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Let R* = [0,00), let R : R — R* be a continuous, nonnegative, and increasing function, and let
Pn,p(x) be the orthonormal polynomials with the weight w,(x) = x?e X&), p > —1/2. For the zeros
{xk,n,‘a}zz1 of pup(x) = pn(wf, ;X), we estimate pf,] L(xk,n,p), where j is a positive integer. Moreover,
we investigate the various weighted L,-norms (0 < p < o) of py, ().

1. Introduction and Main Results

Let R = (-o0,00) and R* = [0,00). Let R : R* — R' be a continuous, nonnegative, and
increasing function. Consider the exponential weights w,(x) = xf exp(-R(x)), p > -1/2,and
then we construct the orthonormal polynomials {p,,(x)};-, with the weight w,(x). In this
paper, for the zeros {x, }_; Of pn,p(x) = pn(wf,; X) we estimate p,(f Z,(xkn), where j is a positive
integer. Moreover, we investigate the various weighted L,-norms (0 < p < o) of py,,(x).

We say that f : R — R" is quasi-increasing if there exists C > O such that f(x) < Cf(y)
for 0 < x < y. The notation f(x) ~ g(x) means that there are positive constants Cy, C, such
that for the relevant range of x, C; < f(x)/g(x) < C,. The similar notation is used for
sequences and sequences of functions.

Throughout, C,Cy,C», ... denote positive constants independent of n, x,t. The same
symbol does not necessarily denote the same constant in different occurrences. We denote
the class of polynomials with degree n by [,,.

First, we introduce some classes of weights.

Levin and Lubinsky [1, 2] introduced the class of weights on R* as follows. Let I =
[0,d), where 0 < d < oo.
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Definition 1.1 (see [1, 2]). We assume that R : I — [0, o) has the following properties. Let
Q(t) = R(#),

(a) v/xR(x) is continuous in I, with limit 0 at 0 and R(0) =0,

(b) R"(x) exists in (0, d), while Q" (t) is positive in (0, Vd),

(c)

lirgiR(x) = oo; (1.1)
(d) the function

nm:xﬁg) (1.2)

is quasi-increasing in (0, d), with

Nﬂ;A>%,xe@jﬁ (1.3)

(e) there exists C; > 0 such that

R'G)| _ o R()

Rix) S 1 Rx) a.e. x € (0,d). (1.4)

Then, we write w € £(C?). If there also exists a compact subinterval J* 5 0 of I* = (—V/d, V/d),
and C; > 0 such that

Q"(t) Q' ()] oy 7
—>C , ae tel"\]J, (1.5)
QM ~ Q)
then we write w € £(C?+).
We consider the case d = oo, that is, the space R* = [0,o0), and we strengthen

Definition 1.1 slightly.

Definition 1.2. We assume that R : R* — R* has the following properties:
(a) R(x),R'(x) are continuous, positive in R", with R(0) =0, R'(0) =0,
(b) R"(x) > 0 exists in R* \ {0},
(c)

lim R(x) = oo, (1.6)

X— 00

(d) the function
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_ xR'(x)
T(x) := R (1.7)
is quasi-increasing in R* \ {0}, with
]' +
T(x) >A>§, x e R\ {0}, (1.8)
(e) there exists C; > 0 such that
R'(x) R'(x) .
< .e. . .
R(x) S 1R(x)' ae x e R\ {0} (1.9)
There exists a compact subinterval J 3 0 of R, and C, > 0 such that
RI/ R/
@) S ,R® e xer ), (1.10)

R(x) ~ *R(x)’

then we write w € £,.

Let us consider the weight w € £(C?+) in Definition 1.2. Levin and Lubinsky [2,
Theorem 1.3] have given the following theorem.

Theorem A (see [3, Theorem 1.3]). Let w € £L(C?*+) and p > —1/2. There exists ng such that
uniformly forn > no, 1 <j < n,

) - -1/
Pn,pwl’|(xfn) ~ @ (xjn) ™ [ (@ = x) ] (1.11)

Now, we will estimate the higher-order derivatives of the orthonormal polynomials
Pn (wf7 ; x). However, we need to focus on a smaller class of weights.

Definition 1.3. Let w = exp(—R) € £, and v > 2 be an integer. For the exponent R, we assume
the following:
(@) RV (x) >0,for0 < j<vand x >0,and RV (0)=0,0<j<v-1.
(b) there exist positive constants C; > 0 such that fori=1,2,...,v -1
(%)

R (x) < CiR(i)(x)W/ ae. x € R"\ {0}, (112)

(c) there exist positive constants C, 0 < ¢; < 1and 0 < 6 < 1 such that for x € (0, ¢1)

R™(x) < c(%)S, (1.13)
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(d) there exists ¢, > 0 such that we have one among the following:

(d1) T(x)/+/x is quasi-increasing on (¢, o),
(d2) R™(x) is nondecreasing on (ca, o).

Then, we write w(x) = e R® € 2,,.

