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We introduce the shrinking hybrid projection method for finding a common element of the set of
fixed points of strictly pseudocontractive mappings, the set of common solutions of the variational
inequalities with inverse-strongly monotone mappings, and the set of common solutions of
generalized mixed equilibrium problems in Hilbert spaces. Furthermore, we prove strong
convergence theorems for a new shrinking hybrid projection method under some mild conditions.
Finally, we apply our results to Convex Feasibility Problems (CFP). The results obtained in this
paper improve and extend the corresponding results announced by Kim et al. (2010) and the
previously known results.

1. Introduction

Let H be a real Hilbert space with inner product (-, -) and norm || - ||, and let E be a nonempty
closed convex subset of H. Let T:E — E be a mapping. In the sequel, we will use F(T)
to denote the set of fixed points of T, that is, F(T) = {x € E : Tx = x}. We denote weak
convergence and strong convergence by notations — and —, respectively.

Let S:E — E be a mapping. Then S is called

(1) nonexpansive it

|Sx-Sy| <|lx-y|, VxyeE (1.1)
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(2) strictly pseudocontractive with the coefficient k € [0, 1) if

Sx-Sy|> < ||x-y|* +k||(I- S)x- I -S)y|]>, V¥x,yeE, (1.2)
y y y y
(3) pseudocontractive if

|Sx =Sy < |x-y|* + ||d-S)x - T -9S)y|*>, VxyeE. (1.3)

The class of strictly pseudocontractive mappings falls into the one between classes of
nonexpansive mappings and pseudocontractive mappings. Within the past several decades,
many authors have been devoted to the studies on the existence and convergence of fixed
points for strictly pseudocontractive mappings. In 2008, Zhou [1] considered a convex
combination method to study strictly pseudocontractive mappings. More precisely, take
k € [0,1), and define a mapping Sk by

Skx=kx+ (1-k)Sx, Vx€E, (1.4)

where S is strictly pseudocontractive mappings. Under appropriate restrictions on k, it is

proved that the mapping Sk is nonexpansive. Therefore, the techniques of studying nonex-

pansive mappings can be applied to study more general strictly pseudocontractive mappings.
Recall that letting A: E — H be a mapping, then A is called

(1) monotone if

(Ax-Ay,x-y)>0, Vx,yeE (1.5)

(2) p-inverse-strongly monotone if there exists a constant > 0 such that

(Ax - Ay, x - y) > B|Ax - Ay||>, Vx,y€E. (1.6)

The domain of the function ¢: E — R U {+o0} is the set dom¢ = {x € E : ¢p(x) < +o0}.
Lety: E — RU {+oo} be a proper extended real-valued function and let F be a bifunction of
E x E into R such that E ndom ¢ # @, where R is the set of real numbers.

There exists the generalized mixed equilibrium problem for finding x € E such that

F(x,y)+(Ax,y-x)+¢(y) —p(x) >0, VyeE. (1.7)
The set of solutions of (1.7) is denoted by GMEP(F, ¢, A), that is,

GMEP(F,¢,A) = {x € E:F(x,y) + (Ax,y —x) +9(y) —p(x) >0, Yy € E}. (1.8)
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We see that x is a solution of a problem (1.7) which implies that x € dom¢ = {x € E: ¢p(x) <
+o0}.

In particular, if A = 0, then the problem (1.7) is reduced into the mixed equilibrium
problem [2] for finding x € E such that

F(x,y) +9(y) —p(x) >0, VyeE. (1.9)

The set of solutions of (1.9) is denoted by MEP(F, ¢).
If A =0and ¢ =0, then the problem (1.7) is reduced into the equilibrium problem [3]
for finding x € E such that

F(x,y) >0, VyeE. (1.10)

The set of solutions of (1.10) is denoted by EP(F). This problem contains fixed point problems
and includes as special cases numerous problems in physics, optimization, and economics.
Some methods have been proposed to solve the equilibrium problem; please consult [4, 5].

If F = 0 and ¢ = 0, then the problem (1.7) is reduced into the Hartmann-Stampacchia
variational inequality [6] for finding x € E such that

(Ax,y—-x)>0, VyeE. (1.11)

The set of solutions of (1.11) is denoted by VI(E, A). The variational inequality has been
extensively studied in the literature. See, for example, [7-10] and the references therein.

Many authors solved the problems GMEP(F, ¢, A), MEP(F, ¢), and EP(F) based on
iterative methods; see, for instance, [4, 5, 11-25] and reference therein.

In 2007, Tada and Takahashi [26] introduced a hybrid method for finding the common
element of the set of fixed point of nonexpansive mapping and the set of solutions of
equilibrium problems in Hilbert spaces. Let {x,} and {u,} be sequences generated by the
following iterative algorithm:

x1=x€H,
1
F(un,y) + r—(y—un,un—xn> >0, VyekE,
n

wp = (1 - an)x, + aySuy, (1.12)
E,={z€H:|wy— 2| < | - 2ll},
Dy,={ze H:{x, —z,x—x,) >0},

Xni1 = Pgap,x, Vn2>1.

Then, they proved that, under certain appropriate conditions imposed on {a,} and {r,}, the
sequence {x,} generated by (1.12) converges strongly to Pr(s)nep(r)X.

