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We introduce a new class of sequences called GMS and give a sufficient and necessary condition
for weighted L? integrability of trigonometric series with coefficients to belong to the above class.

This is a generalization of the result proved by M. Dyachenko and S. Tikhonov (2009). Then we
discuss the relations among the weighted best approximation and the coefficients of trigonometric

series. Moreover, we extend the results of B. Wei and D. Yu (2009) to the class GMQ.

1. Introduction

Let L”, 1 < p < oo, be the space of all p-power integrable functions f of period 27 equipped
with the norm

I = (| 1eorac) a

Write

f(x) = iak cos kx, g(x) = ibk sin kx (1.2)
k=1

k=1

for those x’s where the series converge. Denote by ¢ either f or g, and let A, be its associated
coefficients, that is, 1,, is either a,, or b,,.
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For r € N and a sequence (c), let
Ayck = Ck — Cire (1.3)

In Subsection 2.1 we generalize the following result.

Theorem 1.1. Let a nonnegative sequence (A,) € R, 1<p<ooand1-p <a <1. Then

xlpx)|" € L' = D n™P2A] < oo (1.4)

n=1

In the case when % denotes the class M of all decreasing sequences, this theorem was proved
in [1-4]; for R = QM, the class of quasimonotone sequences, in [5]; for )’ = GM(p) in [6, 7];
for R = GM(p) in [8]; and for R = GM(f*) in [9], where

GM(p) := {(cn) : i|A10k| < Cﬁn},

k=n
2n
GM(p) = {(cn) : Ak < Cﬂn}, (1.5)
k=n
,Bn =leal, B = [gl]] % for some ¢ > 1.
k=[n/c]
Note that (see [6, 8, 10-14])
MC QMuG_M(B) C GM(B) < GM(p). (1.6)

In [15] Dyachenko and Tikhonov extended Theorem 1.1 to the class GMy := GM(f"), where
6 €(0,1] and

pi = no1 Z % <o for some ¢ > 1. (1.7)
k=[n/c]
We have (see [15])
GM(p*) € GM; CGMgp CGMy; for0<6; <6, <1. (1.8)

Let y be a nonnegative function defined on the interval [0, r]. Denote by E, (¢, y) » the best
approximation of ¢ by trigonometric polynomials of degree at most n in the weighted LP-
norm, that is,

a 1/p
B, = ot { [ ool - Rcoras) (19)

inf
P,ell,

where I'T,, denotes the set of all trigonometric polynomials of degree at most 7.
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A sequence (c,) of nonnegative terms is called almost increasing (decreasing) if there
exists a constant C > 0 such that

C-chn>cy (€ <C-cy) forn>m. (1.10)

We say that a weight function y € ®@(a, ), (a,p be fixed constants), if y is defined by the
sequence Yy, as follows: y(or/n) := y,, n € N, and there exist positive constants A and B such
that

AYn < Y(X) < BYn+1 (111)

forall x € (or/(n+1), 7 /n), and the sequences (y,n%), (y,n”) are almost decreasing and almost
increasing, respectively.
In Subsection 2.2 we generalize and extend the following results [16].

Theorem 1.2. Assume that (b,) € GM(p*). If y € ®(-p -1+ a,p — 1 + p) for some a, p > 0 and
pIpis Ynnp_2)tﬁ < oo, then for 1 < p < oo

[e(n+1)] . 1/p
Ei(g7), < C(Yﬁﬁ’nl VPN A + < > Ykk”‘%i) > (1.12)
k=n+1 k=n+1

Theorem 1.3. Assume that (a,) € GM(B*). If y € ®(-1 + a,p — 1 + p) for some a,p > 0 and
S2 L yunP 2\ < oo, then for 1 <p < oo

[c(n+1)] o 1/p
En(fY), < C<y§f§’n1 VP 1A + < > Ykkr’2)L§> > (1.13)

k=n+1 k=n+1

Ify=1and (4,) € Mor (A,) € GM(E) the above theorem has been obtained by
Konyushkov [17] and Leindler [18] for p > 1, respectively.
In order to formulate our new results we define the next class of sequences.