Example 1.4 (see [1, 4]). Let v > 2 be a fixed integer. There are some typical examples
satisfying all conditions of Definition 1.3 constructed as follows: let « > 1,1 > 1, where [
is an integer. Then, we define

Riq(x) = exp,(x*) — exp,;(0), (1.14)

where exp,(x) = exp(exp(exp---exp(x)) - - -) is the Ith iterated exponential.

(1) When a > v, we consider w(x) = e R« then w € Z,.

(2) When a < v, a is an integer, we define

. r R (0)
Ri«(x) = exp,(|x]*) — exp,(0) — Z ’]_' x!. (1.15)
=

Then, w(x) = e R € 2,,.

In the rest of this paper, we consider the classes £, and .E,,; letw € £, orw € Zv
(v > 2). For p > -1/2, we set w,(x) := x’w(x). Then, we can construct the orthonormal
polynomials p,,,(x) = pn(wg; x) of degree n with respect to wg (x). That is,

f pn,p(u)pm,p(u)wf,(u)du =O0um (Kronecker’s delta) n,m =0,1,2,.... (1.16)
0

Let us denote the zeros of p,,,(x) by

0 < Xunp <+ < Xopp < X1pp < 0. (1.17)

The Mhaskar-Rahmanov-Saff numbers a, are defined as follows:
1 (1
v=— f autR (aut) {t(1 - 1)} 7V2dt, v >0. (1.18)
0

In this paper, we will consider the orthonormal polynomials p,,(x) with respect to the
weight class Z,. Our main themes in this paper are to estimate the higher-order derivatives
of pu,(x) at the zeros of p,,(x) and to investigate the various weighted L,-norms (0 < p <
o) of pn,(x). More precisely, we will estimate the higher-order derivatives of p,,(x) at all
zeros of p,,(x) for two cases of an odd order and of an even order. In addition, we will give
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asymptotic relation of the odd order derivatives of p,,(x) at the zeros of p,,(x) in a certain
finite interval. These estimations will play an important role in investigating convergence or
divergence of higher-order Hermite-Fejér interpolation polynomials (see [3, 5-17]).

Then, our main purpose is to obtain estimations with respect to pfj 2, (Xkmp), k =
1,2,...,n,j=1,2,...,v as follows.

Theorem 1.5. Let w(x) = exp(-R(x)) € £(C*+) and p > —1/2. For each k = 1,2,...,n and
j=0,1,...,v—1one has

j-1
] n —(j-1)/2
sz (xk,n,p)| S C< m) xk,r]l,p) Prp(Xknp) | (1.19)

Theorem 1.6. Let w(x) = exp(-R(x)) € 2, and p > —1/2. Assume that 1 +2p - 6/2 > 0 for
p < —=1/4, and if T (x) is bounded, then assume that

a, < Cn®/ (19, (1.20)

where 0 < 6 < 1is defined in (1.13). Foreachk =1,2,...,nand j =0,1,...,v -1, one has

j-1
() n T(an) -(-1)/2
Pnp (xk,n,p)| < C< T v + 6:1 X p Prp(Xicnp) |, (1.21)
and in particular if j is even, then
() T(an) : 1
x <Cl ———=—=+R(x +
Pn/p( k,n,p)| S < By ( k,n,p) Xkmp
(1.22)
T(an)\ (-2)/2
n n -(j- ’
g <W ~ Xing | /an > Sng [P (B

Theorem 1.7. Let w(x) = exp(-R(x)) € 2, and p > -1/2. Let (1/€)(an/n*) < Xknp < EQn,
0<e<1/4,andv =2,3,...,s =0,1,...,(v = 1)/2. Then, under the same conditions as the
assumptions of Theorem 1.6, there exist p(n, k), 0 < D1 < p(n, k) < D; for absolute constants Dy,
D, such that the following equality holds:

. n 2s . .
PS;H) (xk,n,p) = (-1)°f3,(2n, k) <\/_a_n) (1 *Ps (5/ xk,n,pr"))Pn (xk,n,p)xk,n,p’ (1.23)

and |ps(&, Xknp,m)| — 0asn — ocande — 0.
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Define

x \1/2
@whm“%m1<z> } fn = (nT(an)) %,
n
(1.24)
z, z>0,
zt =
0, z<0
Let us define
_ x/an
O, (x) Tvx/a, (1.25)

We consider the class of weights, & (C?), which is defined in Definition 2.1 below. Levin
and Lubinsky have obtained the following theorem.

Theorem B (see [18, Theorem 13.6]). Assume that W € F(C?). Let 0 < p < oo. Then uniformly
forn>1,

1/p-1/2
an/P /l P<4/

IPaWIl, ) ~ { an'/* (log(n + 1)), p=4, (1.26)

1/p-1/2 _
a,’’ (n"_lﬂ(an))(zm(l/4 p) p>4.

We remark that Levin and Lubinsky have shown Theorem B for more wider class
F(lip(1/2)) 2 F(C?). In the following, we investigate the various weighted L,-norms (0 <
p < o) of pyp(x).