In 2009, Qin and Kang [27] introduced an explicit viscosity approximation method for
finding a common element of the set of fixed point of strictly pseudocontractive mappings
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and the set of solutions of variational inequalities with inverse-strongly monotone mappings
in Hilbert spaces:

x1 €E,

Zn = pE(xn - ,uncxn)/
1.13
Yn = PE(xn - -)Lann)/ ( )

Xn+1 = Enf (Xn) + PnXn + Yn [cxff)Skxn + cxff)yn + ans)zn] Vn>1.

Then, they proved that, under certain appropriate conditions imposed on {e,}, {f.}, {yx},
{ ,(11)}, {a <2)} and {«a (3)}, the sequence {x,} generated by (1.13) converges strongly to g €
F(S) N VI(E, B) N VI(E, C), where g = Prs)nvi(g,B)rvi(E,) f (9)-

In 2010, Kumam and Jaiboon [28] introduced a new method for finding a common
element of the set of fixed point of strictly pseudocontractive mappings, the set of common
solutions of variational inequalities with inverse-strongly monotone mappings, and the set of
common solutions of a system of generalized mixed equilibrium problems in Hilbert spaces.
Then they proved that, under certain appropriate conditions imposed on {e,}, {$.}, and
{ } wherei =1,2,3,4,5. The sequence {x,} converges strongly to g € © := F(S)NVI(E, B)N
VI(E C) NGMEP(F1, ¢, A1) NGMEP(Fy, ¢, A2), where g = Po(I - A+yf)(q).

In this paper, motivate, by Tada and Takahashi [26], Qin and Kang [27], and Kumam
and Jaiboon [28], we introduce a new shrinking projection method for finding a common
element of the set of fixed points of strictly pseudocontractive mappings, the set of common
solutions of generalized mixed equilibrium problems, and the set of common solutions of the
variational inequalities for inverse-strongly monotone mappings in Hilbert spaces. Finally,
we apply our results to Convex Feasibility Problems (CFP). The results obtained in this paper
improve and extend the corresponding results announced by the previously known results.

2. Preliminaries

Let H be a real Hilbert space, and let E be a nonempty closed convex subset of H. In a real
Hilbert space H, it is well known that

[[Ax + (1 - Vyl* = @.1)
forall x,y € Hand A € [0,1].
For any x € H, there exists a unique nearest point in E, denoted by Pgx, such that
Yy € E. (2.2)
The mapping P is called the metric projection of H onto E.
It is well known that P is a firmly nonexpansive mapping of H onto E, that is,
(x -y, Vx,y € H. (2.3)
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Moreover, Pgx is characterized by the following properties: Pgx € E and

(x — Ppx,y — Pgx) <0, 2.4
llc = y|I* > llx = Pex]* + ||y - Pex]|? '

forallxe H, y € E.

Lemma 2.1. Let E be a nonempty closed convex subset of a real Hilbert space H. Given x € H and
z € E, then,

z=Ppx = (x-z,y-2)<0, VyeE. (2.5)

Lemma 2.2. Let H be a Hilbert space, let E be a nonempty closed convex subset of H, and let B be a
mapping of E into H. Let u € E. Then, for A > 0,

u € VI(E,B) < u = Pg(u - ABu), (2.6)

where Pr is the metric projection of H onto E.

Lemma 2.3 (see [1]). Let E be a nonempty closed convex subset of a real Hilbert space H, and let
S : E — E be a k-strictly pseudocontractive mapping with a fixed point. Then F(S) is closed and
convex. Define Sy : E — E by Sk = kx + (1 — k)Sx for each x € E. Then Sy is nonexpansive such
that F(Sk) = F(S).

Lemma 2.4 (see [29]). Let E be a closed convex subset of a real Hilbert space H, and let S:E — E
be a nonexpansive mapping. Then I — S is demiclosed at zero; that is,

Xy, — X, X, —Sx, — 0 (2.7)

implies x = Sx.

Lemma 2.5 (see [30]). Each Hilbert space H satisfies the Kadec-Klee property, for any sequence {x, }
with x, — x and ||x,|| — ||x|| together implying ||x, — x|| — 0.

Lemma 2.6 (see [31]). Let E be a closed convex subset of H. Let {x,} be a bounded sequence in H.
Assume that

(1) the weak w-limit set wy,(x,) C E,
(2) for each z € E, limy, _, || xp, — z|| exists.

Then {x,} is weakly convergent to a point in E.

Lemma 2.7 (see [32]). Let E be a closed convex subset of H. Let {x,} be a sequence in H and u € H.
Let g = Pru. If {x,} is wy(x,) C E and satisfies the condition

llxn =l < ||u—q| (2.8)

forall n, then x, — q.
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Lemma 2.8 (see [33]). Let E be a nonempty closed convex subset of a strictly convex Banach space
X. Let {T, : n € N} be a sequence of nonexpansive mappings on E. Suppose (\,—; F(T,,) is nonempty.
Let 6, be a sequence of positive number with 351 6, = 1. Then a mapping S on E defined by

Sx = 6,Tux (2.9)

n=1

for x € E is well defined, nonexpansive, and F(S) = (\;2; F(T,) holds.

For solving the mixed equilibrium problem, let us give the following assumptions for
the bifunction F, the function A, and the set E:
(A1) F(x,x) =0forallx € E
(A2) F is monotone, thatis, F(x,y) + F(y,x) <Oforallx,y € E
(A3) foreach x,y,z € E, limy_,oF(tz+ (1 -t)x,y) < F(x,y)
(A4) for each x € E, y — F(x,y) is convex and lower semicontinuous
(A5) for each y € E, x — F(x,vy) is weakly upper semicontinuous

(B1) for each x € H and r > 0, there exists a bounded subset D, C E and y, € E such
that, for any z € E \ Dy,

F(z,yx) +9(yx) - @(z) + %<yx ~z,z-x) <0, (2.10)

(B2) E is a bounded set.
By similar argument as in the proof of Lemma 2.9 in [34], we have the following lemma

appearing.

