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Let {¢;, —o0 < i < oo} be a doubly infinite sequence of identically distributed and ¢-mixing random
variables, and let {a;, —oo < i < oo} be an absolutely summable sequence of real numbers. In this
paper, we get precise asymptotics in the law of the logarithm for linear process { Xy = 3,/ ai.kéi,
k > 1}, which extend Liu and Lin’s (2006) result to moving average process under dependence
assumption.

1. Introduction and Main Results

Let {¢, —o < i < oo} be a doubly infinite sequence of identically distributed random
variables with zero means and finite variances, and let {a;, —o0 < i < oo} be an absolutely
summable sequence of real numbers. Let

+00
> aikdi, k>1, (1.1)

Xk =
1=—00

be the moving average process based on {¢;, —oo < i < o0}. As usual, we denote S,, = 37;_; X,

n > 1 as the sequence of partial sums.

Under the assumption that {¢;, —c0 <i < oo} is a sequence of independent identically
distributed random variables, many limiting results have been obtained. Ibragimov [1]
established the central limit theorem; Burton and Dehling [2] obtained a large deviation
principle; Yang [3] established the central limit theorem and the law of the iterated logarithm;
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Lietal. [4] obtained the complete convergence result for { X, k > 1}. As we know, X (k > 1)
are dependent even if {¢;, —oo < i < oo} is a sequence of i.i.d. random variables. Therefore,
we introduce the definition of ¢-mixing,

P(m) = sup{|P(B | A) - P(B)|, A€ F~, P(A)#0, Be q;;;m} —0, m—oo, (12)
k>1

where ¢ = 0(¢;, a <i < b). Many limiting results of moving average for ¢-mixing have been
obtained. For example, Zhang [5] got complete convergence.

Theorem A. Suppose that {¢;, —oo < i < oo} is a sequence of identically distributed and ¢-mixing
random variables with 32_; ¢1/*(m) < oo, and { Xy, k > 1} is defined as (1.1). Let h(x) >0 (x >
0) be a slowly varying function and 1 <t <2, r > 1, then E& = 0 and E|& " h(|Y}]) < co imply

inr‘Zh(n)P<|Sn| > nl/te> <o, VYe>O0. (1.3)

n=1

Li and Zhang [6] achieved precise asymptotics in the law of the iterated logarithm.

Theorem B. Suppose that {¢;, —co < i < oo} is a sequence of identically distributed and ¢-mixing
random variables with mean zeros and finite variances, ey §*/?(m) < oo, and 0 < o* = E& +

237 5 Eéiék < oo, ]:"gf(logJ'|§1|)5_1 < oo, for 6 > 0. Suppose that {X, Xk, k > 1} is defined as in
(1.1), where {a;, —oo <i < oo} is a sequence of real number with 3.°__ |a;| < oo, then one has

26+2

leig}ez‘SQZ@PQSﬂ > \/nlogm‘e) = g+ 1E|N|26+2, (1.4)
n=2

where T =: 0 X,7_, ai, N is a standard normal random variable.

On the other hand, since Hsu and Robbins [7] introduced the concept of the complete
convergence, there have been extensions in some directions. For the case of ii.d. random

variables, Davis [8] proved >, (logn/n)P(|S,| > 1/nlogne) < oo, for e > 0 if and
only if EX; = 0, EX? < oo. Gut and Spataru [9] gave the precise asymptotics of
S, ((log n)6/ n)P(|S,| > 1/nlogne). We know that complete convergence can be derived
from complete moment convergence. Liu and Lin [10] introduced a new kind of convergence
of Z;‘;z((logn)6_1/n2)E|Sn|ZI{|Sn| > 4/nlogne}. In this note, we show that the precise

asymptotics for the moment convergence hold for moving-average process when {¢;, —o0 <
i < oo} is a strictly stationary ¢-mixing sequences. Now, we state the main results.

Theorem 1.1. Suppose that {X, Xy, k > 1} is defined as in (1.1), where {a;, —co < i < oo} isa
sequence of real number with > |ai| < oo, and {&;, —oo < i < oo} is a sequence of identically
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distributed ¢p-mixing random variables with mean zeros and finite variances, 3. %_; ¢'/?(m) < oo and

0<0®=E&+23} ,E&iék < oo, E§f(log+|§1|)6 < oo, for 0 < 6 < 1, then one has

26+2

o 6-1
. a5 (logn) 2 _T 265+2
161{%6 ,,Z:zTHS"l 1{|5n| > \/nlogm'e} = ——EINI7, (1.5)

where T =10 > 7_ a;.

