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New result concerning |N, p, g, summability of the infinite series 3; a,\, is presented.

1. Introduction

Let > a, be a given infinite series with sequence of partial sums (s,). Let (T,) denote the
sequence of (N, p, q) means of (s,). The (NN, p, q) transform of (s,) is defined by

1 n
T, = _an—v‘h}sw (1]-)
R" v=0
where
n
R, = Z Pr-vqu#0, forany n(p-1=qg-1 =R =0). (1.2)

v=0

Necessary and sufficient conditions for the (NN, p, g) method to be regular are

(1) limy,  ooPn-vgn/ Ry = 0 for each v,

(i) > o |Pn-vgol < K|Ry|, where K is a positive constant independent of n.
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The series }; a, is said to be summable |R, p,|,, k > 1, if

Z nk1 |pn — pn |k < oo, (1.3)
n=1
where
1
Pn = o vasv, (1.4)
n =0

where P, =p1+p2+:-+pn — c0asn — oo.
The series Y, a, is said to be summable |N, p,|, if

o)
Zlan = Op-1| < oo, (1.5)
n=1
where
1
Op = 7 Z Pn—vSo, (1.6)
n =0

and it is said to be summable [N, p, q|,, k > 1, if

n* T, - T |* < oo, (1.7)

Ms

3
1l
—_

where T), is as defined by (1.1).
For k =1, |N, p, q|, summability reduces to |N, p, g| summability.
The series Y, a, is said to be (N, p, q) bounded or Y, a, = O(1)(N, p, q) if

n
tn = > Profoso = O(Ry) as n — o. (1.8)

v=1
By M, we denote the set of sequences p = (p,) satisfying

Pn+1 < Pn+2

< <1
Pn Pn+1

, pn>0,n=0,1,.... (1.9)

It is known (Das [1]) that for p € M, (1.5) holds if and only if

x 1
> el < 0. (1.10)

n=1

n
> Pnvvay
v=1
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For p € M, the series 3, a, is said to be |N, p,|,-summable, k > 1, (Sulaiman [2]), if

k
< oo, (1.11)

n
Z Prn-o0ay

v=1

<1

n=1"1

where P, =p1+p2+:-+pp — c0asn — oo.
It is quite reasonable to give the following definition.
For p € M, the series Y a, is said to be [N, p, g, -summable, k > 1, if

k

Z UPn—oGodn| < 0, (1.12)

v=1

where P, =p1+p2+:-+pp — c0asn — oo.
We also assume that (p,), (g.) are positive sequences of numbers such that

Po=po+pi+---+py,— 0, asn-— oo,
(1.13)
Qn=qo+qi+--+g, — o©, asn— co.

A positive sequence a = (a,) is said to be a quasi- f-power increasing sequence, f = (f,), if
there exists a constant K = K(a, f) such that

K fuan > finttm, (1.14)

holds for n > m > 1 (see [3]).
Das [1], in 1966, proved the following result.

Theorem 1.1. Let (p,) € M, g, > 0. Then if 3, a, is [N, p, q|-summable, it is |N, Gn|-summable.
Recently Singh and Sharma [4] proved the following theorem.

Theorem 1.2. Let (p,) € M, g, > 0 and let (g,) be a monotonic nondecreasing sequence for n > 0.
The necessary and sufficient condition that Y, a,\A, is |N, qn|-summable whenever

D an=01)(N,p,q),

(o)

q
D 2l < oo,
n=0 =n

w (1.15)
DAL < oo,
n=0

ke Qn+1 2
= |A°)A
nz=0 qn+1 | "

< oo,
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4
is that
i A s 01| < o0 (1.16)
" Qn
2. Lemmas
Lemma 2.1. Let (p,,) be nonincreasing, n = O(P,). Then forr >0,k > 1
© k
- 1
n=v+1 ann v
Proof. Since p,, is nonincreasing, then np,, = O(P,)
& P _ o Prow i Pro
n=v+1 anj; n=v+1 er’l( n=2v+1 nrpjf
S 1 Z St
— =0 Pho = 0(1) p
n=v+1 an,’; vrPJ;( n=v+1 e 1,;< m=1 "
=01 S =0(1 L ! 2.2
=O( )Uka lem— ()ka,l or 1 (2.2)
= (4
) k 0 k
Pn—‘u pm
=0(1) =0(1)
n:§+1 an]; mZzH—l ) Prlfﬁv m=v+1 mrpr]fi
1
- _ -r—k
=0(1) Zl — 0(1)f rkdx = O(W)'
m=o0+
Therefore
© k
Prv =o< ! > 2.3)
n=v+1 n’ p;]f okl
O
Lemma 2.2. Forp € M,
=)
> |Avpus| < oo (2.4)
v=0
(2.5)

Proof. Since p € M, then (p,) is nonincreasing and hence

Z(Pn—v—l _Pn—v) =Pn— Pm-v-1= 0(1)

m
Z | A‘upn—‘u | =
v=0 v=0
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Lemma 2.3 (see [3]). If (X,,) is a quasi-f-increasing sequence, where f = (f,) = (nf(logn)"),y > 0,
0 < B < 1, then under the conditions

XAl = O(1), m —> oo,

m ) (2.6)
> nX,u A%, =0(1), m— o,

n=1

one has
nX,|Ar,| = O(1),
% (2.7)
D XulAdy| < co.
n=1
3. Result

Our aim is to present the following new general result.