Definition 1.4. Let r € N and 8 € (0,1]. One says that a sequence (c,) belongs to GM;, if the
relation

C
ZIA ekl < Cnf! Z o (1.14)

70
k=n k[n/ck

holds for all n € N.
Note that for » > 2 and 0 € (0, 1] (see Theorem 2.1(i))

GMy =GM, C GM, . (1.15)
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Throughout this paper, we use C to denote a positive constant independent of the integer #;
C may depend on the parameters such as p, a, 7,0 and A, and it may have different values in
different occurrences.

2. Statement of the Results
We formulate our results as follows.
Theorem 2.1. Suppose that 8 € (0,1]. The following properties are true.

(i) For any r > 2, and 6 € (0, 1] there exists a sequence (c,) € GMg, which does not belong
to the class GMg = GM;.
(ii) Let 1y, €N, 71 < ryand 6 € (0,1]. If ry | 15, then GM, € GM, .

(iii) Let r1, 7 € Nand 6 € (0,1]. If r1 { ro and r» t 11, then the classes GM;1 and GM;2 are not
comparable.

2.1. Weighted L7 -Integrability

Let r € Nand a € R. We define on the interval [-sr, or] an even function w,,, which is given
on the interval [0, or] by the formula

<x—21—'7r> forxe(zz—x,w and [ € U,
r r r
Wear(x) = 3 (M - x) for x € <(21 * 1).71" 2L+ 1)I> and [ € Uy, (2.1)
r r r
0 forx=217]randl€ll3,

where Uy = {0,1,...,[r/2]} if r is an odd number, and U; = {0,1,...,[r/2] -1} if ris
an even number; U, = {0,1,...,[r/2] =1} forr >2,and U3 = {0,1,...,[r/2]} forr > 1.

Theorem 2.2. Let a nonnegative sequence (\,) € GM;, wherer €N, 0 € (0,1] and1 < p < o0. If

1-Op<ac<l, (2.2)

then w,, |l € LY if and only if

> n PN < co. (2.3)

n=1

Theorem 2.3. Let a nonnegative sequence (by,) € GM; (r=1,2),0€(0,1],and1<p < oo. If

1-Op<a<p+]l, (2.4)
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then w,,|gP € LY if and only if

> n P2 < oo (2.5)

n=1

Remark 2.4. 1f we take r = 1 (and A, = a, in Theorem 2.2), then the result of Dyachenko and
Tikhonov [15, Theorems 4.2 and 4.3] follows from Theorems 2.2 and 2.3. By the embedding
relations (1.8) and (1.15) we can also derive from Theorem 2.2 the result of You, Zhou, and
Zhou [9].

2.2. Relations between The Best Approximation and Fourier Coefficients

Theorem 2.5. Let a nonnegative sequence (\,) € GM;, wherer e N, 0 € (0,1],and 1 <p < 0. If

1-Op<ax<l (2.6)

and (2.3) holds, then

[e(n+1)] o 1/p
En (¢, way) < c<n“/P+1-1/P DA+ < > k“ﬂ'ﬂi) > (2.7)

k=n+1 k=n+1

where ¢ > 1.

Theorem 2.6. Let a nonnegative sequence (by,) € GM;(r =1,2),0€(0,1]and 1 <p <oo.If
l1-Op<a<p+1, (2.8)

and (2.5) holds, then

[e(n+1)] © 1/p
En(g,wss), <C( n/r 0 S |Arbk|+<z k“ﬂ"zb',j) , (2.9)

k=n+1 k=n+1

where ¢ > 1.

Remark 2.7. 1f we restrict our attention to the class GM (f*), then by (1.8) and (1.15) Wei and
Yu’s result [16] follows from Theorems 2.5 and 2.6.

3. Auxiliary Results

Denote, forr € N,

sin (k+7r/2)x
2 sin (rx/2) ’

cos(k+r/2)x
2 sin (rx/2) °

Dk,r (x) =
3.1)
ﬁk,r(x) =
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Lemma 3.1 (see [19]). Letr € N, I € Z, and (c,) € C. If x # 2l /7, then for allm > n

m+r n+r-1

ch cos kx = ZA ckDir(x) = D ckDgr(x) + D) ckDir(x),
k=n k=m+1 k=n
(3.2)

m+r n+r-1
ch sin kx = i cka (x) - Jz cka (x) - ZA ckar(x)

k=m+1

Lemma 3.2 (see [20]). Letp > 1, y, > 0and a, > 0, then

o) n 14
zm(z:ak> <P St ( ) ,
n=1 k=1 k:n

n=1

(3.3)

4. Proofs of The Main Results
4.1. Proof of Theorem 2.1

(i) Letr >2,0 € (0,1] and

ifr | n,

0

chi=141 4.1
— ifr{n @1
n

First, we prove that (c,) € GM;. Let

A(r,k,n) ={k:n<kandr|k},
(4.2)
B(r,k,n) :={k:n <k and r{k}.

