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The relation between Riesz potential and heat kernel on the Heisenberg group is studied. More-
over, the Hardy-Littlewood-Sobolev inequality is established.

1. Introduction

The classical Riesz potential 1, is defined on R" by
L(f) = (-0)™2(f), O<a<n, 1.1)

where A is the Laplacian operator. By virtue of the equations

() 7f V() = @alx) ™ F(x),
(1.2)

(7 () = y(@) @) *[y| ™,

where y(a) = x"/?2°T(a/2)/T(n/2 — a/2), one can get the explicit expression of Riesz
potential

1 f(y)
L(f)(x) = - fRn |x_y|n_udy. (1.3)

In addition, one has the following Hardy-Littlewood-Sobolev theorem (see [1]).
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Theorem 1.1. Let1 <a<n, 1<p<q<oo,1/q=1/p—a/n. One has the following.

(@) Ifp>1, then [L(f)ll; < Apgllf1l,;
(b) if f € LY(R™), then forall A >0,

q
m{x € R": |I.(f)| > 1} < <%> . (1.4)

In recent years many interesting works about the Riesz potential have been done by
many authors. Thangavelu and Xu [2] discussed the Riesz potential for the Dunkl transform.
Garofalo and Tyson [3] proved superposition principle Riesz potentials of nonnegative
continuous function on Lie groups of Heisenberg type. Huang and Liu [4] studied the Hardy-
Littlewood-Sobolev inequality of this operator on the Laguerre hypergroup. For more results
about the Riesz potential, we refer the readers to see [5-9].

It is a remarkable fact that the Heisenberg group, denoted by H", arises in two aspects.
On the one hand, it can be realized as the boundary of the unit ball in several complex
variables. On the other hand, an important aspect of the study of the Heisenberg group is
the background of physics, namely, the mathematical ideas connected with the fundamental
notions of quantum mechanics. In other words, there is its genesis in the context of quantum
mechanics which emphasizes its symplectic role in the theory of theta functions and related
parts of analysis. Due to this reason, many interesting works were devoted to the theory of
harmonic analysis on H" in [10-15] and the references therein.

In present paper, we consider the Riesz potential associated with the Heisenberg
group. We will show a connection between the Riesz potential and the heat kernel, and then
get the Hardy-Littlewood-Sobolev inequality.

2. Preliminaries

The Heisenberg group H" is a Lie group with the underlying manifold C” x R, the multi-
plication law is

1 _
(zt)(Z,t) = <z +Z,t+t + 5 Im zz’), (2.1)

where zz' = Z;-Ll z]-z_;.. The dilation of H" is defined by 6,(z,t) = (az, a*t) with a > 0. For
(z,t) € H", the homogeneous norm of (z,t) is given by

(1z,th = |z | = (=l* +16) " 22)

1/4
Note that |6,(z,t)| = (|az|4 + |a2t|2) = al(z,t)|. In addition, | - | satisfies the quasi-triangle
inequality

|z, t) (2, )| <z t)] +]|(,1)] (2.3)
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The ball of radius r centered at (z,t) is given by
B,(z,t) = {(z’, tyeH": |(z, H! (, t')| < r}. (2.4)

For1 < p < oo, let LP(H") be the space of measurable functions f on H", such that

1/p
171, = ([ 1renrasa) <o itpe o,
LM (2.5)

| fIl., = esssup|f(z,t)| <oo, if p=oo.
(zt)eH™

Let oy (z,t) (z = x +iy, A € R* = R/{0}) be the Schrodinger representations which
acts on ¢ € L?(R") by

7 (2, 1)p(g) = eMet /DX (¢ 1 ), (2.6)

where x -y = 3 x;y;. Suppose that f is a Schwartz function on H", thatis, f € S(H"). The
Fourier transform of f is defined by

f) = an f(z,t)m\ (2, t)dz dt. (2.7)
This means that, for each ¢, ¢ € L*(R"),
( Fe, qf) - f y F(z,t) (mi(z, ), ¢)dzdt, (2.8)

where (,) denotes the inner product.
Let us write i) (z, t) = ey (z) with i) (z) = ) (z,0) and define

fz) = J‘Oo f(z, t)eMdt. (2.9)
Then (2.7) can be written as
fo-[ remeds 2.10)
Cn

If we set

Wi(g) = Ln g(z)mi(2)dz, (2.11)
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then f(A) = Wy (f4). Let du(A) = (2or) ™ '|A|"d); one has the inversion of Fourier transform