Theorem 1.2. Under the conditions in Theorem 1.1, one has

loglog n) T2642F| N 2O+
lim €% ( ———"—E 2I{ nl > 1/nlogl }:—. 1.
lim e Z P logn 5,11 1Sn| > 4/nloglognte 5 (1.6)

Remark 1.3. In this paper, we generate the results of Liu and Lin [10] to linear process under
dependence based on Theorem B by using the technique of dealing with the innovation
process in Zhang [5].

We first proceed with some useful lemmas.

Lemma 1.4. Let {X, Xk, k > 1} be defined as in (1.1), and let {¢;, —co < i < oo} be a sequence
of identically distributed ¢-mixing random variables with E& = 0, E¢ < oo, 0 < 02 = E&} +
237, E&igk < o0, X% $1/2(2™M) < oo, then

Sn

D
= S NOD. (1.7)

The proof is similar to Theorem 1 in [11]. Set A, = sup,|P(|S,| > v/nx) = P(IN]| > x)|.
From Lemma 1.4, one can get A, — Oasn — oo.

Lemma 1.5 (see [2]). Let 3,/ a; be an absolutely convergent series of real numbers with a =
>i®, aiand k > 1, then

+oo i+n k
lim — Z > aj| =lal". (1.8)
noen T j=i+l

Lemma 1.6 (see [12]). Let {X;, i > 1} be a sequence of ¢p-mixing random variables with zero means
and finite second moments. Let S,, = 3,11 X;. If exists Cy, such that maxi<j<, ES% < C,, then for all
q > 2, there exists C = C(q, $(-)) such that

Emax|Si|7 < c(cZ/2 +Emax|X,-|q>. (1.9)
1<i<n 1<i<n
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2. Proofs

Proof of Theorem 1.1. Without loss of generality, we assume that 7 = 1. We have

[*e]

1 5-1
Z%ES%I{BM > \/nlogne}

n=2
- eSO s > Vatogne) + 59BN [ pupgs s wyax
n=2 n e & n=2 n? n '

nlogne
(2.1)
Set d(e) = exp(Me2), where M > 1. By Theorem B, we need to show
© (logn)’™" (@ 1
lim 6252# f 2xP(|S,| > x)dx = ———E|N***. (2.2)
e\o0 — n /nlog ne 6(6 + 1)
By Proposition 5.1 in [10], we have
< (logn)®™" (=
limz# f 2xP<|N| > i)dx -1 pNpee (2.3)
eNo n=2 n 4/nlogne n 6(6 +1)
Hence, Theorem 1.1 will be proved if we show the following two propositions. O
Proposition 2.1. One has
d©) (loo 11151 | oo %
lim €% # J 2xP(|Sy| > x)dx - f 2xP<|N| > i>dx =0. (24)
eNo n=2 n y/nlogne nlogne Vn

Proof. Write

[oe]

d(e) 1 6-1
(og—n) 2xP<|N| > i)dx
\/nlogne \/ﬁ

2

2
n=2 n

f 2xP(|S,| > x)dx — I
nlogne

d(e) 1 6-1

= (2.5)

x Jm 2(x +e) P<|Sn| > \/@(x+ e)) - P<|N| > \/lo@(x + €)> dx

0
(Anl + AnZ + AnS)/

d(e) 6-1
- (logn)

n=2
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where

1/+/lognal/*
A= lognf 2(x+€)
0

A =lognf 2(x+€)P<|Sn| > nlogn(x+€))dx,
1/\/10gnA}l/4

A3 :lognf 2(x+e)P<|N| > \/logn(x+€)>dx.
1/4/lognal/*

Since n < d(e) implies 4/log ne < v M, we have

A < Clognd,| —— 4 | < C(Ay*+VMA,)"

1/log nAL*

For A3, by Markov’s inequality, we get

Az < Clognf ! dx < CAl*,

1/4/lognay/* (log 71)3/2 (x +¢€)?
From (2.7) and (2.8), we can get

4@ (10g 1)
lim €29 (gT)(A,ﬂ +An) =0.

