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We define the new generalized difference Riesz sequence spaces ri, (p, B"), rd (p, B™),and l (p, B™)
which consist of all the sequences whose B™-transforms are in the Riesz sequence spaces 74, (p),
rd(p), and r] (p), respectively, introduced by Altay and Bagar (2006). We examine some topological
properties and compute the a-, -, and y-duals of the spaces rZ, (p, B"), rl(p, B"), and r{(p, B™).
Finally, we determine the necessary and sufficient conditions on the matrix transformation
from the spaces 7, (p, B™), rl(p, B™), and rg (p,B™) to the spaces I, and ¢ and prove that

sequence spaces r( (p, B™) and rl(p,B™) have the uniform Opial property for py > 1 for all
keN

1. Introduction

Let w be the space of real sequences. We write I, ¢, ¢y for the sequence spaces of
all bounded, convergent and null sequences, respectively. Also, by bs, cs, and I;, we
denote the sequence spaces of all bounded, convergent and absolutely convergent series,
respectively.

A linear topological space X over the real field R is said to be a paranormed space
if there is a subadditive function g : X — R such that g(0) = 0, g(x) = g(—x) and scalar
multiplication is continuous; that s, |a, —a| — 0and g(x, —x) — 0imply g(a,x, —ax) — 0
for all a’s in R and all x’s in X, where 0 is the zero vector in the linear space X. Assume
here and after that p = (pk) is a bounded sequence of strictly positive real numbers with
suppr = H and M = max{1, H}. Then, the linear space I (p), c(p), co(p), and I(p) were
defined by Maddox [1, 2], (Nakano [3] and Simons [4]) as follows:
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loo(P) = x:(xk)EZU:sup|xk|P’< <oo},
keN

c(p) ={x=(xx) ew: klim |xx — [P = 0 for some [ € ]R}, (1.1)

c(p) = x=wmewﬁgan=o}

which are the complete spaces paranormed by

g1(x) = suplxe /M,
keN

(12)
I(p) = {x = (xp) €w: )|l < oo}, with (0 <px <H < ),
K

which is the complete space paranormed by

1/M
g(x) = <Z|xk|”k> . (1.3)
k

For simplicity notation, here and in what follows, the summation without limits runs from 0
to co. We assume throughout that (px) " + (p;c)*1 =1 provided 1 < inf px < H < oo and denote
the collection of all finite subsets of N by , where N = {0,1,2,...}.

Let A and p be two sequence spaces and A = (auk) be an infinite matrix of real numbers
ank, where n,k € N. Then, we say that A defines a matrix mapping from \ into p and we
denote it by writing A : A — pu if for every sequence x = (xi) € A the sequence Ax = {(Ax),},
the A-transform of x, is in p, where

(Ax), = Sauxe (neN), (1.4)
k

By (A : u), we denote the class of all matrices A such that A: A — p. Thus, A € (A: p)
if and only if the series on the right side of (1.4) converges for each n € 1. A sequence x is
said to be A-summable to a if Ax converges to a which is called as the A-limit of x.

Let (gx) be a sequence of positive numbers and

n

Qn= >4, (meN). (1.5)

k=0

Then, the matrix R = (er) of the Riesz mean is given by

rl=d QT T (1.6)
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The Riesz sequence spaces introduced by Altay and Basar in [5, 6] are

Pk
<oo}, with (0 <px < H < o),

ri(p) = {xz(x;déw:%

1 k
A 2 i%i
Qk j=0
Pk

— o0

rd(p) = {x: (xk) € w : lim

=0, for some [ € R},

Pk

= 0},
Pk

<oo},

which are the sequence spaces of the sequences x whose Ri-transforms are in I(p), c(p), co(p),
and I, (p), respectively.
Also, Altay and Basar [7] introduced the generalized difference matrix B = (b,x) by

1 k

—Ngix; -1

ijgo Idd)
(1.7)

ri(p) = {xz (xx) Gw:kliir;o

S
— ) gixj
Qk = 777

keN

TZO(P) = {x= (xx) € w : sup

1 k
— ) gix;
Qk]-go 7]

r, (k=mn),
bu=1s, (k=n-1), (1.8)
0, 0<k<n-1)or (k>n)

forall k,n € N, r,s € R — {0}. The matrix B can be reduced the difference matrix A in case
r =1, s = -1 by, where A denotes the matrix A = (A,x) defined by

{(—1)"’% (n-1<k<n),
Ank = (19)
0, (k<n-1) or (k> mn).