{oe]

Fn = [ (mEnfw)duw, e12)

—0o0

where 77 (z,t) denotes the adjoint of ) (z, t).
The convolution of f and g is defined by

f*g(zt) = IHn f(zt)(~w,-s))g(w, s)dw ds. (2.13)

It is clear that f/;g()t) = f (1)g(1). In addition, we have the generalized Yong inequality
1£*gll, < 1711, llgll, (2.14)

where (1/r) = (1/p) + (1/q) — 1. More details about the harmonic analysis on Heisenberg
group can be found in [14-16].
Let T be a mapping from LP(H") to L1(H"), 1 < p, g < oo. Then T is of type (p, q) if

IT () ogoany < Aoy f € LPCH™), (2.15)

where A does not depend on f. Similarly, T is of weak type (p, q) if

Allfll,
X

q
mf(z,t) € H" : |[T(f)(z,t)| > A} < < > , when g < oo, (2.16)

where A does not depend on f or A (A > 0).
Let S" be the unit sphere in H" and "' the unit Euclidean sphere in R". Suppose that
f is a measurable function on H", and we have (see [10])

J‘H” f(z,t)dzdt = ’[: LG_l f:of(pg 0" Ldp dg dt. 217)

We set p? = 2 cos 0, t = r?sin 0, then

/2

f(z,t)dzdt = f f j f(r(cos 0)12¢, 2 sin 9) (cos 0)" 1" drdode.  (2.18)
Hn 1) /270
Hence

(r/2)
Ln fdo = L f f<(cos 0)12¢,sin 9) (cos0)"d6 d¢. (2.19)

/2
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A direct calculation shows that the area of S" is

- s,
In addition, we have the volume of unit ball in H"
m(B) = v i?(ifri&? )1) /2)’ 221)
and thus the volume of B, (z,t)
m(B,(z,t)) = r**?m(B"). (2.22)
For a radial function f, we have
o f(z, t)ydzdt = o(S") J? f(r)r2"+1dr. (2.23)
The Hardy-Littlewood maximal operator M is defined on H" by
Mf(z,t) = s:i(}))ﬁ —[B, |f((z, t)(~w,-s))|dwds, (2.24)

which is of type (p,p) for 1 < p < oo and is of weak type (1,1) (see [17, 18]).

3. The Sublaplacian and the Heat Kernel on the Heisenberg Group

As it is known, the following vector fields

o 1 0

Y= e Vg JTLEem
e 16 (3.1)
Y]—a—y]+§x]&, ]_1/2/"'/11/
0
=5

form a basis for the Lie algebra of left-invariant vector fields on H". The sublaplacian is
defined by

L= —Z(X]? + Yf), (3.2)

n
j=1
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which also has another explicit form
1
L=-A, - Z|z|zaf +Noy, (3.3)

where A, is the standard Laplacian on C" and

= 0 0
N_Z<xfa_y]-_yfa_acj>' (34)

j=1

For the Schrodinger representations oy one easily calculates that
* . * a
(X)) =ireR), 7 (X)) = az v(©)- (3.5)
j

So that o} (£) = —=A + \2[¢* = H(M).
Let hi(t) (k € Z, = {0,1,2,...}) be the normalized Hermite functions given by

—-(1/2)
) Hi(t)e /22 (3.6)

I (t) = (zkﬁk!
where Hi(t) = (-1)%(d*/dtF) {e™"}e!’. For a = (a1, as, ..., a,) € Z" and ¢ € R", we define

Do (§) = [ [hay (4)- 3.7)
j=1

Then {®,} forms an orthonormal basis for L?>(R").
We set @1(2) = |A|"* D4 (|AY/?¢) and denote

H\)®D! = (2a| + n)|A|D. (3.8)
Therefore,
2(7(z, )@}, ¥ ) = Qlal + m)|(a(z, HO, D). (3.9)
Moreover, one has
2f(\) = fF)HO). (3.10)

Now let £(e" f(z)) = eML) f(z), then L, has the form

1
Ly=-A.+ Z)L2|z|2 +ilN. (3.11)
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From (3.9) we know that the functions
®} (2) = ) I (a (2) 0, Dy )
are eigenfunctions of the operator L,:

L@, 4(2) = 2la] + m)\D} 4 (2).
Let ¢! (z) be the Laguerre functions defined on C" by
n-1 n-1 1 2 —z?/4
o) = L (Sl )e
and set (pﬁl(z) = (p;("l(\/Xz) for A € R*. Then from [19, (2.3.26)] we have

A2 @4 (2) = 27) "2l (2).
|a|=k

In view of this equation we have the following.