e\o o}

P<|Sn| > nlogn(x+e)) —P<|N| > logn(x+e)>

dx,

(2.6)

(2.7)

(2.8)

(2.9)

Note that >)_; Xk = 22 Siq Gksibi = Do oo Anidi, Wwhere a,; = Y}, aksi. By Lemma 1.5,

we can assume that

[ee] [e'e]
>lanl <n, t>1, i= > lal<1.
i=—00

i=—o0

Set S, = 32 anidil {|anidi| < q/nlogn(x +e€)}. As E& =0, by (2.10), we have

E'i ani§i1{|ani§i| >4 /nlogn(x + e)}‘

1=—00

< Ci |ani|E|§1|I{|am-§1| > \/m}

1=—00

|ES,| < C

< CnE|§1|I{ﬁ|§1| > 1\/nlogn(x + e)}

(2.10)
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< CnE|§1|I{|§1| > 1/nlogn(x+ e)}

12 1/2
< Cn(Eéf) <P<|§1| >4 /nlogn(x + e)>>
<C Ve .
logn(x +€)
(2.11)
So, when x € (1/4/log nAi/‘i, o0),
l E 2
IES,| <C é1 <e, for nlarge enough. (2.12)

= 2
nlogn(x +e) logn(l/\/lognAi/4+e>

By (2.12), we have

‘ﬁ) (logn) o-1 A

n=2

n2

- ) J‘°° (logn)® (x + )
1/4/lognAy* n

n=2

nlogn(x +e€)
X P<sup|am-§,-| > \/nlogn(x+e)> +P| |S,-ES,| > s dx

1

= H1 + Hz.
(2.13)

SetIyj={j €L 1/(j+1) <layl <1/j, j =1,2,...}, then Ujs; Inj = £ (referred by [4]). We
can get

k
D #L,; <n(k+1). (2.14)
j=1

Then,

1

P{sqp|am»§,~| > 1\/nlogn(x + e)}

< iP{|ani§,~| > nlogn(x+e)}

1=—00
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< i ZP{|§1| > \/nlogn]'(x+e)} < i(#ln]-)P{@ﬂ >1/nlognj(x + e)}
=1

=1 i€l,;

Ms

Z(#In])P{\/nlognk(x+ €) <|&| <y/nlogn(k + 1)(x+e)}

.
Il
—_

k>j
o k
ZZ( n;)P{\/@k(x+e)§|§1|< nlogn(k+1)(x+e)}

k=1 j=1

< in(k + 1)P{\/nlognk(x +e€) <& </nlogn(k+1)(x+ 6)}
k=1

_ VAEal {6 nlogn(x+ o)}
- v/logn(x +€)

—

(2.15)
So, we get

o 1) (log n)571/2
H, < CEJ&| 2
1/4 /lognAi/4 n=2 n

x i[{ klogk(x +e) < |é&] < \/(k+1)log(k+1)(x+€)}dx
k=n

6-1/2

<c [ Simait{ykiogk(r+e) <loi < Wk”“"g(k”)(’“”)}d’cz(Ogrgz

< CEZ I:’ (x + 6)150% k)é—ll{ klogk(x +¢€) < |&]| < \/(k +1) log(k + 1) (x + e)}dx
=2

< CEZ? J:ﬁ [log™|é1| — log(x + €) |(6_1) (x+e) I{|&1] > (x +€)}dx

< CE&|log"|é1| ~ loge|® < CEE (log*|é1])® + CEEZ (- loge)’.
(2.16)

Therefore,

13{% e®H, =0. (2.17)
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By Lemma 1.6, noting that 3%, ¢'/?(m) < oo, for g > 2,

d(e) poo (logn>5—q/2

1-q
HzSCnZ:=2 - (x +€)
) q/2
X { <Z E(ani§1)21{|am~§1| <4/nlogn(x+ e)}>
S 2.18
+ 3 Elaw "1 {lasti < \/nlog e } (2.18)

+ Z E|ani§1|q1{\/nlogn€ < lanié1] £ \/nlogn(x +e€) } }dx
=: H21 + sz + H23.