The results related to the matrix domain of the matrix B are more general and more
comprehensive than the corresponding consequences of matrix domain of A and include
them [6, 8-13].

Bagarir and Kayikgi [14] defined the matrix B™ = (b)) which reduced the difference
matrix A™ = A(A"™ 1) incaser =1,s = -1by

m
rmomtkgnk. (max{0,n-m} <k <n),
. L (1.10)

0; (0 <k <max{0,n-m}) or (k> n),
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and introduced the generalized B™-difference Riesz sequence space which is the sequence
space of the sequences x whose R7B™-transforms are in I(p).

The main purpose of this paper is to introduce the B"-difference Riesz sequence spaces
re (p, B™), rd (p,B™), and rg (p, B™) of the sequences whose R7B™-transform are in I, (p), c(p),
and ¢y (p), respectively, and to investigate some topological and geometric properties of them.
For simplicity, we take the matrix RIB™ =T.

2. B"-Difference Riesz Sequence Spaces

Let us define the sequence y = {y,(gq)}, which is used, as the RIB™ = T-transform of a
sequence x = (xy), that is,

B _ in_l o ™\ ik ik L
ya(q) = (Tx), = Qngé[z <i_k>r s qlxk] + 5 I (neN). (2.1)

ik
We define the B"-difference Riesz sequence spaces e, (p, B™), rd(p, B™), and rg (p, B™) by

r%(p,B™) = {x = (xj) ew: ((Tx),) € lu(p)},
re(p,B™) = {x = (xj) €ew: ((Tx),) €c(p)}, (2.2)

r(p,B") = {x = (xj) €w: (Tx),) €co(p) }.

If m = 1 then they are reduced the spaces &, (p, B), r/(p, B), and r{ (p, B) defined by Bagarir in
[15]. If we take B = A then we have r&,(p, A™), rl (p, A™), and rg(p, A™). If we take B = A and
m = 1 then we have rl,(p, A), rl(p, A), and rg(p, A). If we take px = p for all k then we have
rd.(B™), rd(B™), and ] (B™).

We have the following.

Theorem 2.1. r](p, B™) is a complete linear metric space paranormed by gp, defined by

85 (x) = sup|(Tx), ", (2.3)
keN

g is a paranorm for the spaces ra,(p, B™) and rl (p, B™) only in the trivial case with inf py > 0 when
roe(p, B") = 15,(B™) and rl (p, B") = r{ (B™).
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Proof. We prove the theorem for the space r{ (p, B™). The linearity of r (p, B™) with respect to
the coordinatewise addition and scalar multiplication that follow from the inequalities which
are satisfied for u,v € rg (p, B™) [16]

1 [Tk /m i i ™y e
el [t G
canla[E[E(7) ] ][ -
+Sk‘éNp & : g <1T j>Tm—i+jsi—jQin: n T;‘Zk Uk: Pk/M,
and forany a € R [1],
|a|Px < max{l, |a|M}. (2.5)

Itis clear that gg(0) = 0 and gp(—x) = gg(x) forall x € rg (p, B™). Again, the inequalities
(2.4) and (2.5) yield the subadditivity of gg and

gs(au) < max{l, |af}gp(u). (2.6)
Let {x"} be any sequence of the elements of the space 7 (p, B"") such that
gs(x" —x) — 0, (2.7)

and (1,) also be any sequence of scalars such that A\, — 1, asn — oo. Then, since the
inequality

85(x") < gp(x) + gp(x" - x) (2.8)
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holds by subadditivity of gg, { gs(x™)} is bounded, and thus we have

gB(Ayx™ — Ax)

b pe/M
I = m it i i
=sup|— Mt gl ; A x? — Ax; +—(1 Xn—)txk
i o [7-:0 I:;(i_) ”’( nX;j 7>‘ on (Anxy )
h pe/M
&/ m o g
= [ = " Msup| - rreitigivigan |+ LK g (2.9)
Pl & B e
pr/M
Sl&/m o g
+|)L|1/Msu < >rm—1+]sz—] A —x) | + N
keNp i=0 ; i—j q(] J> Ok (k )

< = MM ga(x™) + (A Mgp(x" - x),

which tends to zero as n — oo. Hence, the scalar multiplication is continuous. Finally, it
is clear to say that gp is a paranorm on the space rg(p, B™). Moreover, we will prove the
completeness of the space rg (p, B™). Let x' be a Cauchy sequence in the space rg (p, B™), where

xi = {x,(:)} = {xé, xi,xé, ...} € rg (p, B™). Then, for a given ¢ > 0, there exists a positive integer
no(¢) such that

go(x'-x) <, (2.10)

foralli, j > ny(¢). If we use the definition of gg, we obtain for each fixed k € N that

|(r), - (1)), | < sup| (), - (1),
for i, j > no(¢) which leads us to the fact that