Lemma 2.9. Let E be a nonempty closed convex subset of H. Let F : E x E — R be a bifunction
that satisfies (A1)—(A5), and let ¢:E — R U {+oc} be a proper lower semicontinuous and convex
function. Assume that either (B1) or (B2) holds. For r > 0 and x € H, define a mapping TF : H — E
as follows:

TF (x) = {ze E:F(z,y) +o(y) - ¢(z) + %(y—z,z—x) >0, Vy e E}, (2.11)

forall z € H. Then, the following hold:

(1) for each x € H, TF (x) #0,
(2) TF is single valued,
(3) TF is firmly nonexpansive, that is, for any x,y € H,

(4) F(TT) = MEP(F, ),
(5) MEP(F, ) is closed and convex.

fo—Tfy”zS (TFx-Try,x-y), (2.12)
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Lemma 2.10. Let H be a Hilbert space, let E be a nonempty closed convex subset of H, and let
A : E — H be p-inverse-strongly monotone. If 0 < r < 2p, then I — pA is a nonexpansive mapping
in H.

Proof. For all x,y € E and 0 < r < 2p, we have

(I = rA)x - (I -rA)y|* = || (x - y) - r(Ax - Ay) |)*
= [|lx — y||* - 2r(x — y, Ax - Ay) + r?|| Ax - Ay||*
< [lx - y||* - 2rp|| Ax - Ay|| + *|| Ax - Ay]|? (2.13)
= ||lx - y||* +r(r - 2p) || Ax - Ay||?

2
< [lx-yll"
So, I - pA is a nonexpansive mapping of E into H. O

3. Main Results

In this section, we prove a strong convergence theorem of the new shrinking projection
method for finding a common element of the set of fixed points of strictly pseudocontractive
mappings, the set of common solutions of generalized mixed equilibrium problems and
the set of common solutions of the variational inequalities with inverse-strongly monotone
mappings in Hilbert spaces.

Theorem 3.1. Let E be a nonempty closed convex subset of a real Hilbert space H. Let Fi and F,
be two bifunctions from E x E to R satisfying (A1)—(A5), and let ¢ : E — R U {+oo} be a proper
lower semicontinuous and convex function with either (B1) or (B2). Let A1, Aa, B, C be four p, w,
P, &-inverse-strongly monotone mappings of E into H, respectively. Let S : E — E be a k-strictly
pseudocontractive mapping with a fixed point. Define a mapping Sk : E — E by Syx = kx+(1-k)Sx,
forall x € E. Suppose that

© := F(S) NGMEP(F;, ¢, A1) N GMEP(F,, ¢, A;) N VI(E, B) N VI(E, C) #0. (3.1)

Let {x,} be a sequence generated by the following iterative algorithm:

xo€H, E;=E, x1=Pgxy, u,€E, wv,€E,

Fi(un, u) + @(u) —(un) + (A1xy, u—uy) + Tl(u— Uy, Uy —Xy) >0, Yu€eeE,
n

Fr(vn,0) + p(v) — p(vy) + (Axn, v —vp) + Si(v —Un,Up—%y) >0, VYUEE,
n

Yn = PE(xn - )Lann)/ zn = Pg (xn - ,uncxn)/
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ty = a,(ql)Skxn + a,(qz) Yn + ch’)zn + a,(f) Uy + a,(f)vn,

Eni = {w € Ey: ||ty — w| < [|lxn — w0},

Xni1 = Pe . x9, Yn>0,

n+l1

(3.2)

where {cxfli)} are sequences in (0,1), wherei=1,2,3,4,5,1, € (0,2p), sp € (0,2w), and {A,}, {pn}
are positive sequences. Assume that the control sequences satisfy the following restrictions:

C) S =1,
(C2) limy_ o) = a® € (0,1), wherei =1,2,3,4,5,

(C3)a<r,<2pandb < s, < 2w, where a, b are two positive constants,

(C4) c <\, £2Pand d < py, <2¢, where ¢, d are two positive constants,
(C5) limn—>oo|)tn+l - /\nl = lirrln—><>o|/’l11+l - ,unl =0.

Then, {x,} converges strongly to Pgx.

Proof. Letting p € © and by Lemma 2.9, we obtain
p=Pe(p—A\uBp) = Pe(p — pnCp) = THH(I - 1, A1)p = T2 (I - 5, A2)p. (3.3)
Note that u,, = Tf} (I —=rnA1)x, € dome and v, = TSF:(I - 5,A2)x, € dom ¢, then we have

|t = p|| = 1T (I = 70 A1) 20 = TN (I = 1 A1)pl| < [l = I,
(3.4)

lon = pll = |[T2(1 = suda)eu = T22(1 = s, 40| < 1 pl

Next, we will divide the proof into six steps.

Step 1. We show that {x,} is well defined and E, is closed and convex for any n > 1.