Then for all n

A r <r % 1
Z' rexl = keBrkn)k(k+r)_ keB (rjn) K>

(4.3)
*® 1 XL Ck
S rne—l Z S rne 1 N
keB () kK10 =,k

and (c,) € GM;. If r > 2 then

o] o] 0 1

Dldicl > > de = 3, =7 2Cln(n+1) (4.4)

k=n keA(rk,n) keA(r,k,n)
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and since
nf-1 i C_k_n9—1 i nf-1 Z 1
K0 k1+9 = k1+9 = n (4.5)
k=[n/c] keB(r,k,[n/c]) =[n/c]
the inequality
Z|A1ck| < Cn! Z k9 (4.6)
k=n k=[n/c]

does not hold, that is, (¢,) does not belong to GM;.

(ii) Let r,m2 € N, 11 < mpand 6 € (0,1]. If ry | rp, then exists a natural number p such
that r, = p - ry. Supposing that (c,) € GM;I, we have for all n

o o) P—l P o)
ZlATZCk| = Z ZAT1Ck+l'r1 Z Z Aﬁckl
k=n k=n|1=0 1=0 k
(4.7)
7 — 01 = Ck
S—Z|A, ck| <Cn —
nig kTl K
" — N "
whence (¢,) € GMy . Thus GMy C GM,.
(iii) Let ry, 72 € Nand 6 € (0,1] and let
0 ifr|mn, 0 ifry|mn,
1 2
c, =141 c.=11 4.8
" — ifrtn, " — ifnrntn (48)
n n

Supposing that r; { r, and r, { r1, we can prove, similarly as in (i), that (cl) e GM;,
(1) ¢ GM;Z, (c0) € GM;2 and (c7) §EGM;1. Therefore the classes GM;l and GM;2 are not

comparable.
4.2. Proof of Theorem 2.2
We prove the theorem for the case when ¢(x) = g(x). The case when ¢(x) = f(x) can be

proved similarly.
Sufficiency. Suppose that (2.3) holds. Then

leoarlglll =2 [ warolgCoP 49)
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It is clear that for an odd r

e [r/2] @2l /r+o /v o P
f War (%) g(x)|Pdx = D] Wa,r(x)| D bk sin kx| dx
0 1=0 Y 2lr/r k=1
(4.10)
[r/2]-1 2(+1)x/r o p
+ f War(X) Zbk sin kx| dx
1=0 2l [r+a/r k=1
(for r = 1 the last sum should be omitted), and for an even r
T [r/2] 2o [r+a /1 2(1+1) /1 © P
J‘ Wayr (x)|g(x)|Pdx = Z f +I Wa r(X) Zbk sin kx| dx. (4.11)
0 1=0 20w /r 2w /r+7 /1 k=1
First, we estimate the following integral:
2l /r+ar /7 s P
j W r(x) Zbk sin kx| dx
2l /1 k=1
2l v+ /7 n P 2l [r+a /v ) P
<C f War(X) Zbk sin kx| dx +f War(X) Z by sin kx| dx
2 /v k=1 2l /r k=n+1
= (j(]i +'I2)
(4.12)
By (3.3), for « < 1, we have
o 2lr/r+x/n 21 —al| n p
11:Zf (x__yr) Zbk sin kx| dx
n=r ¥ 2l /r +x/(n+1) r k=1
(4.13)