{ <Tx0>k, (Tx1>k, <Tx2>k, .. } (2.12)

is a Cauchy sequence of real numbers for every fixed k € N. Since R is complete, it converges,
so we write (Tx'), — (Tx), asi — oo. Hence, by using these infinitely many limits
(Tx)o, (Tx)y, (Tx),, ..., we define the sequence {(Tx), (T'x){, (Tx),,...}. From (2.11) with
j — oo, we have

pr/M
<Eg, (2.11)

|(Tx">k - (Tx)k| <e, (2.13)

i

i > ny(e) for every fixed k € N. Since x' = {x,i)} € rg(p, B™),

(),

/M
" e (2.14)
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for all k € N. Therefore, by (2.13), we obtain that

pe/M

(), P/ < |(Tx)k - <Txf)k <e, (2.15)

),

for all i > ny(e). This shows that the sequence Tx belongs to the space cy(p). Since {x'} was
an arbitrary Cauchy sequence, the space rg (p, B™) is complete. O

Theorem 2.2. Let Zl’;]- (Z5)r™*is=ig; #0 for all k,m and 0 < j < k — 1. Then the B™-difference
Riesz sequence spaces rZO(p, B™), rl (p,B™), and rg (p, B™) are linearly isomorphic to the spaces I (p),
c(p), and co(p), respectively, where 0 < px < H < oo.

Proof. We establish this for the space 72, (p, B"™). For the proof of the theorem, we should show
the existence of a linear bijection between the space 72, (p, B™) and L., (p) for 0 < px < H < co.
With the notation of (2.1), define the transformation S from rd, (p,B™) tols(p) by x — y =
Sx.S is a linear transformation, morever; it is obviuos that x = 0 whenever Sx = 6 and hence
S is injective.

Let y = (yx) € I (p) and define the sequence x = (xx) by

k=1[n+1 k=i /m+k—-i-1\ 1 Q
_ kS - + =k e VkeN. 2.16
X n=o[§( ) rm+k_,< _ >qunyn:| g Yk (2.16)
Then,
k-1 pe/M
1 &= m e " qxk
g(x) = sup|— " sl gixi | + ——xk
8 s ng‘[gj<i—j> 1 7] Qk
(2.17)
k pe/M
/M
=sup| Y6yl =suplyk[*V = gi1(y) < o0,
keN j=0 keN
where
1, k=j
6; = (2.18)
0, k#j.

Thus, we have that x € rd,(p, B™). Consequently, S is surjective and is paranorm preserving.
Hence, S is linear bijection, and this explains that the spaces 74, (p, B") and I, (p) are linearly
isomorphic. O

3. The Basis for the Spaces ! (p, B") and r, (p, B")

In this section, we give two sequences of the points of the spaces r{ (p, B™) and r{(p, B")
which form the basis for those spaces.
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If a sequence space A paranormed by h contains a sequence (b,) with the property that
for every x € A, there is a unique sequence of scalars («,) such that

lim h<x - Zakﬂk> =0, (3.1)
n— oo =0

then (b,) is called a Schauder basis (or briefly basis) for A. The series >, axfx which has the
sum x is then called the expansion of x with respect to (b,) and written as x = 3, afi.
Because of the isomorphism S is onto, defined in the proof of Theorem 2. 2 the inverse
1mage of the basis of the spaces, cy(p) and c(p) are the basis of the new spaces r{ (p, B") and
rd(p, B™), respectively.
We have the following.

Theorem 3.1. Let pi(q) = (Tx), for all k € Nand 0 < px < H < co. Define the sequence b® (gq) =
(b (9)} e Of the elements of the space r( (p, B™) for every fixed k € N by

k+1 i fm+n—-i-1
s 1
D 1>< . >;Qz« (> k),

n-i

b (q) = .
(9) Qn O T (3.2)
gy
0, (k > n).

Then, one has the following.