Theorem 1.8. Let w € £;. Let 0 <p < coand p > —1/2. Then one has forn > 1,

1, p <4,
1/p-1/2
_ an/p / 1/4

L,(R")

(log(1 +nT(an)))

(nT(an))(Z/?’)(l/ﬁlfl/p)’ p>4.

7 P = 4/ (1 27)

P
9,11/4 (X)Pn,p(x)w(x) (x + %)

Theorem 1.9. Let w € £;. Let 0 < p < oo and p > —1/2. Then one has forn > 1,

1, p <4,

~ a3 (logn)*, p=4, (1.28)
L, (R

posw0(x+ 22 )

n2(1/4—1/p), p> 4.
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Theorem 1.10. Let w € £,,0 < s < r,and n > 1. Suppose that p > =1/2. For 0 < s < r and
n > 1, one has

1/p-r/2 .
(r/4-1/p)" a\P|* a,” logn, ifs=r, pr>4,
‘ @:1/4(95)(1)1: P (x) P"/P(x)w(x) <x + f) - 1/p-s/2 .
L,(RY) a, , otherwise,
(1.29)
and for p = oo
+ P s
‘ O )@y (@) |pup () () (x " %) ~ a7, (1.30)
L, (R

This paper is organized as follows. In Section 2, we will introduce the weight class Fv
as an analogy of the class 2, and the known results of orthonormal polynomials with respect
to i,, in order to prove the main results. In Section 3, we will prove Theorems 1.5, 1.6, and 1.7.
Finally, we will prove the results for the various weighted L,-norms (0 < p < o) of p,,(x),
that is, Theorems 1.8, 1.9, and 1.10, in Section 4.

2. Preliminaries

Levin and Lubinsky introduced the classes £(C?) and £(C?+) as an analogy of the classes
F(C?) and F(C?+) which they already defined on I* = (-v/d,+/d). They defined the
following.

Definition 2.1 (see [18]). We assume that Q : I* — [0, o0) has the following properties:

(a) Q(t) is continuous in I*, with Q(0) =0,
(b) Q" (t) exists and is positive in I* \ {0},

(c)

tiir}_Q(t) = o, (2.1)
(d) the function

T*(t) := tg((t;) (22)

is quasi-increasing in (0, Vd), with

T(H) = A*>1, tel'\ (0}, (2.3)
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(e) there exists C; > 0 such that

Q"(®)
Q" ()]

1Q(®)]

o0 ae. tel*\ [0). (2.4)

<G

Then, we write W € F(C?). If there also exists a compact subinterval J* 3 0 of I*, and C; > 0
such that

Q'(t) 1Q'(#)] .
O] >C IOk ae tel"\ ], (2.5)

then, we write W € F(C?+).

Then we see that w € £(C?) & F(C?) and w € £L(C*+) & F(C?*+) from [1,
Lemma 2.2]. In addition, we easily have the following.

Lemma 2.2. Let Q(t) = R(t?), x = t2. Then one has

weL,=W e sc(c2+), (2.6)

where W (t) = w(x), x = t2.
On R, we can consider the corresponding class to 2, as follows.

Definition 2.3 (cf. [19]). Let W = exp(-Q) € F(C?*+) and v > 2 be an integer. Let Q be a
continuous and even function on R For the exponent Q, we assume the following:

(@) QW () >0,for0 < j<vandte R\ {0},

(b) there exist positive constants C; > 0 such that fori=1,2,...,v -1

(i+1) oo ®) +
Q¥ (t) < GQ (t)Q(t), a.e. x € R"\ {0}, (2.7)

(c) there exist positive constants C, ¢; > 0 and 0 < 6" < 1 such that for t € (0, ¢1)
1\%
o <c(3) 28)

(d) there exists ¢, > 0 such that one has one among the following:

(d1) T*(t)/t is quasi-increasing on (cy, o0),
(d2) QW (t) is nondecreasing on (cz, o0).

Then, we write W (t) = e 91 ¢ Z..
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LetW e iv and v > 2. For p* > -1/2, we set
W, (t) = [t W (t). (2.9)

Then, we can construct the orthonormal polynomials P, ,-(t) = Pn(Wﬁ* ;1) of degree n with
respect to W) (t). That is,

f Py (0) Py pr (0)W). (0)dt = Gy, m,m=0,1,2,.... (2.10)

Let us denote the zeros of P, ;- (t) by

—00 < tyy < <ty <ty < 0. (2.11)

Jung and Sakai [5, Theorems 3.3 and 3.6] estimate Pr(l]:, (tkn), k=1,2,...,n,j=1,2,...,v,and

we will obtain analogous estimations with respect to p,(]; i,(xk,n), k=12..nj=12..v
in Theorems 1.6 and 1.7. B

There are many properties of Py, (t) = P,(W,;t) with respect to Wy-(t), W € ¥,
v = 2,3,... of Definition 2.3 in [4-6, 19-21]. They were obtained by transformations from
the results in [1, 2]. In this paper, we consider w = exp(-R) € £, and p,,(x) = pn(w,; x).
In [5] we got the estimations of P,iff),*(tkn), k=12,...,nj=12,...,v -1 with the weight
Wy (t) € i,,. By a transformation of the results with respect to P, ;- (t), we estimate pi{; i,(xkn),
k=1,2,...,n,j=1,2,...,v—1.In order to it we will give the transformation theorems in this
section. In the following, we will give some applications of them.