[o'e} n P o0 n p o0
< CZn”‘2< bk> < CZn"‘2< bk> < CZn‘””*sz.
k=1 k=1

n=r n=1 n=1
Using (3.2) with m — oo and the inequality

2 2
L) < |sinz| for x € (E, E, E), (4.14)
a 2 r ror
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we get

o 2lr/r+x/n 21 —a
S )
=r J 2l /r+ar/ (n+1) r
o 2lr/r+x/n 20\~
= ZJ‘ (x— —) Z A, bk Dy, (x) + > bk Dy (x)
=y J 2l /14 / (n41) r k=n+1 k=n+1
o 20 [r+or/n 1 o n+r P
<C naj . 1A+ S by ) dx (4.15)
nzzr 2l [r+ar / (n+1) 2|51n rx/2|p (k_znﬂ ' k:Zm.1
) 2l /r+o/n
<CSn J — 1A, byl
nZ:r 2l /r+ar / (n+1) (T'/JZ'X ZZ)P <k%1

w© o) p
< CZn“*P‘2<Z|Arbk|> .
n=r k=n

© P
Z by sin kx| dx

k=n+1

P
dx

n+r

If (b,) € GM;, then by (3.3), for 1 - Op < a < p + 1, we obtain

P
IZ < CZnLHGP—Z( Z Z’;)

n=r [n/c]

0 n p
< C<Znu+9p2< Z ﬁ> + Z a+6p— 2<Z i’;) >
n=r [n/c] k=n (4.16)
© n P
< C<Zn"‘"‘"2 <Zkbk> + vaﬂﬂp 2<Z b’;) )
n=1 k=1 k=nk

[o'e]
< CZn“*”_zbZ.

n=1

Now, we estimate the following integral:

2(+1)r /7 © P
f W r(x) Zbk sinkx| dx
2o [+ /1 k=1
2(1+1)r /7 n 4 2(1+1)r /7 © P
§C<f War(x) Zbk sin kx| dx +I War(x) Z by sin kx dx)
2(1+1) o /r=7 /7 k=1 2(+1)x /1= /T k=n+1

= C(I3 + 14)
(4.17)
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By (3.3), for a < 1, we have

n P

Zbk sin kx

2(1+1)or /r—ar / (n+1) 2(1 + 1)_71' —a
()
k=1

(o)
I = j
; 241 /r-m/n
(o) n p [ee)
> n? (Zbk> <CY ™2
n=1 k=1

n=1

r

Using (3.2) with m — oo and the inequality

((21 + D 2(1+ 1)yr>,

7

2(l+1)—§x§|sin%| for x € p "

we obtain
oo 2(+1)x/r-m/(n+1) 21+ 1) —a| o P
I4:Zf <¥—x> Zbksinkx dx
= J 2(1+1)r /r-1/n r k=n+1
S 2(141) o /r—m/(n+1) | oo _ n+r _ P
< CZn”‘J > ApbiDiy(x) + > Dy (x)| dx
n=r 2(1+1)ar /r-a/n k=n+1 k=n+1
0 2(1+1)ar /r-ar / (n+1) n+r
SCZn“I (Zm bi| + Zbk> dx
n=r 2+ /r=7/n 2'sin? k=n+1 k=n+1

© 2(141)or /r—ar / (n+1) 1 0 p
<C n“f IAby| ) dx
nzﬂ 241w /r=m/n (2(l + 1) - r/ﬂ-x)p <k§—l ’
0 [e'e) P
<CYn*P? <Z|Arbk|> .
n=r k=n

If (b,) € GM;, then by (3.3), for 1 - 0p < a <p + 1, we obtain

P
I < Czna+6p—2< Z Ii’;>

n=r n/c]

(& () B (88))

[ee]
< CZn”‘*p’zbz.

n=1

dx

(4.18)

(4.19)

(4.20)

(4.21)
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Thus, combining (4.9), (4.12)-(4.13), (4.16)—(4.18), (4.21), and (4.10) or (4.11), we
obtain that

J‘ War(x)| () |Pdx < CDn™P72b}. (4.22)
nd n=1

Necessity. We follow the method adopted by S. Tikhonov [15]. Note that if 1 - p < a, then
g € L!. Integrating g, we have

F(x) := f g(t)dt = Z& —COos nx) = ZZZ—"SinZ% (4.23)
0 n=1 n=1

n

and consequently
k
ar b,
-2 —. .
F < > > > . (4.24)

If (b,) € GM,, then using (4.24),

v+r-1 s s 00
< b= > A < AL <COT Y b—;
I=v I=v I=v I=[v/c] !
o o 2 v/c]-1 bl 01 w© 1_925”[0/6] bl
o é 1=2%[v/c] 1_6 =Co é(z [U/C]) l=2§/c]T
9 1 s 1-0
S /) (gt (4.25)
0 925+1 v/c]
Co? 1N (2°[v/c F(=
et 3 )

o 25 1[v/c]-1 1

S 3 LF() < cUe—lillleF@).