From the assumption, we see that E; = E is closed and convex. Suppose that Ej is
closed and convex for some k > 1. Next, we show that Ex, is closed and convex for some k.
For any p € Ei, we obtain

1t =PIl < flxe = pll (3.5)
is equivalent to
Itk =PI + 2tk — xic, xx — p) <0 (3.6)

Thus, Ek.1 is closed and convex. Then, E, is closed and convex for any n > 1. This implies
that {x,} is well defined.
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Step 2. We show that © C E, for each n > 1. From the assumption, we see that © C E = E;.
Suppose © C Ei for some k > 1. For any p € © C Ey, since y, = Pg(x, — A,Bx,) and
zn = Pp(xy — pnCxy), for each A, < 2p and p,, < 2¢ by Lemma 2.10, we have I — 1,B and
I — p,, C are nonexpansive. Thus, we obtain
s =Pl = |Pe(xn = XuB2xw) = Pe(p — AuBp) |
< || (e = AnBxn) = (p = \uBp) |

= ||(I = B)x, — (I - L,B)p|

< lxu =pll,
(3.7)
20 - pll = 1P G - 1nCte) — Pe(p 1 C) |
< || Gen = puCatn) = (p = nCp) |
= [[(T = pnC)xn = (I = puC)p ||
< lxn=pll-
From Lemma 2.3, we have Si is nonexpansive with F(Si) = F(S). It follows that
lt. — 7| = alV S, + aff)yn +aPz, + aPu, +al o, - p”
<y |Skxa = pll + @i [y = pll + @ |z = pll + @ [lun = pl| + @ 0w~ |
<ay [lxn = pll + i |xn = pl| + @ 0 = pl| + @ [ln = | + i |2 - |
= lxn —pll-
(3.8)
It follows that p € Ek.1. This implies that © C E, for eachn > 1.
Step 3. We claim that lim,, _, o ||Xp41 — x| = 0 and lim,, -, oo ||x,, — t4]| = 0.
From x, = Pg,xp, we get
(x0 = xn,xp—y) 20 (3.9)

for each y € E,.. Using © C E,, we have

(x0—xn, X, —p) >0 foreachpe®, neN (3.10)
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Hence, for p € ©, we obtain

0 < (X0 — Xn, X = P)
= (X0 = Xn, Xn — X0 + X0 — P)
= —(X0 — Xn, X0 — Xn) + (X0 — X, X0 — P)

< |0 = xn1* + 1260 = x| || %0 = |-
It follows that
0 = xull < [lx0 —p||, Yp€O, nEN

From x,, = Pg,xp and x,41 = Pg,,,x0 € Es1 C E,,, we have

n+l

(x0 = Xp, Xp — xn+1> > 0.

For n € N, we compute

0 < (x0 = Xn, Xn — Xns1)
= (X0 = Xn, Xn — X0 + X0 = Xn+1)
= (X0 = Xn, X0 = Xn) + (X0 = Xn, X0 = Xn+1)
< —lxco = xalI” + (20 = X, X0 — Xpe1)

< =llxo = xull* + |0 = Xulll|0 = X1 ],
and then

llxo = xnll < llx0 = Xnsall, VR EN.

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

Thus, the sequence {||x,—xo||} is a bounded and nondecreasing sequence, so lim,, . o, || X, — xo||

exists; that is, there exists m such that

m = lim ||x, — xo]|.
n— oo

(3.16)
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From (3.13), we get
2 2
lxn = Xnsall™ = ll2¢n = X0 + X0 = X |
2
= 120 = x0[1” + 2(2tn = X0, %0 = Xna1) + [0 = Xea [I°

= || — Xo|* + 2(2n — X0, X0 = X + X — Xns1 ) + [|X0 = Xns1|*

(3.17)
= [|acu = x0|I> + 2(2ts = X0, X0 = X ) + 2(2p = X0, X = Xs1) + || X0 = X1 ||
= —[locn = xol|* +2(xn = X0, Xn — Xns1) + || %0 = X1 ||*
< |2t = x0]* + 260 = X1 1%
By (3.16), we obtain
lim [[x, — xp41]| = 0. (3.18)
n— oo
Since x,41 = Pg,,, X0 € Epe1 C E,, we have
12 = tull < llxn = X1 || + 101 = tall < 2|20 = X1 |- (3.19)
By (3.18), we obtain
Jim [lx, =] = 0. (3:20)
Step 4. We claim that the following statements hold:
(S1) limy, -, oo || — un|| =0,
(52) limy, — oo || — Yl = 0,
(S3) limy, — oo || — zu|| = 0,
(54) limy, - oo || — v || = 0.
For p € ©, we note that
2 2
120 = PII” = [|Pe(xn = puCxn) = Pe(p — unCp) ||
2
< |1 (xn = pnCxn) = (p = uCp) ||
2
= || (xn = p) = pa(Cxn = Cp) |
(3.21)

< 12 = pII* = 24 (20 — p, Cxtu = Cp) + 4i2]| Cx — Cp||
< |xn = pII” + pn (ptn — 28) || Cx — Cpp||®

= [lxn = PI* = jn (28 = ) | Cox = Cp||*
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Similarly, we also have
lya = pII* < I = pII* = 4u (26 = 1) || Bxa ~ Bp . (322)
We note that

Fl Fl 2
T (I =1y Av)x, = TH(I = A |

lluw - p||* =
< || = raADn — (T = ruADP|
= | (en =) = (A1 = Awp) I
= [1n = PII? = 270 = p, Arxu — Avp) + 72| Arxn — AP 323
< [lxn = plI* = 2rapl| Avxa = Arpl|* + 77| Arx = Avp|?
= [lxn = pII* + 7u(rn — 20) [| Arxs = Avp|®

= [lxa =" = 720 = ) [ Ava — Aup”.