Proposition 3.1. One has
Wi (i) = )" AP,
where Py (\) stands for the projection of L*(R™) onto the kth eigenspace of H(\), that is,

P = S (p0))ol

|a|=k
Now we consider the heat equation associated to the sublaplacian
0sF(z,t;s) = —LF(z,t;5)

with the initial condition F(z,t;0) = f(z,t). In fact, the function g, given by

e’} p )L n ~ )
gs(z,t) = an‘ e 1At<51nh)ts> o~ (1/4) (A cothas)|zf )

—0o0

is just the solution of the heat equation and satisfies

F(z,t;8) = <e-sﬂ f) (z,1) = gs * f(z,1).

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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Moreover, we have the Fourier transform of gs(z, t) (see [18, page 86])

Eis () = (2‘71_)—71|)L|nz:‘e*(ZkJrn)LMSI/v)l <lpzl—)‘1> ) (3.21)
k=0

4. Riesz Potential on the Heisenberg Group

In Section 1 we have recalled some properties about the Riesz potential on R”; now we are
going to discuss the Riesz potential on the Heisenberg group.

Definition 4.1. For 0 < y < 2n + 2, the Riesz potential I, is defined on S(H") by

I f(z,t) = L72f(z,1). (4.1)
From above definition and (3.10) it is easy to see that

L) = FAYHW) ™7, (4.2)
Ify,7>0,y+7 <2n+2, then we have

(L (If))(A) = (ITf)A(J\)H(J{)*(Y/Z)
= FYHQ) 072 w3)
= (Iyso f)(V),

which suggests that I, (I f) = I, f. Especially, for 2 <y < 2n + 2, one has
L(1yf) = I (£f) = Iy2f. (4.4)

At present we do not prepare to gain the expression of I, analogues to (1.3) because
it is hard to calculate the Fourier transform of |(z, t)|. But the following theorem will give us
another expression of I, which provides a bridge to discuss the boundedness of the Riesz
potential.

Theorem 4.2. Let gs(z,t) be the heat kernel on H". For 0 <y < 2n + 2, one has for f € S(H")

[oe]

I f(zt) = fo F<g>_lsy/2‘lqs(-)ds * f(z,1). (4.5)
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Proof. By (3.17), (3.21), and Proposition 3.1 we have

(f(A) wr(%) 721G, (\)ds D, cpg)

0

- [oe] -1 [*e]
F J; r(g) 57/21(231')_"|/\|"Ze(2’(”’)MSW)L((pZ,Al)ds(I)ﬁ,(I)g)

k=0

= <f(~,\)i f <g> g¥/2-1 g~ Rk+m)Als g4 Pk()t)q)ﬁ,q)g>

Py (4.6)
F) (2K +m)lA|s) 2P ()@, ‘Dl>
k=0
( FYHW) @, cpg)
= (LF (o}, ).
Then we get the desired result. O
Lemma 4.3. The heat kernel qs(z, t) satisfies the estimate
gs(z,t) < Cs ™! eA/9)lh (4.7)

with some positive constants C and A.

Proof. Since (|z|* + [t2)"/?

< |z[* +|t], then by [19, Proposition 2.8.2] we obtain this lemma. [
The following theorem is an immediate consequence of Theorem 4.2 and Lemma 4.3.

Theorem 4.4. The Riesz potential I, satisfies the estimate
| f (28] < Clf| * |0, )™ (z,1), (48)

where C is a positive constant.

Using Theorems 4.2 and 4.4, we get the Hardy-Littlewood-Sobolev theorem on the
Heisenberg group.

Theorem 4.5. Let0 <y <2n+2,1<p<qg<oo,and1/p=1/9+y/(2n+2). For f € LP(H"),
one has the following.

(@) If p > 1, then I, is of type (p, q).
(b) If p =1, then I, is of weak type (1, q).