Theorem 2.4 (see [21, Theorem 2.1]). Let W(t) = w(x) with x = t2. Then, the orthonormal
polynomials Py - (t) on R can be entirely reduced to the orthonormal polynomials py,(x) in R* as
follows: forn=0,1,2,...,

Ponppi1/2) () = Pup(x), Poni1pp-1/2) (t) = tpn,p(x). (2.12)

In this paper, we will use the fact that w,(x) = x* exp(-R(x)) is transformed into
Wapa1/2(t) = |H*+1/2 exp(-Q(t)) as meaning that

Jm pn,p(x)pmlp(x)wﬁ (x)dx =2 J.oo Pnp <f2>Pm,p <t2> HOT (1)
’ ‘ (2.13)

= f pZn,2p+1/2(t)pZm,2p+1/2(t) W22p+1/2(t)dt'

Theorem 2.5. Let Q(t) = R(x), x = t2. Then one has

w(x) = exp(-R(x)) € £, = W(t) = exp(-Q(t)) € F». (2.14)
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In particular, one has

Q1) < C(%>6, (2.15)

where 0 < 6 < 1is defined in (1.13).

Proof. Letw € Zz. Then, from Lemma 2.2, one has W € F(C?+). Let [x] denote the maximum
integer as [x] < x (Gaussian symbol). For 1 < j < v, one has

[i/2]
QW (t) = Z ciiRUD ()™, ;>0 (i=0,1,...,[j/2]), x =1 (2.16)
Therefore, we easily see that (a) of Definition 2.3 holds. Let x = #2. Since R (x) is increasing

forx>0and ¢=0,1,...,v -1, there exists ¢ with 0 < ¢ < x such that fork=0,1,...,v -2,

—R(k;(x) = R®D(¢) < CR® (x). (2.17)

Then, sincefor0 < k<j<<v-1,
R®(x) < CxFRD) (x), (2.18)

one has by (b) of Definition 1.3 that

[i2] ,
QU(t) = 3 ¢RI (x) % < CRY (x)¥ < CR(]’—l)(x)tj—l<tR (x)>
izo Rx) (2.19)

SCQUWﬂ%g;

<j<v-1

Similarly, one has by (2.16), (d) of Definition 1.2, and (b) of Definition 1.3 that

[v/2]

QM () = conRM ()" + D’ iy RV ()"

i=1

< cop R (x)t + CRYV (x) 172

()

(2.20)

Q')

vl)
cQ ()Q(t)
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Consequently, one has (b) in Definition 2.3. We know that

[v/2] ) _
3 RO LC, te(0,0), (2.21)
i=1

and since "% < Con t € (0,¢;), one has from (1.13) that
1\° 1\° 1\°
RY (x)t” < c<—> < c<—> t0 < c<?> . (2.22)
Therefore, one has by (2.16)

Q¥ <C (%)6 (2.23)

where 0 < 6 < 11is defined in (1.13). The inequalities (d1) and (d2) of Definition 2.3 follow
easily from (d1) and (d2) of Definition 1.3. Therefore, one has (2.14). O

3. Proofs of Theorems 1.5, 1.6, and 1.7

For convenience, in the rest of this paper, we put as follows:

*

p> _%, pri=2p+ %, Pn(X) = pup(x), Py(t) := Py p (), (3.1)
and Xxn = Xknp, tkn = tinp- Then, we know that p* > -1/2 and

pu(x) = Pou(t),  x=F,  xm=t,, twm>0,k=12,.. . ,n (3.2)
In the following, we introduce some useful notations.

(a) The Mhaskar-Rahmanov-Saff numbers a, and aj, are defined as the positive roots
of the following equations:

1 1
v=— f autR (ant) {t(1 - 1)} Y2dt, ©>0,
T Jo

_2f o @n(1-2) " Car 0 .
u-;foauQ(au)<— ) , u>0.
(b) Let
fn = (nT(an)} 7, = (nT"(a})} " (34)

Then, one has the following.
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Lemma 3.1 (see [1, (2.5), (2.7), (2.9)]).

* * 1 % *
a, = aan, Nn = 42/3’12;1/ T(a,) = ET (a3,)- (3.5)

To prove Theorem 1.6, we need some lemmas as follows.