Similarly, we also have

lon = pII* < |0 = I = 5020 = 50)|| Az — Asp||*- (3.24)
Observing that
lta = pII* < @ 1Sk = pII” + @ lyn = 1" + @ llza = pII” + 2 1 = pI* + @ |00 = p||”
<ap [l = pl* + i [lya = plI” + @ |20 = pII* + i [l = pl|” + 2 [on — p|
(3.25)
Substituting (3.21), (3.22), (3.23), and (3.24) into (3.25), we obtain
=PI < a2 1, = pII + a2 {[1xo = pII* = 1,28~ 1. | B, — Bp|*}
v 0 {12 - pI - a2 - ) | Cxo - CpII)
(4) 2 2
+ ay, Xn=p|" = 1a(2p —10) || A1xn — A1p
(Il =pIP =20 =) § .

e a2 { = I = sn2e0 = sl Az~ Aop

= [l = pII* — a0 (2B = L) | Bon = Bp||* = a3 p (26 = pn) || Cxn = Cp||”

—alra(2p = ra) | Arn = Arp||® - a5, (20 = 50) || Az — Aspl|™



Journal of Inequalities and Applications 13

It follows that

s fn (28 = pn) || Cxa - Cp||?

<l =pl* = NIt = pII* = @ 4(26 = 1) || B - Bp||?
(3.27)

= a3 1a(2p = ) [| Avx = Avp||” - @ 50200 = 1) || Az = Acp]®

< (e =pll + £ =Pl %0 = tall

From (C2), (C4), and (3.20), we have

lim [|Cx, - Cpl| = 0. (3.28)

Since s, € (0,2w), we also have
a;S)Sn (2w - sp) ”Azxn - AZPHZ

<l =pl* = NIt = pII* - @ 4 (26 = A1) || B - Bp||?
(3.29)

=0 (28 = pn) [ Cxa = Cp||* = a3 1 (2p = 1) [| Ara = Aup”
< (len = pll + lItn = pID 0 = tall-
From (C2), (C3), and (3.20), we obtain
Tlim || Ax, = Agp]| = 0. (3.30)

Similarly, by (3.28) and (3.30), we can prove that

tim B~ Bp| = Jim [ vz~ Avp] =0 @31
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On the other hand, letting p € © for each n > 1, we get p = Ty (I — r,A1)p. Since T} is firmly
nonexpansive, we have

2
TP (I = oAy = TE (I = r An)p|

2
l|tn = plI” =
< <(I —1mA1)x, — (I - TnAl)P/ Uy — P>

1
- E{||(I ~ 1 AD X — (I = 14 AD)p||* + |Jun - p||?

(I = 1w A1) xn = (I = 1, AV)p = (10 — ) II2} (3.32)
1 2 2 2
< 5{ llocn = pII” + [t = pII™ = [ en = ) = 72 (Ar2n = Arp) || }
1
< s { e = oI+ e = I = o =
4211 =t | Avxn = Arpl| - 72| Araca - Aup]*}.
So, we obtain
N = p|I* < 120 = PII” = 160 = tnll? + 271260 = ||| A1 xn = Asp]|. (3.33)

Observe that

Iy = PII* = [|PeCxn = 1uBxa) = Pe(p - AuBp) ||
< <(I - AMB)x, — (I - )LnB)P/ Yn — P>

1
[ P W e

_”(I ~AB)xy = (I = XuB)p = (yYn — p) ”2} (3.34)

+2M(xp = Y, Bxy, — Bp)},
and hence

lyn =PI < llen = pI* = 0 = yull” + 200l =y 1| Bxn — Bp|- (3.35)
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By using the same argument in (3.33) and (3.35), we can get

llon = pII” < |0 = PII* = 10 = Oull* + 28l — 0all || A2 — Acp],

i i (3.36)
llzn =PI < {20 = PI™ = ot = 2all® + 2120 = zall[|Cxa ~ Cp]|.
Substituting (3.33), (3.35), and (3.36) into (3.25), we obtain
1t =PI < i |x = pII* + a2 [ya = pII* + @’ [|20 - pII”
+a) [l = pl* + i on ~ pIP
< al || = plI* + & {10 = pII* = ll2n = yull* + 220120 = [ | B ~ Bp|}
+a { || xn - p||2 — 2w = zall* + 2| X0 = 2|l || Cxn — Cp|| }
+a { || — p||2 —|l2cn = nl* + 27|30 — un ||| A1 — A1p||} 5.37)

+ [0 = pI* = llxn = 0all? + 28120 = ol ]| A2 — Ao}

= v =l ~ @2 10—yl + 20,0 [, ~ 3l [ B~ B

3 3
— a||xn — Zal® + 2t 120 — zall | Cx — Cp|
4 4
— aP||xn = wnl? + 2000 | — ||| A1 — Aup|

5 5
— aD||xn = vall? + 28005 1200 — Oul|| A2 — Asp]-

It follows that

a0 sl < 1% I = [l - I - a2 100 = yall* + 2002 [, - 1B, - Bp]

—a) 120 = zull® + 2pnt 2 — zall||Cxn — Cp|
+ 270 o6 = ||| Avxn = Arp]| = ) o6 — al?
+ 25,08 1% = vall || A2xn — Acp|
< (en = pll + 1w =PI I = tall + 22002 || = | | B = Bp|
+ 201085 | = Zall || Cxtn = Cp || + 2700 |30 = wnll]| Arxn — Arp|