Proof. Let M be the maximal operator defined by (2.24). We claim that

1O @Dz, < o (Mf(z0)" |11, ™. (49)
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Let Bg be the ball of radius R centered at (0,0), and let yp, be its characteristic function. We
set

[(w,s)]" " = g + & (4.10)

y—(2n+2)

with g1(w, s) = [(w,s)] XBe(w, s). Obviously, g1 > 0 is radial and decreasing, then we

can write
N
81 = ZanB,-, (4.11)
=1
where a; > 0 and B; is the ball centered at origin. By (2.23) and (2.24) we have

N
|f]*g1(zt) = f |f (2, t)(~w,-s))| D a;xs (w, s)dw ds
Hr =

N
-3 (B)f £ (G2t 0, 5)) o ds

N (4.12)
< 2.am(B) Mf(z,1)
j=1
R
— O'(Sn) J’ T‘Y—(2n+2)r2n+1dTMf(Z, t)
0
=cR"Mf(z,t).
Let p’ be the conjugate exponent of p. Since 1/p —1/q = y/(2n +2), we have
* ety g
2, = O'(Sn)j plymien )iyt dr>
leall, = (on) | )
— CZR_(2n+2)/q.
Then by Holder’s inequality we get
|f]* g2(2t) < 2R 21| £ . (4.14)

Therefore,

<| £l * 1@, s)|Y*<2"+2>) (zt) < clR"Mf(z,t) + R 24| £ . (4.15)
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We choose R such that

iR Mf(z,1) = R @2/4| f]| . (4.16)

Thatis, R = c3(Mf(z,t)/lIfll,)" /(m12) Substituting this in the above then gives (4.9).
Now if p > 1, we obtain (a) by the virtue of the type (p, p) of the maximal operator M.
Ifp=landg=(2n+2)/(2n+2-y), we have

dzdt Sf dzdt

I {(zHeH™ |I, f(zh)|>1) (= h):e(Mf (D)1} >)

< dz dt (4.17)

I[(z,t):Mf(z,t)>(A/c)qIflliq}
C q
< ($hr1)”

This proves our main theorem. O

Theorem 4.6. Let 0 <y <2n+2and1<p < g < oo. For f € LP(H"), one has the following.

a) If p = 1, then the condition 1/q +y/(2n + 2) = 1 is necessary and sufficient for the weak
type (1,4) of 1.

b) If 1 < p < g < oo, then the condition 1/p = 1/q + y/(2n + 2) is necessary and sufficient
for the type (p, q) of 1.

Proof. The sufficiency follows from Theorem 4.5. We now begin to prove the necessity.
Suppose that f € S(H"), and let f,(z,t) = f(64(z,t)). Note that
gos(z,t) = a @2 gy (6,1 (z, 1)). (4.18)

Then by (4.9) we get

-1

L fa(z,t) = f ) f }Ef s1/271g, (, t’)dsf((—z', —t") <az, a2t>>dz’dt’
j n f g a” s>y/2_1qafzs (, t')dazsf <6u < (—a‘lz', —a‘2t'> (z, t)))dz'dt'
f ) f % ) a—YSY/Z—qu (651 (2,1))dsf(6a((641(2,t))(2,t)))da 2/ da?

=a'(I,f),(zt).
(4.19)
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Thus for 1 < g < oo, we have

5 fall, = a2 7|1 £,

(4.20)
m{(z,t) € H" : |1, fa(z, )| > \}/7 = a7=CvD/am{(z,6) € H" : |I, f(z,1)] > A}/
O
Case 1 (p = 1). It follows from the hypothesis that
m{(z,t) € H" : |I, f(z,t)| > A} = a2 m{(z,t) € H" : |I, fa(z,t)| > A}
q
< aqy+2n+2 A”fll“l

B A (4.21)

q

— aqy+(2n+2)q(2n+2)<A”’{"1> )

If1/g+y/(2n+2) > 1, thenm{(z,t) € H" : |I,f(z,t)| > A} =0asa — 0.1f1/g+y/(2n+2) <1,
then m{(z,t) € H" : |I, f(z,t)| > A} =0asa — o. Thuswehavel/g+y/(2n+2) =1.

Case 2 (1 < p < q < o0). Similarly, we have

I fll, = @271 full,

< Cay+(2n+2)/q—(2n+2)/p”f”
— pl

(4.22)

which implies that 1/p =1/ +y/(2n +2).

Then we complete the proof of this theorem.
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