(a) The sequence {b%)(q)} .y is a basis for the space r] (p, B™), and any x € r](p, B™) has a
unique representation of the form

x = ;#k(q)b“‘) (9)- (3.3)

(b) The set {z = (T) e, b(k)(q)} is a basis for the space r; (p, B™) and any x € 1, (p, B™) has
a unique representation of the form

X = le+;|ﬂk(UI) —llb(k)(Q)/ (3:4)

where

I'= lim (Tx)y. (3.5)

Proof. It is clear that {b®)(q)} C rg(p, B™), since

Tb® (9) = e® e ¢ (p), (forkeN), (3.6)
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for 0 < px < H < oo, where e® is the sequence whose only non-zero term is 1 in kth place for
each k € N. Let x € ] (p, B™) be given. For every nonnegative integer m, we put

m
= > ()6 (9). (37)
k=0
Then, we obtain by applying T to (3.7) with (3.6) that

Tx™ =3 i (q)To® () = D (T),e®,
k=0 k=0

0 0<i | (3.8)
, <i<m),
(1 (o= -
fol@, > m).
Given ¢ > 0, then there exists an integer 1 such that
(T < 5
sup| X); > (3.9)
i>m
for all m > my. Hence,
£
g (x = 2" = sup| (Tx) "™ < sup|(Tx) "M < 5 <, (3.10)
i>m i>my

for all m > myp, which proves that x € rg (p, B™) is represented as in (3.3).
To show the uniqueness of this representation, we suppose that there exists a
representation

x= ;Ak(q)b“‘) (9)- (3.11)

Since the linear transformation S from rg (p, B™) to cp(p), used in Theorem 2.2, is continuous
we have

(T2, = D@ {1 (@)} = Shu(@)er’ = hu(q); neN (3.12)
k k

which contradicts the fact that (Tx),, = px(q) for all n € N. Hence, the representation (3.3) of
x € rj(p, B™) is unique. Thus, the proof of the part (a) of theorem is completed.

(b) Since {b(g)} c rg(p, B™) and e € c(p), the inclusion {e,b®(q)} C rcq(p, B™)
trivially holds. Let us take x € r{(p, B™). Then, there uniquely exists an ! satisfying (3.5). We
thus have the fact that u €  (p, B") whenever we set u = x —le. Therefore, we deduce by part
(a) of the present theorem that the representation of x given by (3.4) is unique and this step
concludes the proof of the part (b) of theorem. O
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4. The a-, -, and y-Duals of the Spaces ! (p, B"), r! (p, B"), and r.(p, B")

In this section, we prove the theorems determining the a-, -, and y-duals of the sequence

spaces 7l (p, B™) and r{ (p, B™).
For the sequence spaces A and y, define the set S(\, ) by

S(hp) ={z=(zx) ew:xz = (xxzx) € p Vx € 1}.

(4.1)

With the notation (4.1), the a-, -, y-duals of a sequence space A, which are, respectively,

denoted by 1%, AP and A7 are defined by

A*=S\ L), M =SWcs), A =S\, bs).

Now, we give some lemmas which we need to prove our theorems

Lemma 4.1 (see [17]). A € (I(p) : Ih) if and only if

supZ

Ke¥F n

keK

< oo, Vintegers K >1.

Lemma 4.2 (see [18]). Let px > 0 for every k € N. Then, A € (I(p) : 1) if and only if

suleanlel/pk <oo, Vintegers K> 1.
neN

Lemma 4.3 (see [18]). Let px > 0 for every k € N. Then, A € (I(p) : ¢) if and only if

Z|ank|K Vrk converges uniformly in n, ¥ integers K > 1,
k

Iim a,, VkeN

n— oo

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)
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Theorem 4.4. For each m € N, define the sets Ri(p), Ro(p), Rs(p), Ra(p), Rs(p), and Re(p) as
follows:

Ri(p) = {a =(ax) ew: supz

K>1 NeF n

keN

ax . “
+V(i,n, k) a; )OOk
<quk j=;+1 ]>

uniformly in n und(MKl/”k> € ¢y, VK > 1},
gy

a . -
<Tm‘1k " k)j:%—Ia]> O
{< +V(, n,k)Zal>Qk}€l }

r i=k+1

k+1
Ri(p) = U {a = (ax) Ew:supz Z [Zv(l 1, k)Qra; + Qn n] K-1/pe

K>1 NeF n |keN Li=k
<oo},

Re(p) = U{a=(ak)ew:2 <r o +V(z,n,k)Za]>Qk

k+1
S [ZV(: 1, k)Qxaan + ?m"—t‘;’”] K/pe

< oo, VK>1},

KYPx converges

Ry(p) = ﬂ{a:(ak)ewzz

K>1 k

KYPr < o, VK > 1,

Rs(p) = ﬂ{az(ak)EW:Z

K>1 k

< o, VK>1},

Rs(p) = {a:(ak) cw:

n

[ k+1 Q
>S90 00+ L0 ]

k Li=k

K VP < o0,VK > 1},

K>1 k j=k+1

4.7)
where

Vi, k) = (1) kS <m+"_,i_l>l. (4.8)

pm+n—i n—i qgi
Then,
a p
(e =rRip),  {meB)) =Rp), (e =R(p),
(B} = Rp) nRs(p), [ p B} = Re(p) nes, o