For H»1, we have

d(e) o (loon)? 12 q/2
Hy < Z J (g—(x +e)' <E§fI{ |aniéi| < \/nlogn(x +e) }) dx
n=270 n (2.19)
< Ce™26 Mo+1-4/2,
Then, for 0 < 6 <1, g > 2, we have
lim limsup € Hy; = 0. (2.20)
M— oo N0
For H»,, we decompose it into two parts,
de) o (1oen)? 1? o
Hp< ) (iT),/z(x +e)7Iy > |ani|qE|§1|qI{|ani§1| <4/nlog ne}dx
n=270 j=1 i€l
d(e) (log n)ﬁfq/z
< ez_q - - 7
- nZ:Z nl+a/2
(2.21)

<) 2n
x Z(#In]-)j‘q{ZE|§1|‘71{\/klogke <&l < \/(k +1)log(k + 1)6‘}
i=1 k=0

(j+1)n
+ ’Z E|§1|‘7[{\/klogke <& < \/(k +1)log(k + 1)6}}
k=2n+1

=: Hoy1 + Hop.
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It is easy to see that

ﬁ:(#lnj)(ﬂ D m+1)7" < Z(#In])(] +1)7' < Z | @] = Z > lanil <n. (2.22)

j=1i€ly;

So,

> (#1,)j79 < Cnm™ @D, (2.23)

j=m

Now, we estimate Hy1, by (2.23),

d(e) 1 6-q/2 2y
Hopp < € qz ( ogrgz ZE|§ |‘1[{\/klogk€ < Jaal <\/(k + 1) log(k + 1)6}
d(e) dee) (] 6-q/2
< eZ—qZE|§1|‘71{\/klogke <&l < \/(k +1) log(k + 1)6} S %
k=2 n=[k/2]
() (loe k)12
< %E@lﬂl{\/k log ke < [&1] < \/(k+1) log(k + 1)6}
o ki (2.24)
d(e)
< Z(logk)6 1E§1 {\/klogke <|é1| < \/(k+ 1) log(k + l)e}
d(e)
< Z(logk) [log™|é1] — log €| EgzI{\/klogke <&l < \/(k+1)log(k+ 1)6}
< CEg} (log"[2a)° + CE&} (- loge)”.
For H»,,, we have
1) (log n)‘s_q/2
2—
Hy» <Le qnzzw
X Z Z (#In]-)j‘qE|§1|qI{\/klogke <&l < \/(k +1)log(k + 1)6}
k=2n+1 j>k/n-1
< €2 (log")ﬁq/zwkl-qg 11{ /klog ke < \/(k +1) log(k +1
; a2 KB yfklogke <[ai < /(e + D loge + De
d(e)
<> (log k)é_lEﬁI{\/klog ke < |&] < \/(k +1) log(k + 1)6}
k=2

d(e)

< Z(logk) [log* |§1|—loge| E& {\/klogkes |é1] <\/(k+1)log(k+1)e}

< CE¢ (log" |§1|) +CEg (—loge) .

(2.25)
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From (2.24) and (2.25), we can get

161\15 €®Hy = 13{% € Hyy + 13{% €* Hyp = 0. (2.26)

Finally, g > 2, and we will get

dle) logn b=q/2 _
Hy<C (11T>/2E|§1|71{|a§1| > \/nlogne}

n=2

© © 2n (j+1)"
x ,[o (x + e)l_qZ(#InJ-)jq{Z + Z }
i=1

k=0  k=2n+1

‘ 1{ klog k(x +¢) < |&1] < \/(k+1)log(k+1)(x+e)}dx
d(e) loen 6-q/2 )
< anz%ﬂéﬂﬂ{laéﬂ > \/@e}

oo dee) (1 6-q/2
y f (x + e)l_ql{ &1l < \/2nlog(2n) (x + €) }dx +C %ﬂgm
0

n=2

xr’ s Lj{w/klogk(x+e)<|§1|g\/(k+1)log(k+l)(x+e)}dx

-1
0 koms1 (x+€)7

S k 6-1
: CZE@%I{\/@e <Jaal </(k+ 1) log(k + 1)6}2%
k=2 <

[e'e]

+ CEg? L (x+e)!