+ 25,0 |20 — v || Azx, — Azpl|.
(3.38)
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From (C2), (3.20), (3.28), (3.30), and (3.31), we have

lim ||x, — uy,|| = 0.
n—oo

By using the same argument, we can prove that

lim ||xn - yn” = lim ||x,, — z,|| = lim ||x, — v,]| = 0.
n— oo n— o0 n— oo

Applying (3.20), (3.39), and (3.40), we can obtain

lim ||ty — w,|| = im ||t — yu|| = Lm ||, - 2z,|| = lim [|t, - 0,]| = 0.
n— oo n— oo n— oo n— oo

Step 5. We show that

z € F(S) NGMEP(F}, ¢, A1) N GMEP(F,, ¢, Ay) N VI(E, B) N VI(E, C).

Assume that A\, — X € [¢,2f] and p, — p € [d,2¢].
Define a mapping P: E — E by

Px =aVSx +a®Pe(1-AB)x + cx(3)PE(1 - uC)x + a®WTH (I —rA))x

+a®TR(I-sAy)x, Vx€eE,

where limnﬂwas) =a e (0,1), when i = 1,2,3,4,5. By (C1), then we have };

From Lemma 2.8, we have [ is nonexpansive and

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

a,(f) = 1.

F(P) = F(Sk) N F(Pg(1-AB)) N F(Pg(1-puC)) N F(Tfl (I - rA1)> n F(TSFZ(I - sA2)>

= F(Sx) NGMEP(F1, ¢, A1) N GMEP(F3, ¢, A;) N VI(E, B) N VI(E, C).

(3.44)
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We note that

10%n = 2Xn|l < [1D0%n = tall + [[tn = Xul|

- || [a<1)5kxn + 2@ Pp(1- AB)x, + a® P (1 - uC)x,
+cx(4)"_l"f1 (I-rAy)x, + cx(S)TfZ(I - sAz)xn]
- [a,(ql)Skxn + cxff)PE(l - AB)x, + cxff)PE(l - unC)xyp

4 TH (1= 1Ay, + @) TR (L= sAz) || + 11t = 2l

< |a® = a?[ISixall + a® | Pe(I = \B)x, = Pe(I = 1,B) |

2)

+[a® = aP|I1Pe(1 = LuB)

+a® || Pe(1 = pC) = Pe(I = pnC) x| + | —

[1Pe (T = pnC) |

+ |cx(4) - a,(;l) | ”Tf1 (I-rA1)x,

+||tn = x|

+ |cx(5) - a,(f) | ||T52(I —5A2)xy

1 2
< o - |ISkxall + @@ 14 = M[Bxa || + [« = af?

| Pe(I = X B) x|

3
+ a® |y = plICx | + [ = )

1 Pe(1 ~ )|

(5)

+ |cx(4) —a,(14)|||Tf1 (I-rA1)x, +|cx(5) -a, +|tn = x4]|

5 .
< K1<Z|a(1) —a®
i=1

||T£2(1 — 5A2)xn

+ Ay — A+ |/4n - /’l|> +|[tn = xull,
(3.45)

where K is an appropriate constant such that

TH(I -rA))x, TH(I-sAy)x,

, sup||[Pe(I = LnB)xnll,

n>1

K= max{sup

, sup
n>1 n>1

(3.46)

, sup||Bxy|l, supl|Cxx]|, SuPIISkxnII}-
n>1 n>1

n>1

supl|| P (1 - s C) %,
n>1

From (C2), (C5), and (3.20), we obtain

im [|x, = x| = 0. (3.47)
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Since {x,,} is bounded, there exists a subsequence {x,} of {x,} which converges weakly to
z. Without loss of generality, we may assume that {x,,} — z. It follows from (3.47), that

Jim [, = D = 0. (348)

It follows from Lemma 2.4 that z € F(/). By (3.44), we have z € ©.

Step 6. Finally, we show that x,, — z, where z = Poxy.
Since © is nonempty closed convex subset of H, there exists a unique z' € © such that
z' = Poxy. Since z' € © C E,, and x,, = Pg,xp, we have

160 = x| = [l¢0 = P, xol| < [|2c0 — '] (3.49)

for all n > 1. From (3.49), {x,} is bounded, so wy,(x,) # 0. By the weak lower semicontinuity
of the norm, we have

lIx0 = zI| < lim inf[lxo - x| < ||x0 = 2'| (3.50)

Since z € wy,(x,) C ©, we obtain
|0 = 2'|| = llxo = Poxol| < [Ix0 — =] (3.51)

Using (3.49) and (3.50), we obtain z’ = z. Thus, wy(x,) = {z} and x,, — z. So we have

|0 = Z'[| < [lx0 = || < liminf|jxg — x,|| < limsup||xo — x| < ||x0 = 2| (3.52)
t— i— oo
Thus,
150 = zI| = lim [|lxx0 — xu| = [|x0 = 2'[|- (3.53)
1— 00

From x,, — z, we obtain (xy — x,) — (xo — z). Using Lemma 2.5, we obtain that
20 — 2| = [|(xn = x0) = (z = x0)|| — 0 (3.54)

asn — oo and hence x, — z in norm. This completes the proof. O

If the mapping S is nonexpansive, then Sy = Sg = S. We can obtain the following result
from Theorem 3.1 immediately.