{rip.B")} = Re(p) b5,

(e =R, {8 = {H0.B") = Re(p).
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Proof. We give the proof for the space ri,(p, B™). Let us take any a = (a,) € w. We easily
derive with the notation

1 k-1 k m rm
e aS Z(i j>rm His g | + Do, 4.10)
j=0 1 i=j -

that

n-1[k+1 nQnyn
anxn =Y, [ZV(I n, k)aanyk] MR
k=0 Li=k n (4 11)

= > umyk = (Uy),,
k=0

(n € N), where U = (u,x) is defined by

k+1
> V(i,nk)a,Qi, (0<k<n-1),

i=

Unk = 3 anQn
gy’
0, (k > n),

k=, (4.12)

for all k,n € N. Thus we deduce from (4.6) that ax = (a,x,) € I whenever x = (xx) €
rd,(p, B") if and only if Uy € I; whenever y = (yx) € l,,(p). From Lemma 4.1, we obtain the
desired result that

[77(p, B™)]" = Ri(p). (4.13)

Consider the equation

n n- k+1
Za = <rm +ZV(1 n, k) Z a]>Qkyk akayk
i=k

par) fars] ™4k (4.14)

=(Vy),, (meN),

where V = (v,k) defined by

k+1
2 SV (ink) Z a )Qr, (0<k<n-1),
r qk i=k ] =k+1
Unk = a;Qx (k=) (4.15)
rmqk 7 '

0, (k> n),
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for all k,n € N. Thus, we deduce by with (4.11) that ax = (axxx) € cs whenever x =
(xx) € TZO(P, B™) if and only if Vy € c whenever y = (yx) € lo(p). Therefor, we derive
from Lemma 4.3 that

ag ) L
+V(@,nk) > ai JQk
<rmqk j:%rl ]>

. a
lim k_QkKl/Pk -0,
k— o0 1™ q

K/Px converges uniformly in n VK > 1,

)

k

(4.16)

which shows that [r(p, BMf =R, (p).

As this, we deduce by (4.11) that ax = (axxx) € bs whenever x = (xx) € re (p, B™)
if and only if Vy € I, whenever vy = (yx) € I, (p). Therefore, we obtain by Lemma 4.2 that
[r7(p, B™)]" = R3(p) and this completes proof. O

Now we characterize the matrix mappings from the spaces rd,(p, B"), r! (p, B™), and
rl(p, B™) to the spaces I, and c. Since the following theorems can be proved by using standart
methods, we omit the detail.

Theorem 4.5. (i) A € (rd,(p, B™) : 1,,) if and only if

khrn J “RQMYP =0, (Yn,MeN), (4.17)
— oo (k

QM7 < 0, (YM €N) (4.18)

supz

neN

—k + V(i,n,k) Z Anj

j=k+1

hold.
(ii) A € (r?(p, B™) : 1) if and only if (4.14),
Supz < k) Z aTl]>Qk Ml/Pk = 0/ (EIM € N)/
neN j=k+1 (819)
ank . L
supz + Vi, n,k) Z anj Qx| <o
neN g j=k+1
hold.

(iii) A € (rg (p, B™) : lo,) if and only if (4.14) and (4.18) hold.
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Theorem 4.6. (i) A € (rl,(p, B™) : ¢) if and only if (4.14),

< an]> Qk
j=k+1

MYPr < o5, (VM €N),

supZ

neN
(4.20)
F(ax) CR  such that lim Z [rln"k +V(i,n,k) Z anj ) Qk — ak MV =0,
n—o | 58 gk j=k+1
(VM € N) hold.
(i) Ae (rcq(p, B™) : ¢) if and only if (4.14), (4.18),
Ja C R such that lim anj |Qk—a|= (4.21)
= q j=k+1

F(ax) CR  such that lim

n— oo

=0, (VkeN), (4.22)

( i, n, k) Z an;>Qk - ok
q j=k+1

< k) Z an;>Qk_ak
q j=k+1
(3M € N) hold.