Lemma 3.2 (see [21, Theorem 2.2, Lemma 3.7]). For the minimum positive zero t[, /21, ([n/2] is
the largest integer n/2), one has

tin/oin ~ apn’", (3.6)

and for the maximum zero x1,, one has for large enough n,

tn * * * * )\~
L=~y = (T (@) (37)

Moreover, for some constant 0 < € < 2, one has
T*(al) < Cn*. (3.8)

Lemma 3.3 (see [6, Theorem 2.5]). Let W € F(C?*+) and r = 1,2,.... Then, uniformly for 1 <
k<mn,

r-1

Pr(lr; (tk,p,n> n

—— | < (3.9)
Pi,d,p (tk,p,n>

2
aZn _tkpn

Lemma 3.4 (see [5, Theorem 3.6 and Lemma 3.7 (3.20)]). Let p* > -1/2 and W(x)
exp(-Q(x)) € ¥y, v > 2. Assume that 1 + 2p* — 6* > 0 for p* < 0 and if T*(t) is bounded,
then assume

a;, < Cnl/=8Y), (3.10)

where 0 < 6 < 1is defined in (2.8). If tx, #0, then one has for j =1,2,...,v

j-1
n T*(a;)
C + z P (t
<a§n—|fkn| an > [Pt

P (ten)| <

) (3.11)

and in particular, if j is even, then

T T*(a* j-2
<C< (4 + Q' (tkn) | + |tn|>< e (fn)> |P(tkn)| (3.12)

kn ay, = |tknl ay,
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Remark 3.5. Let W(t) € ¥(C?+). Then, from [19, Theorem 1.6] we know that when T*(t) is
unbounded, for any 7 > 0, there exists C(77) > 0 such that for t > 1,

a; < C(n)th. (3.13)

In addition, since T(x) = T*(t)/2, we know that

(i) T(x) is bounded & T*(t) is bounded,
(ii) T(x) is unbounded = a, < Cn’ for any 1 >0,

(iii) T(a,) < Cn** for some constant 0 < £ < 2.

Lemma 3.6. For j =1,2,3,..., one has
p (x) = 3 (-1) ey P (1), (3.14)
i=1

where cj; > 0 satisfy that fork =1,2,...,

2k -1 1 1

Ck+1,1 = 2 Ck1, Chk+lk+l = Skt C11 = 5 (3.15)
and for2 <i < k
i1+ (2k = i)cki
Ck+l,i = Chil (2 l)ck'z. (3.16)
Proof. 1t is easily proved, using the mathematical induction on j. O

Proof of Theorem 1.5. By Lemmas 3.3, 3.6 and (3.2), one has

—2j+i

tk,Zn

p (xkn)

j )
<CY|PS (tran)
i=1
i1 (3.17)

—2j+i
|Pén(tk,2n) | |tk,2]n :

J 2n
<oy —2—
= 4n k,2n
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Since by Lemma 3.2
i-1 -1
J 1 2n -1
Z 2 |tk 2n C + . 2 5 |tk,2n
i=1 a4n - tk 2n Ay — tk 2n
j-1
j+1 2n
< C |tk,2n . 2 > |tk 2n (318)
a4n - tk 2n
j-1
n i1
]
< c 5 |tk,2n 4
‘14n —teon

one has from Lemma 3.1 that

j—l
Py (tean) | [£0,

n
* 2 4
V%n ~ ti,Zn (3.19)

n - 1)/2
< C(ﬁ) ] | (Xicn) |-

p (k)| < C

O

Proof of Theorem 1.6. Since w(x) € f,,, we know that W (t) € iv and we know that 6* = 6 by
Theorem 2.5 and from (3.1), (3.2), and Lemma 3.1 that

i) p>-1/2=p*>-1/2,
(i) 1+2p-6/2>20forp<-1/4=1+2p* -6 > 0for p* <0,
(iii) a, < Cn?/1+-0) = g% L Cnl/ (-0,

Then, using Remark 3.5, we can apply Lemma 3.4 to p,(x) = Pay - (t), x = t2. In a similar way
to the proof of Theorem 1.5, one has from Lemma 3.4 and Lemma 3.1

j .
(xkn) CZ|P(1) (tk Zn) |tk22]:
i=1
T*(a5,)\" o
Cz<a4 — |tk2nl + aEZn > |Pén(tk,2n)||tk,2]:
n n
~ (3.20)
n ™)\ ., -
< P, (t t
) C<azn Tl ", ) Pl
n T(an>>f D2
C +
<\/—a2n = n | [P )|
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Let j be even. Then, one has from Lemma 3.4 that

) ( 202
S [l < (T 10 tuanl+ 1 ) IPhean
l even
T (a3
% Z < _ n + (* 211) > |tk o
i:even a4n - |tk'2”| a2n
Since by Lemma 3.2 and
* * * * 7-’2
Z n + T*(a3,) i2 | < n + T*(a3,) 42
at - |t | at k2n \ at — |t | at k2nl|”
i:even 4n k,2n 2n 4n k.2n 2n
one has
pivi
Z | n)(thH) kz]: C< +|Q(tk2n)| >|P2n(tk2”)| k2n
ieven
% * j—2
T (aZn)
|tk 2n| a;n ’
i L T(a3,) /
1) 2j+i n ’
teo <C - P, (tks |t
1de| 2n ( n) k,2n |tk 2n| aZn | Zn( Tl) | k2n
C< ( i) + Q' (tkn) | + |>

% * j—2
n T*(a _
x < _ N (*211)> | P (tr2n) || B

Ay, — | tk2n | a,

Therefore, when j is even, one has by Lemma 3.1 that

. T (a* 't .
pil])(xkn) <c( = (a3,) N |Q' (tk,2n)] L
azn | tk,Zn | |tk,2n | tk/zn
-2
o T@IN e
P, (t £
" <a2n - |tk,2n| " a;n | Zn( k,Zn)l k2n
T 1
< (el R i)+ )
AnXkn Xin
n T(a)\/2
x < A n)) G 2)/2|Pn(x Il
V@ = Xkn A/

Next, we will prove Theorem 1.7. To prove it, we need two lemmas as follows.