X i(log k)é_lI{ klogk(x +e€) <|&] < \/(k +1)log(k+1)(x+¢) }dx
k=4

< Ci (log k)'SEg%I{ klogke < |¢&1| < \/(k +1)log(k + 1)6}
k=2
+CE& fw [log*[&1] —log(x + €)|“ ™ (x + &) M I{|&1] > (x +€) }dx
0

< CE&|log*|é1] - log e|” < CE&(log*|é1])° + CE&Z (- loge)’,
(2.27)

then

: 26 -
161{,%6 Hy; =0. (2.28)

Hence, (2.4) can be referred from (2.9), (2.17), (2.20), (2.26), and (2.28). O
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Proposition 2.2. One has

o) 1 6-1 lo’e] ©
lime® Y (Og—';) f 2xP(|S,| > x)dax - f 2xP<|N| > i)dx - 0.
eN0 n=d(e)+1 n y/nlogne nlogne \/ﬁ
(2.29)
Proof. Consider the following:
o 1 6-1 (o] ©
s %J' 2xP(|S,] Zx)dx—f 2xP<|N| > i)dx
n=d(e)+1 n nlogne nlogne \/ﬁ
< Z (log ) I 2(x + e)P<|N| > 1\/logn(x + e)>
n=de)+1 0 (2.30)
= (logn)” (=
- ’[ 2(x + e)P<|Sn| >1/nlogn(x + e))dx
n=d(e)+1 0
= G1 + Gz.
We first estimate Gy, for 0 > 26, by Markov’s inequality,
2 logn)® (=
Gi < Z ( d ) f (9+2)1/2 0+1 dx
n=d(e)+l T 0 (logn) (x +¢€) (2.31)
< CMO0/25-26.
Hence,
lim limsup €?G, = 0. (2.32)
M— oo AN
Now, we estimate G,. Here, n > Me2, so
ES' E 2 E 2
IES,| < '51 Eor e, for M — co. (2.33)

nlogn(x +¢€) (logn) (x + e M
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We have
& (logn)” (*
Gy < Z J‘ (x+¢€) | P suplanéi| > \/nlogn(x +¢)
n=d(e)+1 n 0 i
\/nlogn(x +¢) (2.34)
+p( |8, - E8,| 2 ———— | [ax
=: Gy1 + Gpo.

We estimate Gy; first. Similar to the proof of (2.16), we have

5-1/2
*» X logn

G < CE|g| > %
0 n=d@e)r1 1

x i[{ klogk(x +e€) < |é&1] < \/(k+1)log(k+1)(x+€)}dx
k=n

<CE&I| 3 1{ klogk(x +e) <[] <\/(k +1)log(k +1)(x +¢) }dx
0 k=d(e)+1
k (log n)6—1/2
X —_—
n=d(e)+1 nt/2
< CE¢] f Z (log n)‘H(x +e)!
0 k=d(e)+1

xI{\/klogk(x+€) < &) < \/(k+1)log(k+1)(x+e)}dx

< CE& f [log |&1] —log(x + €)| "7 (x + &) M T{|&1] > (x + €) }dx

< CE&|log"|é1| - loge|® < CEE (log*|é1])® + CE(-loge)®,
(2.35)

then

lim lim sup €?Gy = 0. (2.36)
M— o0 6\0
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By Lemma 1.6, for g > 2, we have

© (] 0 roo \/nlogn(x +¢)
Gn= Y @f (x+e)Pd |8, —ES,|> Y2 " " Ly
0

n=d(e)+1 -

x,  (log n)ﬁ_q/z

- n=d(e)+1 nt+a/2
) S q/2
. J‘ (xc+ e)l_q{ < > E(amﬁl)zl{ lanigil < \/nlogn(x +e) }>
0 i=—00
+ 3 Elawts'1{ o] < \/nlog e}

+ Z E|am§1|‘71{\/nlogne < laniéi| < /nlogn(x+ e)} }dx

=: Gop1 + Gopo + Gos.

(2.37)
For Gyy1, we have
o © (logn 6-q/2 ) 4/2
Gms 3 MBI (B lanti <+ 1)
n=d(e)+1 70 n
(2.38)
e (log n)5_q/2
< C€2—q Z o < CM6+1_q/2€_26.
n=d(e)+1 n
Next, turning to Gy, it follows that
> log n)%71/2
Gy <™ > ( g1+3/2
n=d(e)+1 N
o) 2n
x Z(#In]-)j‘q ZE|§1|‘71{\/klog ke <& < \/(k +1)log(k + 1)6}
5 = (2.39)
(j+1)n
+ Z E|§1|q1{\/klogke <& < \/(k +1)log(k + 1)6‘}
k=2n+1