5=0 1=25[v/c] I=[v/c



12 Journal of Inequalities and Applications

Using this and (3.3), for 1 - 0p < a < p + 1, we obtain

P
ktx+p—2bP < C ka+p—2+(9—1)p —F(Z=
Sievapscgenn( £ 5r(3)
o k 1 aT P
<C ktx+p—2+(9—1)p —F(Z
<; <[%1 o (”>>

< +p—2+(6- < 1 !
ee(8))

k=1 v=k

(S (3)

P
a+p-2 o bl
Fer(E5D))
o T P
e ()
k=1 k
Defining d,, := j;//zHl) |g(x)|dx we get

0 0 o p

kap—zbz < CZ ka+p—2 <Zdv>

k=1 k=1 v=k

and by (3.3), fora >1-6p > 1 - p, we obtain

o0 o0

a+p-21P a+2p=2 4P
P S A S
k=1 k=1

Applying Holder’s inequality, for p > 1, we have

d§=<

(x)fdx ) < C—J (x)|Pdx.
L/(kn)'g | k2P0 ) 2/ ey 8]

(4.26)

(4.27)

(4.28)

(4.29)
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Finally,

Zkuﬂa ZbP < C<ika+2p ZdP + ka—Zp Zdlf’>
k=1 k=r

r Jl'/k P ) o /k

c< S 2< | g(x)|dx> + Zk”‘J‘ | g(x)|pdx>
k=1 a/(k+1) k=r a/(k+1)
(4.30)
o/ k
< C<<f ls@ldx)’ > x“|g<x>|”dx>
a/(k+1)

< C<<J‘:|g(x) |dx>P + Jj War(x)|g(x) |de>,

which completes the proof.

4.3. Proof of Theorem 2.3

The proof of Theorem 2.3 goes analogously as the proof of Theorem 2.2. The only difference
is that instead of (4.13) (for » = 1,2) and (4.18) (for r = 2) we use the below estimations.

Applying the inequalities | sin kx| < kx for x € (0,r), | sin kx| < k(or—x) for x € (0, )
and using (3.3), for a <1+ p, we have

w pr/n 2] —al| n
D=3 ()
n=r ¥ x/(n+l) r k=1

o0 n 4 0
<CYn*P? <Zkbk> <CY n*'P2b,
n=1 k=1

n=1

P

0 o /n n P
dx < CZn"‘I <kabk> dx
n=r k=1

a/(n+1)

P

Zbk sin kx
k=1

o o/ (n+l)
I; = ZI (r—x)™"

a—a/(n+1) n P
dx < CZn f ((Jr - x)Zkbk> dx
k=1

a-/n

2] n P 2]
<CYn* P <Zkbk> < CYIn™P2).
n=1 k=1

n=1

(4.31)

This ends our proof.

4.4. Proof of Theorem 2.5

We prove the theorem for the case when ¢(x) = g(x). The case when ¢(x) = f(x) can be
proved similarly.



14 Journal of Inequalities and Applications
If n < r then by (2.3) we obtain that (2.7) obviously holds. Let nn > r. It is clear that if r

is an odd number, then

T 1/p
En(8,w0r), < {fo war ()| 3(3) = Sy (g,)

[r/2] 2l [r+a/r P
S fanyr war(|8(0) = Su(g,x)"dx (432)

[r/2]-1 «2(l+1)x/r
|

1/p
Wer(0)|8() - Su(g,%) |de}

1=0 2o [r+ar /1

(for r = 1 the last sum should be omitted), and if r is an even number, then

[r/2] / @2lo/rem/r  2(14l)x/r p
E.(g, wa, r)p < { Z <f +f )wa,r(x)|g(x) - S,(g, x) |pdx} ) (4.33)

1=0 2l /r 2l [r+ar /7
Let
2lor a 2lr o
—_—+ <x< =T+, (4.34)
r m+1 r r

where m :=m(x) >rand[=0,1,...,[r/2] - 1if r is an even number,and [ =0, 1, ..., [r/2] if
r is an odd number.
Then, for n > m, by (3.2) and (4.14), we get

