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The A-function in the Space P(*12)
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In this note, motivated by the question 1 in (Aron and Lohman, Pacific J. Math. 127 (1987),
209-231), we obtain an explicit formula for the A-function in the real space ’P( 1?). From
th1s we see that the A-function is continuous and attained at each point of the unit ball of
’P( 13), the space of real-valued continuous 2-homogeneous polynomials on /2.
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Given a normed space E, Bg denotes its closed unit ball, ext(Bg) the set
of extreme points of Bg, and S the closed unit sphere of E. If x € Bg, a
triple (e, y, M) is said to be amenable to x if e € ext(Bg), y € Bg, 0 < A < 1,
and x = Ae + (1 — A)y. In this case, we define

A(x) = sup{A: (e,y,\) is amenable to x}.

Eis said to have the A-property if each x € B admits an amenable triple.
If, in addition, inf{\: x € Bg} >0, then E is said to have the uniform
A-property. For more details about A-property and A-functions in
Banach spaces we refer to [1,2,4,5].
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Aron—Lohman [1] introduced the A-function, and calculated expli-
citly the A-function for the classical spaces Cx(T'), [{(X), [o(X) and ¢(X).
They showed that every finite dimensional normed space has the uniform
A-property.

Choi—-Kim [3] obtained an explicit formula for the norm of the real
space P(I12): Leta,b,c € R, |a| < 1, |b| < 1 and |c| < 2. Suppose P(x, y) =
ax? + by* + exy € P(*12) for the real Banach space I2. Then

IPCe,y)ll =1 if and only if 4~ =4(la+b|—ab) (%)

Using (x) we also classified the extreme points of the unit ball of ’P(zlzz):
For the real Banach space I3,

P(x,y) = ax®* +by* +exy € ext(BP(zlzz))

if and only if

la|=1b|=10r 0<|a| <1, a=—b, 4> =4—¢? ()

In this note, motivated by the question 1 in [1], we obtain an explicit
formula for the A-function in the real space p(2122) using () and (k).
From this we see that the A-function is continuous and attained at each
point of the unit ball of ’P(zlzz). Finally, we give an explicit formula for the
norm and the A-function in P(*2).

LEMMA 1 Let P(x,y) = ax® + by* + cxy in PCI3), | P|| < 1. Then
Max? + by* + cxy)
= A(sign(ab) min{|al, |b|}x* + max{la|, |6]}»* + |c|x).

Proof 1t follows from the fact that the A-function is invariant with
respect to isometries.

THEOREM 2 Let P(x, ) = ax’ + by* + cxy in PCI3), || P| < 1. Then

la+b] —1/(a—b)*+¢2

Therefore, the A-function is continuous and attained at each point of By 12)°

1 1
Max? + by* + cxy) = 3 t3
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Proof By Lemma 1, may assume that |a| < |b|=band ¢> 0.
Case 1 ||P|| < 1. First, (x) shows that

4—c*>4(a+b)—4ab. (1)

(A) Suppose that P(x,y)=Ax*+y?)+(1—N0(x,y) for some
0<A<land QeP(*),|Ql<1.
By Proposition 1.2(b) [1] we may assume ||Q|| = 1. Then

Q(x,y) = (T—:—;)xz + G{—i)yz + <1——j—x>xy.

and (x) shows that
a—)\} <1, lb—)\‘

<1, ’ ¢ ‘<2

1- X DY DY
and
2
c a+b—2\ a—A\ (b-\
4_(1—)\) =41 _4<1—)\><1—)\)' @

If a+b—2X >0, then Eq. (2) is equivalent to 4 — ¢*> = 4(a + b) — 4ab,
contrary to (1). Suppose a + b — 2 < 0. Solving Eq. (2), we get

)\=%+%<|a+b}:l:\/(a—b)2+c2).

Since A <min{(1 +a)/2, (1+b)/2} =1 '+ a)/2, we have

1

. l _ —h2 L2
/\—2+4<Ia+b| (a—b) +c>.

It is easy to check that

a+b 1 1 2 ) 1+a
_ — 4 — — — < .
. <2+4<la+bl V@@=07+e) <=

Hence

sup{\: (x* + %, Q, \) is amenable to P}

%-l—%(la-i—bl—W).
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(B) Suppose that P(x,y)=A(—x*—y?)+ (1 —NQ(x,y) for some
0<A<land QeP(*2),|lQ|=1.

Then
_f(at+ A\ 5, (b, c
O(x,y) = (1-,\)x +(—1_A>y + (1_/\)xy

and (x) shows that

a+)\’g , ib+>\‘

1-A

c
< <2

- 1—-AX

and

2
c _latb+2) a+ A\ (b+ )
4 (1—,\> *4{ 1-X | 4(1—,\><1-A>' ®)
Solving Eq. (3), we get

1
A=s5-

(|a+b[:|:\/(a—b)2+c2).

Bl

Note that

1-6_1_1 Ja—pP+e
7 <3 4(|a+b|:|: (a—b) +c>.

Since A <min{(l —a)/2,(1—5)/2} =(1 —b)/2, P does not admit an
amenable triple (—x? — 3% 0, \).

(C) Suppose that P(x,y)=A(Ix? — y? £2vV1 — I2xy) + (1 — M) Q(x,
y) forsome 0 <A<1, —1<I/<1and QeP(C), Q| =1.

