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We introduce new sequence space m(M,¢,q,A) defined by combining an Orlicz function,
seminorms, and A-sequences. We study its different properties and obtain some inclusion relation
involving the space m(M,$,q,1). Inclusion relation between statistical convergent sequence
spaces and Cesaro statistical convergent sequence spaces is also given.

1. Introduction

By w, we denote the space of all real or complex valued sequences. If x € w, then we simply
write x = (xi) instead of x = (xx)32;. Also, we will use the conventions that e = (1,1,...).
Any vector subspace of w is called a sequence space. We will write I, ¢, and ¢y for the
sequence spaces of all bounded, convergent, and null sequences, respectively. Further, by
I, (1 £ p < ), we denote the sequence space of all p-absolutely convergent series, that is,
L ={x=(xx) €w: 3 |xk|’ < oo} for 1 < p < co. Throughout the article, w(X), l(X), and
1,(X) denote, respectively, the spaces of all, bounded, and p-absolutely summable sequences
with the elements in X, where (X, q) is a seminormed space. By 6 = (0,0,...), we denote
the zero element in X. P; denotes the set of all subsets of N, that do not contain more than s
elements. With (¢,), we will denote a nondecreasing sequence of positive real numbers such
that (s = 1)¢ps-1 < (s —1)¢ps and ¢ — o0, as s — oo. The class of all the sequences (¢s)
satisfying this property is denoted by ®.

In paper [1], the notion of A-convergent and bounded sequences is introduced as
follows: let A = (Ax)72, be a strictly increasing sequence of positive reals tending to infinity,
that is

O<lo<hi<-, JA—oo ask— oo (1.1)
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We say that a sequence x = (xx) € w is A-convergent to the number [ € C, called as the A-limit
of x,if A,(x) — lasn — oo, where

n

1
Au(x) = J\_Z()tk - A1)xk, neN (1.2)
k=0

In particular, we say that x is a A-null sequence if A,,(x) — 0asn — oo. Further, we
say that x is \-bounded if sup |A, (x)| < oo. Here and in the sequel, we will use the convention
that any term with a negative subscript is equal to naught, for example, A\_; = 0 and x_; = 0.
Now, it is well known [1] that if lim, x,, = a in the ordinary sense of convergence, then

lir{n<%2(lk — Mper) |k — a|> =0. (1.3)

k=0

This implies that

L3 k- L) (- a)

lim|A,(x) — a| = lim
n n n k=0

=0, (1.4)

which yields that lim, A, (x) = a and hence x is A-convergent to a. We therefore deduce that
the ordinary convergence implies the A-convergence to the same limit.

2. Definitions and Background

The space m(¢) introduced and studied by Sargent [2] is defined as follows:

m(p) = {x = (xi) €5 X[l = sup lZ|xi| < oo}. (2.1)

s21,0€Ps T'S jeo
Sargent [2] studied some of its properties and obtained its relationship with the space
I,. Later on it was investigated from sequence space point of view by Rath [3], Rath and

Tripathy [4], Tripathy and Sen [5], Tripathy and Mahanta [6], and others. Lindenstrauss and
Tzafriri [7] used the idea of Orlicz function to define the following sequence spaces:

Iv = {x=(x,~)€s:iM<%> < oo, Q>O}, (2.2)

i=1

which is called an Orlicz sequence space. The space [ is a Banach space with the norm

. < |xi]
=inf 0: M| — 14%. 2.3
x| m{@> > <Q>s} (2.3)

The space I, is closely related to the space I, which is an Orlicz sequence space with
M(x) = xP, 1 < p < oo. An Orlicz function is a function M : (0,00] — (0, 0] which is
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continuous, nondecreasing, and convex with M(0) = 0, M(x) > 0 for x > 0 and M(x) — oo
as x — oo. It is well known that if M is a convex function and M(0) = 0, then M(Ax) <
A-M(x) forall A withO < A < 1.

An Orlicz function M is said to satisfy the A,-condition for all values of u, if there exists
a constant L > 0 such that M (2u) < LM (u), u > 0 (see, Krasnoselskii and Rutitsky [8]). In the
later stage, different Orlicz sequence spaces were introduced and studied by Bhardwaj and
Singh [9], Glingor et al. [10], Tripathy and Mahanta [6], Esi [11], Esi and Et [12], Parashar
and Choudhary [13], and many others.

The following inequality will be used throughout the paper,

Ja; + bif” < max(1,257) (jai + [bif?), (2.4)

where a; and b; are complex numbers, and H = sup p; < oo, h = infp;. Tripathy and Mahanta
[6] defined and studied the following sequence space. Let M be an Orlicz function, then

m(M,p) = {x =(x;) €s: sup lZM('?) < oo, for some ¢ > O} (2.5)

s>1,0€Ps

Recently, Altun and Bilgin [14] defined and studied the following sequence spaces:

m(M,A,,p) = {x = (x;) €s: sup ZM('A ()] > < oo, for some ¢ > 0}, (2.6)

s>1,0€Ps 'S jeo

where A;(x) = 312, aicxi and converges for each i. In this paper, we will define the following
sequence spaces:

8 neo,0€P; Q

m(M,¢,q,\) = {x =(x))ew: 11ml Z Mn<q<M>)P" =0, for some ¢ > O}.
(2.7)
3. Results
Since the proofs of the following theorems are not hard we omit them.
Theorem 3.1. The sequence spaces m(M, ¢, q, \) are linear spaces over the complex field C.