Theorem 3.1. Let p € M, and let (X,,) be a quasi-f-increasing sequence, where f = (f,) = (nlog'n),
y>0,0<p<1and (2.6), and

< qv|5v|k
v=1 UXIzj_l
AUIv = O(U71QU>/ (31)

Jo+1 = O(QU)/
v =0(Py),

= 0(Xn),

are all satisfied, then the series Y, ay Ay, is summable [N, p, q|,, k > 1.

Proof. We have
T, = Z Upnfvchlavf\v
v=0

n-1 14 n
= Z <Z ar> Ay (V Pr-vGoro) + <Z av>ﬂP011n)tn

=0 \r=0 v=0
(3.2)

N
—_

= Sv (_Pnquu)‘v + (U + 1)A5]vpn7v~)tv + (U + 1)(]v+1 Aanva\v

S}
1l
(=}

+ (v + 1)‘]v+1pn—v—1 A)Lv) + nPOUInSnJ\n

=T +Tpo +Tyz + Ty + Tyys.
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In order to prove the result, it is sufficient, by Minkowski’s inequality, to show that

Z ! Tn]| <o, j=1,2,34,5. (3.3)

n=1

Applying HOlder’s inequality, we have

|Tn1 | pn—qusv}‘v
nm1 b sl )4l by
m n-1 n-1 k-1
< Pr-odi|sol Aol <an-v>
n=1 M1 v=0 =0
& PG ki ki ik
=01 —oqy|So| | Ay
();nl’,’:vzop" Tylso|" ol
_ Pn -0
O(l)zqvlsvl Aol Z

n=v+1

m
=O<1>sz1 K50l [Ao|*

vlsv|
omz T ol X

O(l)z qv|5v| M |

m—1 v

Ks,|* mgKlsolt
=0(1) 3 Al Z"f ) >

k-1
v=0 r=0 TXr v=0 UX‘U

m-1
= O(1) D |AL| Xy + [A| X = O(1),
v=0

k

1 n-1
U+ D)v,—0AGuSere
= UEZ(L)( )Pn-vAq

Mz
'U —_
~l
&
s
I}
Ms

=2

3
1l
—_

-1

=

S

n-1 k-1
Ukpn leQUl |Sv| |~)L | <anv>

<
n=1 1 v=0 v=0
m —1 n-1 . x i r
=0(1) >, 2 > 0 Puo | Ago|Is0 [ Ao
n=1 NIy =0

= 0(1) 3 0| Ago|flsolf ol S Bio
v=0

n=v+1 nby
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=0(1) Y " Ago[“[so Ao |*
=0

k
v Sy
_ o) Z 1 )'(k W

O(1), asin the case of Ty,

m 1 ) m 1 n-1
Z n—P,]f|Tn3| = Z 1’1—13,!,( DZ=0(U + 1)Avpnquu+1sv/\v
1

m n-1 n-1 k-1
< Z k Z vaan—qu;+1|Sv|ka|k <Z|A0Pn—v|>
prryl (3 &ty v=0

m n—

Z Z AoPu-vhy 5ol Nol*

-1 n V=
m ) A Pr-
=0(1) X, vl Mol X %
v=0 n=v+1 nPn

m
=0(1) Y. o PRk, [sol Ao l*
v=0

=0 3 ol ol

=0(1), asin the case of Ty,

A T 1 :
Zl — Tl = 21 —% Zo(v + 1)Pnv-1G0s150 AL,
n= n n= n o=
& 1S ek k k e o
< Z k v pn—v—lqv+1ls1f| |A)‘U|Xv ZleAJ\vl
n=1 nPn v=0 v=0
“ 1 = k. k k k
= O(l) Z nPk v pn—v—lqv+1|s‘0| |A')L'U|
n=1 n v=0

O(l)i qv+1 Ul |AJ\| Z anl

n=v+1
qv+1| "’|
O(l)z V| Ay
= "7r| r| ‘75|5v|k
=0(1) > A(v]Ad,)) Z m| Ay —
v=0 =0 vXy
m-1 m-1
=0(1) 3 |Ady| X, +O(1) ZU|A2)LU | Xon = O(1),
v=0 v=0
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iiﬂ" |k=ii|npqs 1 |k
£ nP,’f n5 T TlP,I; 0Ynonin

m
=0(1) > n* P x gk sl | al*

n=1
=0(1) X m ' gplsal“ Pl
n=1

=0(1), asin the caseof Ty;.

(3.4)

This completes the proof of the theorem. O
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