Corollary 3.2. Let E be a nonempty closed convex subset of a real Hilbert space H. Let Fy and F,
be two bifunctions from E x E to R satisfying (A1)—(A5), and let ¢:E — R U {+oo} be a proper
lower semicontinuous and convex function with either (B1) or (B2). Let A1, Az, B, C be four p, w, p,
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g-inverse-strongly monotone mappings of E into H, respectively. Let S : E — E be a nonexpansive
mapping with a fixed point. Suppose that

© := F(S) NGMEP(F1, ¢, A1) NGMEP(F,, ¢, A7) N VI(E, B) N VI(E, C) #9. (3.55)

Let {x,} be a sequence generated by the following iterative algorithm (3.1), where { al’} are sequences
in (0,1), wherei = 1,2,3,4,5, 1, € (0,2p), s, € (0,2w), and {A,}, {pn} are positive sequences.
Assume that the control sequences satisfy (C1)—(C5) in Theorem 3.1. Then, {x,} converges strongly
to Poxy.

If ¢ = 0and A; = Ay = 0 in Theorem 3.1, then we can obtain the following result
immediately.

Corollary 3.3. Let E be a nonempty closed convex subset of a real Hilbert space H. Let Fy and F, be
two bifunctions from E x E to R satisfying (A1)—(Ab), and let ¢ : E — R U {+oo} be a proper lower
semicontinuous and convex function with either (B1) or (B2). Let B, C be two f, ¢-inverse-strongly
monotone mappings of E into H, respectively. Let S: E — E be a nonexpansive mapping with a fixed
point. Suppose that

© = F(S) NEP(F;) NEP(F;) N VI(E, B) N VI(E, C) #0. (3.56)
Let {x,,} be a sequence generated by the following iterative algorithm:

xo€H, E|=E, .X'1=PEl.X'0, u, € E, v,€E,

1
Fy(un, u) + T—(u—un,un—xn> >0, VYueeE,
n

1
F>(vy,v) + S—(v—vn,vn -x,) >0, VvE€eE,
n

zp = Pe(xn — pnCxy), (3.57)
yn = PE(xn - .)Lann)/

t, = a,(ql)an + a,(qz) Yn + aS’)zn + a,(f)un + a,(f)vn,

Enii = {w € Ey : ||tw — w|| < |20 —wl|},

Xpi1 = Pe . x9, Vn2>1,

n+l

where {cxff)} are sequences in (0,1), wherei=1,2,3,4,5,1, € (0,0), s, € (0, 00) and {1, }, {un} are
positive sequences. Assume that the control sequences satisfy the condition (C1)—(C5) in Theorem 3.1.
Then, {x,} converges strongly to Pox.

If B=0,C =0, and F;(uy, u) = Fi(v,,v) = 0 in Corollary 3.3, then P = I and we get
Uy = Yn = X, and v, = z, = x,,; hence, we can obtain the following result immediately.

Corollary 3.4. Let E be a nonempty closed convex subset of a real Hilbert space H. Let S: E — E be
a k-strictly pseudocontractive mapping with a fixed point. Define a mapping Sy :E — E by Skx =
kx+(1-k)Sx, for all x € E. Suppose that F(S) #0. Let {x,} be a sequence generated by the following
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iterative algorithm:

xo€H, Ei=E, x1=Pgx,

th = aySkxn + (1 — ay)xy,
(3.58)
Epi = {w € Ey : |ty —w| < [lxn —wl|},
xn+1 = PE xO/ vn 2 ]-/

n+1

where {a,} are sequences in (0,1). Assume that the control sequences satisfy the condition
limy, oy = a € (0,1) in Theorem 3.1. Then, {x,} converges strongly to a point Prs)xo.

4. Convex Feasibility Problem

Finally, we consider the following Convex Feasibility Problem (CFP): finding an x € ﬂ?fl Cj,
where M > 1is an integer and each C; is assumed to be the solutions of equilibrium problem
with the bifunction F;, j = 1,2,3,..., M and the solution set of the variational inequality
problem. There is a considerable investigation on CFP in the setting of Hilbert spaces which
captures applications in various disciplines such as image restoration [35, 36], computer
tomography [37], and radiation therapy treatment planning [38].

The following result can be obtained from Theorem 3.1. We, therefore, omit the proof.

Theorem 4.1. Let E be a nonempty closed convex subset of a real Hilbert space H. Let {F;} ?fl be a
family of bifunction from E x E to R satisfying (A1)—(A5), and let ¢ : E — R U {+oo} be a proper
lower semicontinuous and convex function with either (B1) or (B2). Let Aj : E — H be pj-inverse-
strongly monotone mapping for each j € {1,2,3,..., M}. Let B; : E — H be pi-inverse-strongly
monotone mapping for each i € {1,2,3,...,N}. Let S : E — E be a k-strictly pseudocontractive
mapping with a fixed point. Define a mapping Sk : E — E by Sxx = kx + (1 — k)Sx, forall x € E.
Suppose that

©@:=F(S)n <ﬁ GMEP(Fj, ¢, A]-)> N <ﬁ VI(E, Bi)> #0. (4.1)
i=1

j=1
Let {x,,} be a sequence generated by the following iterative algorithm:

.X'QEH, E1:E, X1=PEI.X'0, 7)1,7)2,...,7)M€E,

1
Fi(vy1,01) + 9(v1) = @(Un1) + (A1Xp, U1 = Up1) + r—1<U1 —Un1,Un1 —Xn) 20, Vo1 €E,
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1
Fr(Uy0,02) + 9(02) = 0(Un2) + (AdXn, U2 — Upp) + P (V2 = Un2,Unp—xn) 20, Voo €E,