Theorem 3.2. The space m(M, ¢, q, ) is a linear topological space paranormed by

g(x) = {pr/H: [Sup S M, < <|Aéx)|>> ]1/Hg1, r:1,2,...}. (3.1)
S neo,cels

In what follows, we will show inclusion theorems between spacesm (M, ¢, q, ).
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Theorem 3.3. m(M, ¢',q,A) C m(M, §?,q, A) if and only if

1
supd)—; < 0. (3.2)

s>1 Qg

Proof. Let x € m(M, ¢',q,A) and K = sup_,, (¢/$?) < co. Then we get

5 3 (o)) s 5 w(o(Re))”
- 3 (o))

hence x € m(M, ¢?,q, A). Conversely, let us suppose that m(M, ¢!, g, A) Cc m(M, ¢?,q, A) and
x em(M, (i)l, q,\). Then there exists a ¢ > 0 such that

éneg;epsM" <q<%>)w <€ (3.4)

for every e > 0. Suppose that sup,(¢i/$3) = oo, then there exists a sequence of natural
numbers (s;) such that lim; _, (¢§]_ / (;bgj) = oo. Hence we can write

%neo,zoePsMn <q<|f\n_é9f)l>>”" z s;f% ' %negepsMn <‘7<@)>p" =c.  (35)

Therefore, x ¢ m(M, ¢?, g, A), which is contradiction. O

Corollary 3.4. Let M be an Orlicz function. Then m(M, ¢',q, A) = m(M, §?,q, ) if and only if

1 2
sup(i)—; < oo, supd)—i < o0. (3.6)
s21 @s s21 Ps

Theorem 3.5. Let M, My, M, be Orlicz functions which satisfy the A,-condition and g, g1, and g»
seminorms. Then

(1) m(My, ¢,q,A) Cm(Mo My, $,q,7),

) m(My, §,4,A) N m(Ma, §,4,A) C m(M; + Ma, §,q, A),

B) m(M, ¢,q1,A) nm(M,p,q2, \) Cm(M, $,q1 + g2, \),

(4) If qu is stronger than q,, then m(M, ¢, g1, A) C m(M, ¢, g2, ), and

(5) If qu is equivalent to gy, then m(M, $, g1, \) = m(M, ¢, q2, A).

Proof. Proof is similar to [14, Theorem 2.5]. O
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Corollary 3.6. Let M be an Orlicz function which satisfy the Aj-condition. Then m(¢p,q, ) C
m(M, §,q, ).

Theorem 3.7. Let Q = (M;) be a sequence of Orlicz functions. Then the sequence space
m(M, $, q, ) is solid and monotone.

Proof. Let x € m(M, ¢, q, A\), then there exists ¢ > 0 such that

FEMEE) <

for every € > 0. Let (A,) be a sequence of scalars with |1,| < 1 for all n € N. Then from
properties of Orlicz functions and seminorm, we get

%ZPM <q<|An(3nx)|>>pn ) i ZP M. <q<mn||/;n(x)|>>pn

3 T () o

0,0€D; Q
1 AN\
4 T ()
Ps neo,zoel’s Q
which proves that m(M, ¢, g, A) is solid space and monotone. O

4. Statistical Convergence

In [15], Fast introduced the idea of statistical convergence. This ideas was later studied by
Connor [16], Freedman and Sember [17], and many others. A sequence of positive integers
0 = (k;) is called lacunary if ko = 0, 0 < ky < kyy1, and b, = k, — k-1 — wasr — o. A
sequence x = (x;) is said to be Sg(¢, A) statistically convergent to s if for any € > 0,

> €}> =0, (4.1)

for some ¢ > 0, where k(A) denotes the cardinality of A. A sequence x = (x;) is said to be
S9(¢, A) statistically convergent to s if for any e > 0,
> e}) =0, (4.2)

-85

limhlk<{ieo, cePlP,r>1: |M

limhlk<{ieo, ocePb, rzlz‘
1

r

Ai(x)
Q

for some ¢ > 0.