15

(3.21)

(3.22)

(3.23)

(3.24)
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Lemma 3.7 ([5, Theorem 3.3]). Let W(x) = exp(-Q(x)) € Fv, v > 2. Let 1/e)(ay,/n) < |tinl <
ea;,,0<e<1/2,ands=1,2,...,(v—1)/2. Then, under the same conditions as the assumptions of
Lemma 3.4, there exist p(n, k), 0 < D1 < p(n, k) < D, for absolute constants Dy, D, such that the
following equality holds:

(2s+1) n\*
Pn ° (tkn) = (_1)sﬁ;sq (Tl, k) <E) (1 + ﬁ25+1 (5/ tkn/ n))Prll (tkn)/ (325)

n

and |pas+1 (€, ten,n)] — 0asn — ooand e — 0.

From Lemma 3.3, we easily have the following.

Lemma 3.8. Let W € 9(C2+) and j =1,2,.... Then, uniformly for |ti,| < a;,/2,

) A\
P (£ <C<a—*) | P (k) | (3.26)

Proof of Theorem 1.7. By Lemmas 3.4, 3.6 and Theorem 2.4, one has

2s5+1
2s+1 ~ i —2(25+1)+i
P (okn) = > (-1)**! lC25+1,ip2(,11)(tk,Zn)tk/;nSJr i
in1

S S
2p+1 —4s+2p-1 2 —45+2p-2
= ZC25+1,2p+1p2(np+ )(fk,z;q)tk;,: - ZC25+1,2pp2(np) (fk,zn)i‘k,zsn+ P (3.27)
p=0 p=1
odd even
Since we know that
1a, 2 a; . 1
P < X € €0y = 752—: < ltkonl < Veas,, 0<+e< ok (3.28)

by the same reason as the proof of Theorem 1.6, we can apply Lemma 3.7 to Pz(rzlpﬂ)(tklz,q).
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Then, using Lemmas 3.7 and 3.6, one has

2p
S 2n ~ - —
Z = ZC25+1,2p+1(—1)p[5§n(2"1 k)< ¥ > (1 + P2p+1)pén(tk,2n)tkflzsr:r2p '

odd p=0 Ao

o s n\*/1 prsi1\ . 251
= (-1)°p3,(2n, k) /an 2 + 2 P2n(tk,2n)tk,2n

s5=1 &
2n ~ ~4s+2p-
+ > s p1 (1) B3, (21, k) <aT> (1+ P2P+1)P£n(tk,2n)tkjlzs;2p 1
p=0 o (3.29)

5 e n\*/1  Pass1\ —2s-1
= (_1) ﬂZn(ZTl, k) ﬁ E + T PZn(tk/Z")tk,Zn

2s
R n , 25—
+ (_]‘) ﬂ;n (an k) ( \/a—> PZn(tk/Z")tk,ZZSn !
n

s—1 2p-s)
_ - 2n ~ 2(p-
x Dotz (<12, 2n k) < - > (L4 P )i,
p=0 2n

Here, popi1 := pop+1(€, tkon, 2n), p = 0,1,...,s. Since from (3.28) we see that for 0 <p <s-1,

" 2(s—p) 2(s-p) s=p

aZn 1 \/E 1

2n - < (X= < (= .
<2n tk,2n> = ( 2 ) = (4 & (3 30)

one has that

*

aZn 1

v 31
2n b -0 (331

2(s=p)
) )

s5-1
> casipi (F1)P°2% 65 ° (2m, k) (
p=0

asn — cwoand e — 0. If we let

s—1 Z(P_S)

~ _ _ 2n ~ 2(p-

g;’l,l (S; xkn) = pPos1 t ZCZS+1,2p+1 (_1)p SZZSHﬁZnS(ZTl, k) < = > (1 + P2p+1>tkfgn5)/
p=0 2n

(3.32)

then one has

2s / .
N SRR U
Z = (-1)°p,(2n, k)( = > <E 4ot > _>P2n(tk’2")tk,22nl
odd

B

(3.33)
n

2s
= (_1)Sﬁ;n(2n,k)< ) (1+g;,l(s;xk,n)>P;(xk,n)x;fn,

B

a
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and |‘§;,1(Sf' Xkn)| — 0asn — oo and € — 0. On the other hand, we obtain