Fy(Unm, om) + (M) — @(On,m) + (AMXn, UM — Onm)

1
+— (UM — Un,M, Unm — Xn) 20, Voum €E,
™

Yn1 = PE (xn - -)Ln,llen)/
Ynp = PE (xn - -)Ln,ZBan)/

Yn N = PE(xn - )Ln,NBan)/

N M
/
ty = anoSkxn + Zan,iyn,i + Zan,jvn'f’
i=1 i=1

Eni = {w € Ey: [ty - wl < [lxn — [},

Xni1 = Pe x9, VYn2>1,

n+l1

(4.2)

N M
where ano, n, Anp, ..., an,N and &, |, o, ... 0, \p € (0,1) such that 352 an; + 355 a’n,]. =1,
{Ani} are positive sequences in (0,1). Assume that the control sequences satisfy the following
restrictions:

(C1) lim, . a = a® € (0,1), foreach 0 <i < N,

(C2) limy— ) = ') € (0,1), foreach 1 < j < M,

(C3) a;j < rj < 2pj, where aj is some positive constants for each 1 < j < M,
(C4) ¢; < Ay <20;, where c; is some positive constants for each 1 <i < N,
(C5) limy, — 0| Ans1,i — Anil =0, foreach 1 <i < N.

Then, {x,} converges strongly to Pox.

If Aj =0, for each 1 < j < M and F;(vy,,vi) = 0, for each 1 <i < N in Theorem 4.1,
then v, ; = x,,; hence, we can obtain the following result immediately.

Theorem 4.2. Let E be a nonempty closed convex subset of a real Hilbert space H. Let ¢ : E — RU
{+00} be a proper lower semicontinuous and convex function with either (B1) or (B2). Let B;:E — H
be Pi-inverse-strongly monotone mapping for eachi € {1,2,3,...,N}. Let S:E — E be a k-strictly
pseudocontractive mapping with a fixed point. Define a mapping Sy : E — E by Six = kx+(1-k)Sx,
forall x € E. Suppose that

N
©:=F(S)n <ﬂ VI(E, Bi)> #0. (4.3)

i=1
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Let {x,} be a sequence generated by the following iterative algorithm:

x)€H, Ei=E, x1= Pgle,
Yn1 = PE(xn - ~)Ln,llen)/

Yno = PE(xn - -)Ln,ZBan)/

Yn N = PE(xn - -)Ln,NBan)/ (44)

N
tn = an,OSkxn + Zan,iyn,i/
i=1
Epn ={w € Ey: |ty —wl < [|xn —wl|},
xo, Vn>1,

Xn41 = Pg

n+1

where ano, An1, Ano, ..., 0nN € (0,1) such that Zf-\io ani =1, {Ay,i} are positive sequences in (0,1).
Assume that the control sequences satisfy the following restrictions:

(C1) lim, _, o) = a® € (0,1), foreach 0<i < N,
(C2) ci < Ai < 2p;, where c; is some positive constants for each 1 <i < N,

(C3) limy — 0| Ans1,i = Anil =0, foreach 1 <i < N.

Then, {x,} converges strongly to Pgx.

If B; =0, foreach 1 < i < N in Theorem 4.1, then we get y,,; = x,,. Hence, we can obtain
the following result immediately.

Theorem 4.3. Let E be a nonempty closed convex subset of a real Hilbert space H. Let be a { F; }?fl bea
family of bifunction from ExE to R satisfying (A1)—(A5),and let ¢ : E — RU{+o0} be a proper lower
semicontinuous and convex function with either (B1) or (B2). Let A;: E — H be pj-inverse-strongly
monotone mapping for each j € {1,2,3,...,M}. Let S:E — E be a k-strictly pseudocontractive
mapping with a fixed point. Define a mapping Sx: E — E by Skx = kx + (1 — k)Sx, for all x € E.
Suppose that

©:=F(S)n <ﬁ GMEP(Fj, ¢, A]-)> £0. (4.5)

j=1
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Let {x,} be a sequence generated by the following iterative algorithm:
x)€H, Ei=E, x1= PEle, v1,02,...,0m €EE,

1
Fi(vn1,01) + (1) = (Un1) + (A1Xn, 01 — V1) + Z(m —Un1,Un1 —Xn) 20, Vo1 €E,

1
Fr(vnp,02) + 9(02) = p(Un2) + (A2Xp, 02 — Upp) + r—z(vz —Unp,Unp—Xn) 20, Voo €E,

Fm(onm, om) + 9(0n) — 90 m) + (AMXn, UM — UM )

1
+—(OM = Un,M, UnM —Xn) 20, VYom €E,
™

M
!
th = AnoSkXy + Z“n,jvn/f'
=1
Enn ={w € Ey: [ty —wl| < [|xn —wl|},

Xpi1 = Pe . x9, VYn2>1,

n+l

(4.6)

where ayo and a, |, o, ..., &, o € (0,1) such that o + fol a, ;= 1. Assume that the control

sequences satisfy the following restrictions:
(C1) limy— o = 2@ € (0,1),
(C2) limnaooa;(j) =a'D € (0,1), foreach 1< j < M,
(C3) a;j < rj < 2pj, where aj is some positive constants for each 1 < j < M.

Then, {x,} converges strongly to Pgx.
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