that
function in some domain is equivalent to the non-positivity of the
Hessian matrix at each point of that domain. With fand g non-negative
functions, the latter at (x,y) reduces to the conditions f”(x)<0,
¢'(»)<0,and

) f"(x) g0 g () = (f'(x) &) 2 0. (18)
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Using the redundant parameter =1 —a for convenience and the
variables u=log x, v=1og y, we compute
f1(x) = x"1u Y au+ a),
f'(x) = x* 2w (—abu? + aa — b)u + a(a — 1)),
g) =y vy - p),
g'(y) =2y (—abv? + Bla — by + B(B + 1)),

so that the concavity conditions reduce to

abu* — oa — b)u — a(a —1) >0, (19)
abv* — B(a—b)v — B(B+1) >0, (20)

F(u,v) =[abu* — a(a — b)u — a(a — 1))
x [abv* — B(a — b)v — B(B + D] — (au+ o) (bv — B)* > 0.
(21)
The conditions (19), (20) are satisfied for v and vlarge and therefore by
continuity remain satisfied as long as one does not cross the curve

F(u, v)=0.1tis therefore sufficient to consider the condition (21) starting
from large u and v. By an elementary computation one obtains

F(u,v) = abuv(Bu — av) — aB(6 + b)u* — ba(a — a)v?

+afuv —af(B+b—au+afla+b—a)y
—af(l+6-a). (22)
It is convenient to introduce the variable w=0u — av and the new

function G(w, v) = BF(u, v). The separatrix is now the line w=0 and an
elementary computation yields

G(w,v) = abwyw? + ab av*w — a(b + B)W* + ab ayv?
— ((a - b)ap + 2aba)yw — af(b — a+ B)w
— (a—b)afyv —af*(1 +7) (23)
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(with v = 8 — ). The equation G(w, v) = 0 defines a cubic curve I' in the
(w, v) plane, with asymptotes w= —~, v=14 (/b and av+ w(= fu) =
B(1 — a/a), exceptin the special case a = 0 where that curve reduces to the
hyperbola with equation

w+y)(v—1-08)—a=0. (24)
In that case G(w,v) is non-negative in [0,00) X [vy,00) where
vo=1+ B+ a/y=6(1 + 1/v), which is the common value of §, and 6
given by (3), (11) for a = 0. We next consider the general case and we look
for the largest region (w, v) € [0, 00) X [vo, 00) where G(w, v) > 0. For that
purpose it is convenient to change variables and use the first two
asymptotes of I as coordinate axes. Accordingly we define w' =w -+,
vV =v—1-— /b, so that the separatrix is now the line w' =+, and we
proceed in two steps by defining

G(wy) = Gi(w,V) = Go(W, V). (25)
We first compute
Gi(w,v') = abVw? + (abav? + aBv — aba)w
+ ab a* + afyV + 2ab oy +abay — 26. (26)

It follows from (26) that G,(w, V') is quadratic convex in w for fixed
v >0 and strictly increasing in v/ for v/ >0 and fixed w>0. We next
compute

Go(W,V) = ab{(VW — a)(W + oV — 27) + BV} + aB(YW — a)
(27)

which is of course also quadratic convex in w’ for fixed v/ > 0 and strictly
increasing in v/ for v/ > 0 and fixed w' > . We next rewrite G, as follows

Gy(w,V) = abv’{(w’ —a/V) +2(az — )W — a/V) + 52} (28)

where
u=y—afb/2ab, (29)

z=z(V)= (V2 +1)/2v > 1. (30)
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For fixed v/ >0, the function G(w, V') reaches a minimum M(v') for

/

w=w()= o)V —az+p=a(l —v?)/2V +p, (31)

and
M) = abV (ﬂ2 —(az - ,u)z). (32)

Clearly w/ (V') decreases strictly from + oo to — oo when V' increases
from 0 to oo, and there exists a unique ¥ > 0 such that w} (V) =,
which is the positive root of the equation

ab(v? — 1)+ v = 0. (33)

On the other hand M(V) is strictly increasing in v insofar as
w) (V') > v, namely for 0 < v < ¥, since Go(w', V') is strictly increasing
in v for fixed w' >1.

We look for the largest product region (w, v) € [0, 00) X [vg, 00) where
G(w,v)>0 or equivalently for the largest product region (w',V) €
[v,00) X [V}, 00) where Go(w,V)>0. Clearly the condition v > & is
necessary, where & is the larger root of the equation

Gy(7,Y) = ay{abV? + (B + 2ab)y + ab — a3/}
=0, (34)

That condition reduces to vy > 8y, where & is defined by (3). Two cases
can then occur.

Case 1 One has &, > ¥ or equivalently G»(,?) < 0 or equivalently
w}(8;) < . One checks that this is the case provided 4aby < a8+ ).
In that case, the condition v > &, is also sufficient.

Case 2 One has §, < ¥ or equivalently G,(, #) > 0. This is the case
provided 4aby > o3 + ). In that case the condition v; > Max(§;, 0) is
necessary but not sufficient, while the condition vj > ¥ is obviously
sufficient but not necessary. The necessary and sufficient condition is
obtained as follows. Since M(V') increases from —oo to Ga(7, V) >0
when V' increases from 0 to ¥/, there is a unique 6] with 0 < §; < ¥/ such
that M(6)) = 0. Since z>1 and p <+ imply az— p>a—v> —f, the
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equation M(v') =0 reduces to
az—p=p 35)

so that by (31), vV <8 =a/(8+~v) <1 and § is the value of
determined by (35) and

namely
81 =a“{ﬂ+u— [(ﬂ+u)2—az]l/2}- (36)

Since G,(w', V') is increasing in V' for fixed w' >+, the necessary and
sufficient condition for the positivity of G, in the present case becomes
vy > &, which reduces to vy > 6; with 6, defined by (4) by an elementary
computation, thereby completing the proof of Proposition 2. In
addition, when returning to the variable v, ¢, becomes 6, defined by
(10), and the previous discussion essentially yields the ordering given
in Remark 1. QED

Remark 5 Thefact, mentioned in Remark 2, that 6 < 85 with 85 defined
by (11) follows easily from (27). In fact for v/ >0, VW' =a+¢ > o, we
obtain from (27)

Gy(WV) > ab{e(a+e)/V + (ea+ BV — 2e7} > 0

since e(a+e)ea+0?)—e**>0. As a consequence we obtain
Gr(W,v') >0 for (W, V) €[y, 00) X [a/v, 00) or equivalently G(w, v) >0
for [w, v) €[0, 00) x [63, 00), so that §3 > §y since G(v, 6p) =0and G(v, v)is
increasing in v in the relevant region.

We conclude this note by mentioning that the present work was
motivated by the problem of strict localization of L? and related
estimates for the complex Ginzburg—Landau equation

O = Mu+ (14 iv)Au— (1 + ip)ugo(|ul)

where u is a complex function defined in space time R" "', in the case
where the non-linearity go(p) behaves as (log p)° for large p. The crux of
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the argument is an application of Propositions 1 and 2 in the special case
a=0,8>a>2[2]
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