2l [r+ar /1
[ war (0)|g(x) = Su(g,x) " dx

2l /r+ar /[ (n+1)

n 2o /r+ar /m ol -a
=2 f (x - —> |§(x) = Su(g,x)|"dx

= J 2l /r+or/ (m+1) r
n 2l /r+m /m n+r P
< ch“I Z ArbiDycr(x) + D Dy (x)| dx
m=r 2 /r+or/(m+1) |k=n+1 k=n+1

n 2l /r+ar/m n+r
SCZmJ <Z|Abk|+ Zbk> dx

2l /r+ar / (m+1) 2|Sll’1 — k=n+1 k=n+1

(4.35)
n 2l [T+ /m 1 o) p
<CcSm* S — |A,by| ) dx
mZ:r 2l /r+m / (m+1) (r/er 21)]0 <k§—1
n (o) p n [c(n+1)]
< CZm“+P-2< > |Arbk|> dx<C me_z( > 1A, bk|>
m=r k=n+1 m=r k=n+1

14
n 0
+ > m TP N A ) dx
m=r k=[c(n+1)]

= C(Zl + 22)



Journal of Inequalities and Applications 15

We immediately have fora>1-0p>1-p

[c(n+1)] P
5 5Cn“+""1< > |A,bk|> . (4.36)

k=n+1

If (b,) € GM; and p > 1, then by Holder’s inequality we have for a > 1 - 0p

n © P 0 14
2 < CZm"’*”*2 (nel Z %) < Cn’”er’1< Z %)

m=r k=n+1 k=n+1

(4.37)
© © p-1 ©
Scntx+9p—1 Z ku+p—2bi< Z k(—p—ep—v{+2)/(p—l)> SC Z ka+p_2bi'

k=n+1 k=n+1 k=n+1

When (b,) € GM; and p = 1, an elementary calculation gives for a > 1 -0

n @ b & b .
3, <CSme! <n9’1 —") < Cn™ot Y k—’; <C D kb (4.38)

0
m=r k=n+1 k k=n+1 k=n+1

Ifm>n+1>r+1,then

wa,r(x) |g(x) -5, (g, X) |de

0 2l /r+or/m 2\ @
= > f <x——> |§(x) - Su(g,x)|"dx

m=n+1" 2lr/r+o /(m+1) r

J<21.7r/1'+.7r/ (n+1)

2l /7

P
dx

& 2o [r+ar /m
a
5C< 2 M ) (e

m
> by sin kx
m=n+1 k=n+1

(4.39)
p

& 2l /r+ar /m [em+1)] .
+ > m” e e >, bg sin kx| dx

m=n+1 k=m+1

o 2l /r+ar /m o
+ m* >, by sin kx
ment1 2 [r+a /(m+1) | k=[c(m+1)]+1

P
dx>

= C(Z3 + 324+ 25)

We have

w© m p
53<C D m“-2< > bk> , (4.40)

m=n+1 k=n+1
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and taking y,, = m*2and ay =0fork <n+1, ax = b for k >n+11in (3.3), we getfora <1

o0 o0 P o
53<C Y m("“z)(l"’)bfn<2k“‘2> <C D m™P 2, (4.41)

m=n+1 k=m m=n+1
If (by)e GM;, then using (3.2) and (4.14), we have

- [c(m+1) p o 2l [r+/m 1 o p
24+25 <C Z < Z bk> + Z m” f T—>p< Z |Arbk> dx
[ ]

m=n+1 k=m+1 m=n+1 217r/r+7r/(m+1)<}x —9] k=[c(m+1)]+1

o 0 [e(m+1)] bk 0 e bk p
<C Z met p—2< Z > Z metr- 2<m -1 Z _>
m=n+1 k=m+1 m=n+1 k=m+1 k9

<C i m/x+9p—2<i %)
m=n+1 k=m

(4.42)

Set y, = m**%2, a; = 0 for k < n+ 1 and ax = k™%by for k > n + 1. Then by (3.3), we
have fora >1-6p

[ee] m [ee]
S+ 35 <C Y m @O DRy Orpl <Zk“+9f’-2> <C > m™77b),. (4.43)
m=n+1 k=1 m=n+1
Let
Z(H_l)”_fgx<2(l+1)”_ T (4.44)
r r r m+1

where m :=m(x) >rand[=0,1,...,[r/2] - 1(r > 2). Then, for n > m, using (3.2) and (4.19),
we get