=: Gopo1 + Goomo,
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then

6-q9/2 2y

Gom <0 3 L8 S| klog ke < 1 < /i 1) logk + e |

n=d(e)+1

6-q/2

[o'e) [oe] 1
< CeZ*qZEléﬂ"I{w [klog ke <1l < \/(k+ 1) log(k + 1)6} Z ogrszz
k=2 n

n=

log k)42
< Ce* qz ( Oiq/z : E|§1|‘71{w/klogk€ < ér] < \/(k+1)log(k+1)e}

< Ci (log k)‘s‘lE«ﬁI{\/@e < Jaal < /(k+ 1) log (k + 1)e}
k=2

<C> (log k)_1|log+|§1| - log€|5E§%I{\/klog ke <|&4| < \/(k +1)log(k + 1)6}
k=2

< CE&(log*|&1])° + CEZ? (—loge)®.

(2.40)
For Gpp», it follows that
© logn 6-q/2
G < Ce*™ Z %
n=d(e)+1 N
x D> (#Inj)j‘qE|§1|qI{\/klog ke < |&1| < \/(k +1) log(k + 1)6}
k=2n+1 j>k/n-1
[e'e) k/2 1 66— q/2
<ce ¥ kl—qE|§1|‘i1{\/klogke <l < \/(k +1) log(k + 1)6} )y %
k=d(e)+1 n=d(e)+1 N

0

<C > (1ogk)5*115§§1{\/k10gkeg|g1|<\/(k+1)1og(k+1)e}

k=d(e)+1

A

<C i (log k)_1|log+|§1| - loge|6E§fI{\/klog ke <|&| < \/(k +1) log(k + 1)6}

k=d(e)+1

< CE&(log*|&1|)° + CEZ? (~log e)°.
(2.41)
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Finally, g > 2, we have

6-9/2
= (logn)’™ ~
G <C Z %E@ﬂql{mgﬂ > \/nlogne}

n=d(e)+1

0 o 2n (j+1)"
x fo (x + e)qu(#In,-)j-q{Z + > }

=1 k=0  k=2n+1

xI{ klogk(x +e) <|é&] < \/(k+1)log(k+1)(x+e)}dx

©  (logn)®7? ~
<c 3 OB pajorfjaa > fniogne)

n=d(e)+1

i (log n) 6—q/2

q
nl_q/z E|§1|

x f (x+ e)l_ql{ |é1] < 4/2nlog(2n)(x +€) }dx +C
0 n=d(e)+1

XF i LI{ kIng(x+e)<|§1|s\/(k+1)1og(k+1)(x+e)}dx

-1
0 klome1 (x + €)1

S k 6-1
<c Y E«;%I{\/@MIélls\/(k+1)1og(k+1)€} 3 %

k=d(e)+1 n=d(e)+1

+ CE¢? f (x+e)!

o]

x Z (logk)é_ll{ klogk(x +e€) < |&1] < \/(k +1)log(k+1)(x+ e)}dx

k=d(e)+1

<C3 (log k)ﬁgggl{ Klogke < [&1] < 4/(k + 1) log(k + 1)6}
k=2
+ CEG [ flog"lal - log( + ] x+ €07 T{[a] > (4 )
0

< CE&|log*|&1| - log e|® < CE&Z(log™|é1])® + CEE (- loge)®.
(2.42)

From (2.38) to (2.42), we can get

lim lin(} €?Gy = 0. (2.43)

M — oo e\

(2.29) can be derived by (2.32), (2.36), and (2.43). O
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Proof of Theorem 1.2. Without loss of generality, we set 7 = 1. It is easy to see that

log1
Z ( Oi:fn) ESﬁI{|5n| > \/nloglogne}

2 (loglogn) 244
g nlog n {|5n|2\/nloglogne} (2.44)

Z (loglogn)®™

5 f 2xP(|S,| > x)dx.
= n 108" 4/nloglogne

So, we only prove the following two propositions:

(loglogn)” | _ EINP©
26+2Z nlogn { ISTZ| > nlog log ne} = ?, (245)

E|N|2(5+1)

5 (loglogn)®™
¢ Z 6(6+1)

5 f 2xP(|S,| > x)dx =
n log" 4/nloglogne

(2.46)

The proof of (2.45) can be referred to [6], and the proof of (2.46) is similar to Propositions 2.1
and 2.2. 0
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