Then

o (24 (27 (2357

A 1—-A 1-A
and (x) shows that
a—)\l<1’ b+)\l<1’ cE20V1 - B <2
1—-XA|— 11—\~ 1—A
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and

cWVT=E\'_ (1 a-M\(| b+ N
o = =)

Solving Eq. (4), we get

4(1 —a)(1 - b) — c?
4(b-a)l+2—a—bteV1=12)

A=

Computation shows that

max 4(1 - a)(1 = b) — ¢?
—ISISLA((b—a)l+2 —a— btV - 1?)
_ 4(1—a)(l—b)—c2
C 4min_jqq (b—a)l+2—a—bEteV1 -2
41— a)(1 - b) —

=4((2—a—b)—\/(a—b)2+c2)
=%—%(!a+b|—\/(a—b)2+c2)

atl = (a—b)/y/(a— b)* + ¢2. Thus we have
r<r-t(la+b - Ja-bP+e
Sz—7\la a ).

Computation shows that P admits an amenable triple

(by (1))

xX°+ y
\/(a——b)z-l—c2 \/(a—b)2+c2

2e| 11 I
+"—‘___‘_“~_xy9Qa'2_—Z(la+b|— (a—b) +C)

(a—b)* +¢2
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Hence
sup{\: (lx2 —?+2V1 = 2xy, 0, ) is amenable to P, —1 </< 1}

=%—%<\a+b|~\/(a——b)2?).

By the cases (A)—(C), we have

A(ax? + by* + cxy) = max l:I:l (|a+b! —1y/(a—b)*+ c2)
24
! la+b| —1/(a—b)*+

"2
Case2 ||P||=1. First, (x) shows that

Ll
4

4— * =4(a+b) — 4ab. (%)

(A’) Suppose that P(x,y)=Ax*+1)+(1—N0(x,y) for some
0<A<land QeP(*2),|Q|=1.

Then
_ b—
aten = ()2 (12204 (155 )

and (x) shows that

a—}\\sl’ ‘b—x\‘sl’ \ c l

1-X I1-X 1-A

and

()R o

If a+b—2X >0, then Eq. (6) is equivalent to

A < min

l+a 1+b a+b\ a+b
27 2 2 -2
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Ifa+b—2X <0, we have

a+b
2

<>\§min{l+a l+b}=l+a.

272 2

Solving Eq. (6), we get A = (a + b)/2. Thus P does not admit an amenable
triple if a+ b — 2 < 0. Hence

a+b
—

(B') Suppose that P(x,y)=M—x*—3?)+(1—NQ(x,y) for some
0<A<land QeP(*B), Q| =1.

Then
_f(a+ )\, b+ X\ , c
o) = (F53)+ (1557 + (755 )»

and (*) shows that

a+>\ 1, b+/\<l c
- 1—X

sup{\: (x*> + %, Q, ) is amenable to P} =

E

and

2
c
i () -

Solving Eq. (7), we get

a+b+2) a-+ A\ (b+A
1—) ‘_4<1—/\)<1—>\>’ )

a+b
=1- .
A 2
Hence
sup{\: (—x* —)?,Q, )\) is amenable to P} = min{l 2 ; b , #}

(C") Suppose that P(x, y) =A(Ix? — Iy £ 2v1 — I2xp) + (1 = A)Q(x,
y) forsome0< A< 1, —1<I<land Qe P(CA), Q| =1
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Then

QW”=G;£%“(bmgz+tinﬁTﬁ>w

T—x - )7 DY
and (x) shows that
a—M b+ Ml cE22V1 =12
< — < e | <
e e B e
and

(20 ey

Solving Eq. (8), we get

a—>b .
A — <
/ R— and )\_mln{

1—a 1-b _ _a+b
107 14+1f 2

Computation shows that P admits an amenable triple

a-b 5, b—a , 2 a+b

2—a-b 2—a-b 2
Hence

sup{\: (Ix* — ) £2V1 — [2xy, 0, \) is amenable to P, —1 < /< 1}
a+b

=1-—

By the cases (A")—(C'), we have

1—
2’ 2

=2t gl - a-s7 10| @y on.

)\(CIXZ + by2 + ,ny) - max{a + b a-—+ b}
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By the cases 1 and 2, we have that

la+b|—1\/(a—b)*+c?

The above argument shows that the A-function is continuous and
attained at each point of the unit ball of By By This completes the proof.

1 1
Max? + by? + cxy) = 5t7

Note that if F'is a finite dimensional normed space, then x € ext(Bg) if
and only if A(x) = 1. From this fact and Theorem 2, we can reclassify the
extreme points of the unit ball of P(*/2).

We can give an explicit relation between the norm and the A-function

inPC).
THEOREM 3 Let P(x,y) = ax* + by*+ cxy in 73(2122), |P)| < 1. Then

|1P|| +2A(P) =1+ max{la +b|,4/(a—b)* + c2}.

Proof By Lemma 1, we may assume that |a|<|b|=5b and ¢>0.
From the proof of Lemma 2.1 [3] we get

1Pl = p(¢;_ o=l /2fa—t7 + 2
\/§+|a—b|/2\/m),
- (]a b+ sz

which concludes the proof of the theorem combining Theorem 2.

References

[1] R.M. Aron and R.H. Lohman, A geometric function determined by extreme points of
the unit ball of a normed space, Pacific J. Math. 127 (1987), 209-231.

[2] R.M. Aron, R.H. Lohman and A. Suarez, Rotundity, the C.S.R.P., and the A-property
in Banach spaces, Proc. Amer. Math. Soc. 111 (1991), 151-155.

[3] Y.S. Choi and S.G. Kim, The unit ball of ’P(zlzz), Arch. Math. (Basel) (in press).

[4] R.H. Lohman, The A-function in Banach spaces, Banach Space theory, Contemp.
Math. 85, Amer. Math. Soc., Providence, RI (1989), 345-354.

[5] A. Suarez, A-property in Orlicz spaces, Bull. Acad. Polon. Sci. 37 (1989).