2
P, ( P)(fk 2n) 45+2p-2

Z ZC25+1 22 1 N P' ) P, ﬁn(tk,Zn)t;,zn

even

s pir) (t
k,2n) —4s+2p-
= 2202s+1,2;7711 n(xk,n)tkflzsr:r v
p=1 zn(t ,Zn)
n \* (3.34)
= (—1)sﬁ§n(2"/k)<ﬁ> P (Xkn) X5, '
n

s n 2 plr) (tk2n) —2s+2p-1
2 “1D)SBE0n k) — ) ATy
X r;l C25+1,2P( ) ﬂzn( n )<a;n> Pén(tk,Zn) k2n
n 2s
= &5 ) (-1)° B3, 21, k)(ﬁ) P ()3

Here, one has from Lemma 3.8 and (3.28) that

s n P (tk2n) —2s42p-1
&2 (8; Xk n) | = | D 2250120 (1) By (21, k)< n > —fk on |
p=1 @y, 2n (tk,Zn)
(3.35)
s a* 1 25-2p+1
<cy (ﬂ > <CVe.
p=1 n tion
Finally, if we let ps (¢, xin, 1) := g;u (s; Xin) — g;lz(s; Xkn), then the result is proved. O

4. Proofs of Theorems 1.8, 1.9, and 1.10
Lemma 4.1. Let W(t) € F(C?), and let 0 < p < oo and p* > —1/2. Then, one has for n > 1 that

Pnlp*(t)W(t)Qt' i %)" Prp (f)W(t)<|t| + %)p

Ly(R) Ly (ay/2<|t|<2ap)
L p<4 (4.1)
a;up*l/z {log (1 +nT*(a},)) }1/4 p=4,

{nT*(a;)}2/3(1/4_1/p), p>4
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Proof. In [21, theorem 2.6] we showed that

1, p< 4,
~ a2 (log (14 nT*(ap)) ), p=4,  (42)
Ly(R)

P W) (1 + )’

{nT*(a;)}2/3(1/4—1/P), p>4

But, seeing our proof of [21, Theorem 2.6] carefully, we can easily prove the first equivalence.
O

Lemma 4.2 (see [21, Theorem 2.4]). Let W(t) € ¥(C?),0<p < coand L > 0. Let f € R Then,
given r > 1, there exists a positive constant Cy such that one has for any polynomial P € D, that

IPW O, <y < PECnPWE) O 165 m <t a0 (4.3)

Proof of Theorem 1.8. From Theorem 2.4 and Lemmas 4.2 and 4.1, one has

P
@}1/4(x)pn,p(x)w(x) <x + %)

L,(R*)

tz 1/4 a*2 P
<72> PZn,p*(t)W(t><t2+i;> [ikds
a n
2n
1/2
1
aZn

* 1/p-1/2
< CaZn y

<C

Ly,(R)

*
aZn

p*
Ponr (YW 01+ 222 ) 117

n

L,(lf<2a3,) (4.4)

A
Do (YW (11 22)

Ly(R)
1/ p<4’
-, flog (1T (@))%, p=4,

(nT*(a3,) 20, psa
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On the other hand, one has by Theorem 2.4 and Lemma 4.1 that

p
O 4 @pnp(x)0(x) (x+ %)

L,(R")

2

(1*2 P
O/ () Panr (HW (1) <t2 + n—22> [

Ly (azn/2<[H<2a3,)

*

~ a2\ Py, (W (E) (ltl + %)p (4.5)
Ly (azn/2<|t{<2a3,)
1, p<4,
~ a3, flog (L+nT* (a3,))) ", p=4,
(nT*(a5,) }2/3(1/471/;9), p> 4
Consequently, using Lemma 3.1, one has the result. O

Lemma 4.3. Let p > —-1/2, and let w(x) € L(C?*+). Then, uniformly forn > 1and 1 < j < n, one
has the following:

(a)
sxtgﬂpn,p(x)w(x) | (x + %>p| <x + ann_2> (an — x) |1/4 ~1, (4.6)

(b) for j < n—1and x € [Xj11,n, Xjn],

x_xj+1,n|}(/)n(xjn)_l [xjn(an _xjn)]_1/4, (47)

a,\* .
Pa @l (x+ 5 )~ min{|x - ],

(c)for1<j<n-1,
Xijn = Xj+ln ~ Pn (xjn)/ (48)

where

Vx + ayu?(ay, — x)

7 0 < X < au/
Pu(x) = Uy/Gy = X+ Aully (4.9)
pu(ay), a, < x.

Proof. (a) It is from [1, Theorem 1.2]. (b) It is from [2, Theorem 1.3]. (c) It is from [2,
Theorem 1.4]. O
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Proof of Theorem 1.9. By Theorem 1.8, one has for 0 < p < 4,

a, \"* an \*
Pp(X)w(x) <x + —721) > C‘ @}/4(x)pn,p(x)w(x) <x + —Z)
n LP(R+) n LP(R+)
(4.10)
1, p <4,
— anl/p—l/z
1/4
{log (nT(ax))} """, p=4.
For p > 4, we know by (4.7) and (4.8) that
a,/3 a, PP
f pn,p(x)w(x) (x + —2> dx
xnn n
i P g, P -p/4
2C 3 [ bl v (o) (s = x30)]
xnnngngan/s Xj+1n
-p/4 -p/4
~a)" D pa(xn)xg (4.11)
xnnijnSHn/?a
/4 a,/3
~a f P4 dt
a,n 2
~ a;p/2+1 nz(p/4,1).
Then, forp > 4
P
Pr,p (X)W (x) (x + a_,;> > Ca;1/2+1/Pn2(1/4_1/’”). (4.12)
n L,(R¥)
Therefore, one has
1, p <4,
an\’ 1/p-1/2 1/4
Prp(X)w(x)( x + 3 > Ca, {log (nT(an))}"", p=4, (4.13)
L,(R*)

n2(1/4—1/p), p> 4.
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On the other hand, one has from Theorem 1.8 that

oo (x+ %)’