Theorem 4.1. If M is any Orlicz function, (¢p,) strictly increasing sequence, then m(M, ¢,q, \) C
3, A).
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Proof. Let x € m(M, ¢, q,A). Then

éne ZPM <q<|An;x)|>>Pn . -

for every €; > 0. Let ks = s¢s be a sequence of positive numbers. Then it follows that k; is
lacunary sequence. Then we get the following relation:

B ()
Sne(gePM ( ('A;x)l»

2 sm(a(5))

2 5 SMa(a(©)”

> hlz min{Mn (q(e))h,Mn (q(e))H} <Where the summation Z is over (@) Z€>
s 1
> hlk{n €0,0€P, s>1: (%) > e} ‘min{Mn(q(e))h,Mn(q(e))H}-
(4.4)
Taking the limit as n — oo, it follows that x € Sg(M, ¢,q,MN). O

Theorem 4.2. If M is any Orlicz bounded function, (¢s) strictly increasing sequence, then
m(M, ¢s,q,A(-/s)) = Sg((ﬁs,A(-/s)),for every s > 1.

Proof. Inclusion m(M, ¢s,q, A(-/s)) C So(qbs, (-/s)), is valid (from Theorem 4.1). In what
follows, we will show converse inclusion. Let x e s? o(¢s, A(-/s)), since M, is bounded, there
exists a constant K such that M, (q(|A,(x/s)|/9)) < K . Then for every given € > 0, we have

1 |An(x/5)|>>p" 1 (1 |An(x)|>>p"
- M, B X750 = M, i s A2
475 TlED‘,ZO'EPs <q < Q ¢s neo,0€P; 1 5 Q

SRR D))

(4.5)
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Let us denote by ks = s - ¢5, as we know this sequence is lacunary and finally we get the
following relation:

B
e ()
SR )

PO 5 o) | M (@), M 316,
(4.6)

SKH-h—k{neo,GEPs, le:(

S

where the summation >}, is over (JA,(x)|/) > € and the summation 3, is over (|A,(x)|/Q) <
¢. Taking the limitas e — 0 and n — oo, it follows that x € m(M, ¢s, q, A(:/s)). O

5. Cesaro Convergence

In this paragraph, we will consider that (¢s) is a nondecreasing sequence of positive real
numbers such that ¢; < s, ps — o0, as s — oo. Let us denote by

c D TR, 1 < |Ak(x)|>>p’“_
me(M’d)’q’A)_{x_(x‘)'nh—r&_n+1§Mk<q< 0 =0, for some ¢ >0 ¢.

(5.1)

Theorem 5.1. If M is an Orlicz function. Then my(M, ¢, g, A) C m(M, ¢, q, ).

Proof. From the definition of the sequences ¢, it follows that inf,(n +1)/(n+1 - ¢,)) > 1
Then there exist a 6 > 0, such that

n+l 1+6

< 2
5 S (52)
Then we get the following relation:
1 < <|An(x)|>>’”"
il M, (g ===
4)5 nea,ZaePs Q
_n+l 1'% k<q IAk(X)|>>pk_l s Mk<q<|Ak(X)|>)”"
$s n+lf Q Ps keiin, minooer, Q (5:3)

> :
) :

(
. S;sln11nZHMk<q<|Akéx)l>>pk—éM ( ('Ano(x
1+6 ! :ZH k<q< éx”))pk—iM <<|An0(x)|

)
)
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where ny € {1,2,...,n+ 1} \ 0, 0 € Ps. Knowing that x € my(M, ¢,q,A) and M; are
continuous, letting n — oo on last relation, we obtain

() e

¢5 neo,0€P;

Hence x € m(M, ¢, g, \). O

Theorem 5.2. Let sup (¢ps/Pps-1) < oo. Then for any Orlicz function, M, m(M, ¢,q,\) C
mg(M, ¢, q, A).

Proof. Suppose that sup_ ¢s/$s-1 < oo, then there exists B > 0 such that ¢s/¢ps1 < B for all
s>1.Letx e m(M,$,q,A) and € > 0, there exist R > 0 such that for every k > R

1 [Ak(0)\ \*
1 Mk<q<—>) <e. (5.5)
¢s kegf:el’s ¢
We can also find a constant K > 0 such that
1 Ax(x Pk
— Mk<q<| K )|>> <K, (5.6)
d)s keo,o€P; Q

for all k € N. Let n be any integer with ¢s_1 <n+1 < [$;], for every s > R. Then

B

S¢1 [qstMk(q(@))pk

= <[¢2]M < <'Ak§x>l))pk +§Mk(q<@>>pk
()

¢¢1 <¢ LM < <|Akéx)|>>pk>

c,0eP)

¢Sl<% ba <q<|Akéx>|>>"k>+...
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(L s (g())

¢S_1 ¢R keo,oceP®R)

+% %keoﬂZEP(S)Mk<q<|Akéx)|)>pk ’

(5.7)

where P® are sets of integer numbers which have more than [¢;] elements fort € {1,2,...,s}.
Passing by limit on last relation, where k — oo (since s — o, ¢ — o0 and n — o), we get
that

1< [AK()\ |
M(g(EE)) —o (58)
n+1 g; Q
from this, it follows that x € mg (M, ¢, g, A). O

Theorem 5.3. Let sup (¢ps/¢s-1) < oo. Then for any Orlicz function, M, m(M,$,q,A) =
mg(M, ¢,q, \).
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