(iii) A € (rg (p, B™) : ¢) if and only if (4.14), (4.18), (4.21), and (4.22) hold.

1/Pk

d(ax) C R such that sup < oo, (4.23)

neN

5. Uniform Opial Property of B"'-Difference Riesz Sequence Spaces

In th1s section, we investigate the uniform Opial property of the sequence spaces r{ (p, B™)
and r, (p, B™).

The Opial property plays an important role in the study of weak convergence of
iterates of mapping of Banach spaces and of the asymptotic behavior of nonlinear semigroup.
The Opial property is important because Banach spaces with this property have the weak
fixed point property [19] (see [20, 21]).

We give the definition of uniform Opial property in a linear metric space and use the
method in [22], and obtain that 7] (p, B") and r/(p, B") have uniform Opial property for
pr > 1

For a sequence x = (xn) €7, (p, B™) or x = (x,) € 1¢ (p, B™) and for i € N, we use the
notation x; = (x(1), x(2),...,x(i),0,0,...) and xjn-; = (0,0,...,0,x(i+ 1), x(i +2),...).

We know that every total paranormed space becomes a linear metric space with the
metric given by d(x,y) = g(x — y). It is clear that rgo(p, B™), r, (p, B™),and r, (p, B™) are total
paranormed spaces with d(x, y) = gg(x — ).

Now, we can give the definition of uniform Opial property in a linear metric space.
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A linear metric space (X, d) has the uniform Opial property if for each £ > 0 there
exists T > 0 such that for any weakly null sequence {x,} in S(0,r) and x € X with d(x,0) > ¢
the following inequality holds:

r+7 <lim inf d(x, + x,0). (5.1)
n—oo
Now, we give following lemma which we need it to prove our main theorem. It can be
proved by using same method in [14] we omit the detail.

Lemma 5.1. If lim infx_, ,px > O then for any L > 0 and € > 0, there exists 6 = 6(g,L) > 0 for
u,v € X such that

dM(u+1v,0) < d™(u,0) +¢ (5.2)

whenever d™ (u,0) < L and dM(v,0) < 6, where X =1l (p, B™) or rl(p, B™).
Theorem 5.2. Ifpi > 1, then r]l(p, B™) and rl(p, B™) have uniform Opial property.

Proof. We prove the theorem for { (p, B™). r(p, B") can be proved by similiar way. For any
€ > 0, we can find a positive number ¢ € (0, €) such that

M

™ 4 ET > (r+ )™M, (5.3)

Take any x € rg (p, B™) with d(x,0) > eM and (x,,) to be weakly null sequence in S(0, 7). By
this, we write

dM(x,,0) = rM. (5.4)
There exists qo € N such that
M ~ e’} £0 M EM
(g ) = 3, T < () <+ (5.5)
Furthermore, we have
q0 0
eM <aM(x,0) = YTx (k)™ + 3 [Tx(k)[™,
k=0 k=q0+1
b ) eM
< K 5.6
€ _g‘)ﬁx(kn 7 (5.6)
3eM &

X <3 Tx(R)P.
4 k=0



16 Journal of Inequalities and Applications

By x, — 0, weakly, this implies that x, — 0, coordinatewise, hence there exists 19 € N such
that with (5.6)

3eM &
T S 2T Geulk) +x (k)P (5.7)
k=0

for all n > ny. Lemma 5.1 asserts that
eM
aM(y +z,0) <d™(y,0) + T (5.8)

whenever dM(y,0) < rM and dM(z,0) < &. Again by x, — 0, weakly, there exists n; > ng
such that dM(xnmo, 0) < g for all n > ny, so by (5.8), we obtain that

M
£

aM (x”|N*% + xn|‘10'0> A (x”|N*QO/O) + 7 (5.9)

hence,
M eM M < P
(2, 0) - - <d (Xupi-qn 0) = D |Txn (k)™
k=q0+1
(5.10)

M gM [eS)
o< k_z ITx, (k)|
=qo+1

for all n > n;. This, together with (5.5), (5.6), implies that for any n > n;,

dM(x, +x,0) = iIT(xn(k) +x(k)) [
k=0

+ > T (xn (k) + x (k)

k=qo+1
qo =)
> DT (xa(k) +x(K) P +| D [Txa(k)[™
k=0 k=qo+1 (5.11)
- > ITx(k)P*
k=t]0+1
3eM M E MM
>T+<T +T>—T—T + —
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This means that dM(x, + x,0) > (r + &), so we get that the sequence space rg (p, B™) has
uniform Opial property for px > 1. O
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