P
O}/ @pnp(x)(e) (3 + % )

Ly(x>a,/3) L,(x>a,/3)

P
9,11/4 (X)Pn,p(x)w(x) (x + %)

L,(R*
) (4.14)
1, p <4,
~ a2 flog(nT (@)}, p=4,
{TlT(an) }2/3(1/4—1/}7)/ p > 4,
and by (4.6) that
a, \* an/3 -p/4 Up
Pnp(X)w(x) <x + —Z) f <x + —> dx
n Lp(xgan/3) 0
p <4, (4.15)
~ a,/P1/2 {log a,} /4, p=4,
2(1/4- 1/p) p> 4.
Therefore, one has
1/ p <4’
a \"
Pup(X)w0(x) (x + n—’;) o a, PV 3 (log(nT(a,))}'*, p=4, (4.16)
LR+
n?(1/4-1/p), p>4.
From Remark 3.5(iii), we see that nT(a,) < Cn®. So, consequently, one has the result. O
Let
* * t * % * -
@) = max{p, 1= 2L = (T (@) (417)
n

Then, we obtain by Lemma 3.1 that

@, (x) ~ D5 (1), x=*H. (4.18)
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Lemma 4.4 (see [21, Theorem 2.7]). Let W, € F(C?) and p* > -1/2. For0 < s <randn > 1,
one has

*|S
* — * a,\"*
q)n(t)(rﬂl 1/p) Pn,p* (t)W(t)<|t| + 7")

L,(R)
* 1S
« (p\ (r/4-1/p)* a,\’
~ || P () Py (YW () [t i (4.19)
Ly(a;/2<]t<2a3)
azl/pfr/z logn, s=r, 4<pr<oo,
a:ll/p_s/z, otherwise.
Proof of Theorem 1.10. By Theorem 2.4, we can transform py, ,(x) on R* to Py, (t) on R.
(r/4-1/p)" an\"|°
e
Jor " o o) (x+ )
n Ly(RY)
T (4.20)
*(r/4-1/p)*
= |len () @y, (0 [P (1) <t2 + n—é) (2)?
L,(R)
Using Lemma 4.4 and noting (3.1), one has
(r/4-1/p)* a5 \'| o
o4 (R)s " ()| P (1) <t2 ' ?) @)
L,(R)
(r/4-1/ )+ [1*2 p1s
*(r/4-
> o4 (#) @ @) [P (1) <t2 + n—22> 2"
Ly (a3, /2<|t|<2a3,)
*(r/4-1/p)* a;n 4 1/p-s/2
2 C|| D@y, O PaW O+ 5 ) | 1] (4.21)
Ly (a3, /2<|t|<2a3,)

* 1S
*1/p-s/2

«(r/4-1/p)*
2n D,, (t)

as \*
Pwo(I+ )
n

L, (a3,/2<1|<2a3,)

*2/p—s
2n 4

*2/p— .
{aZn/p rlog n, ifs=r, 4<pr<oo,

otherwise.

On the other hand, by Lemma 4.2, we see

*2 \ P
Pon(HW (1) <t2 ¥ a—22”>
n

S

/A (x) @y P ) @"/” <Oy e (4.09)

Ly(a3,<It)
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where ¢ > 0 is a constant. Therefore, using Lemma 4.4 and noting (3.1) and the definition of

9,,, one has
[1*2 P|s
‘ P, W () <t2 + LZ”>
n
at \"
P W (t) (ltl * %)

a \"|°
P (o (i + 22

o/t (F) o ) NG

Ly,(R)

s
q)*(f/‘l*l/r?) (t) |t|1/p+r/2—s/2

*=r/2
< CaZn 2n

Ly (It<2a3,)

*1/p-s/2 «(r/4-1/p)*
< CaZn (DZn (t)

(4.23)
L,(t|<2a3,)
1 /p-s/2|| - x(r/a-1/p)" a \* |’
< Ca2n (Dzn (t) pan(t) |t| + 7
L,(R)
*/Prlogn ifs=r, 4 <pr<oo,
a;i/p - otherwise.
Therefore, one has
r/4 (r/4-1/p)* a, \*|’
o;/%(x)D, () |pnw(x)( x + —
n Ly(R*)
*Z/P rlogn, ifs=r, 4<pr<oo,
- «2/p— . 4.24
azi/p ° otherwise, ( )
/P logn, ifs=r, 4<pr<oo,
a:l/P 75/2, otherwise.
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