2(1+1)ar /r—a / (n+1)
f War (%) g(x) = Su(g, %) ["dx
2(1+1)ar /1= /7

n J‘2(l+1)’f/r‘”/(’”+1) <2(l+ 1)r

r

- x)_ |g(x) = Su(g,x) | dx

=rJ 2(I+1)or/r—o/m
2(1+1)ar /r—ar / (m+1)

n+r
<C m"‘f |A bk| + bx dx
% 2+ /- /m 2|51n rx/2|P <k§r1 k%l (4-45)

n 2(1+1)ar /r=ar / (m+1) 1 o P
<CY m” |A by
m=r 2(I+1)ar /r—ar/m (2(l + 1) - r/yz'x)p <k_zn+1 '

» p
< cimm—z( > |Arbk|>

m=r k=n+1

< C(Zl + 22)
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Therefore,

J-2(1+1)7r/r—7r/ (n+1)

2(41)x /r—m /7 k=n+1 k=n+1

[e(n+1)] P
wa,r<x>|g<x>—sn<g,x>|”dxs<:<n“+"'1< > |Arbk|> + 2 k‘””‘zbi)

(4.46)

Ifm>n+1>r+1,then

2(1+1)a /1
f wa,r(x)lg(x) _Sn(g,x)|pdx

2(1+1)ar /r—ar / (n+1)

[e) J12(1+1).71'/1‘—.7r/(m+1) <2(l+ 1)”
f —

) -5

m=n+1" 2(+1)x /r—7/m

) 2(1+1)or /r—ar / (m+1) P
<C Z m*

dx

m

Z by sin kx

k=n+1

m=n+1 2(l+1)r /r=or /m

(4.47)
P
dx

P
dx>

Similarly as in the estimation of the quantity >3 using (3.3) for a < 1, we have

3 2(1+1)or /r—a / (m+1)
+ m”
m=n+1 2(I+1)or /r-o/m

[ee]
+ Z m”
m=n+1

= C(Z6 + 27 + Zg)

[e(m+1)]
by sin kx

k=m+1

0

Z by sin kx

J-2(l+1)7r/r—7r/ (m+1)
k=[c(m+1)]+1

2(I+1)ar /r-o/m

m=n+1 k=n+1 m=n+1

0 n 4 e
S<C Y m”‘_2< > bk> <C D m™P ), (4.48)

If (by) € GM:), then using (3.2) and (4.19), we have

o [e(m+1)] P
Z7+ZgSC Z m”‘_2< Z bk>

m=n+1 k=m+1

o) 2(1+1)or /r—ar / (m+1) 1 0 P
+ mf 1A by| ) dx
mzzm_l 2(I+1) o /r—m/m (2(1 + 1) - r/yz'x)p k:[c(%l)]ﬂ ' ( )
4.49

o0 [c(m+1)] b p o0 o0 b P
< C Z ma+6p—2 < Z _’;) + Z ma+p—2 <m9—1 Z _1;>
m=n+1 k=m+1 k m=n+1 k:m+1k

c¥ mep<§%>

m=n+1 k=m
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Further, by (3.3), we have fora > 1 -0p

S, +355<C D, mP, (4.50)

m-n+1

Combining (4.32) or (4.33), (4.35)-(4.43) and (4.45)-(4.50) we complete the proof of
Theorem 2.5.

4.5. Proof of Theorem 2.6

The proof of Theorem 2.6 goes analogously as the proof of Theorem 2.5. The only difference
is that instead of (4.41) (for r = 1,2) and (4.48) (for r = 2) we use the below estimations.
Applying the inequalities |sinkx| < kx for x € (0,or) and |sinkx| < k(o — x) for
x € (0,or) and using (3.3), for a < 1 + p, we have
bk sink x

o/ m o o/ m P
f dx< D m f < kbk> dx
m= n+1 /(m+1) | k= n+1 m=n+1 /(m+1) k=n+1
[ee] m p [ee]
<C m“-P-2< >, kbk> <C > m™"7b),

k=n+1 m=n+1
-/ (m+1)
J‘ Z by sin kx
m= n+1 —r/m k=n+1

© g/ (m+1) m P
< > om" <(7r—x) > kbk> dx

m=n+1 T/ m k=n+1

P

P
dx (4.51)

[ee] m P [ee]
<C m“—P-2< > kbk> <C D m™P by,

k=n+1 m=n+1

This completes the proof.
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