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We establish some necessary and sufficient conditions for oscillation of the solutions of the

following two-dimensional difference system: Ax,, = f(n,y,), Ay, = —g(n,x,), where f(n,u)
and g(n, u) are strongly superlinear or sublinear functions.

1. Introduction

We consider the following two-dimensional nonlinear difference system as follows:

Ax, = f(n,yn),

(1.1)
Ayn = _g(n/ xn)/

where Ax, = Xpi1 — Xu, AYn = Yna1 — Yu, f(n,u) and g(n,u) are strongly superlinear or
sublinear functions.
Now we pose some conditions on functions f and g:

(H1): uf(n,u) >0and ug(n,u) > 0 for u#0;

(H2): f(n,u) and g(n,u) are continuous real-valued functions, and nondecreasing with
respect to u;
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(H3): itis

if(n,:l:c) =00 (1.2)

n=ngp

for each ¢ > 0.

Definition 1.1. Suppose that f,¢ : N x R — R are real-valued functions. a and f are the
quotients of positive odd numbers.

(1) f and g are said to be strongly superlinear if there exist constants « > 0 and > 0
with af > 1, such that f(n,u)/|u|* sgnu and g(n, u)/|ulf sgn u are nondecreasing with respect
to |u| for each fixed n € N.

(2) f and g are said to be strongly sublinear if there exist constants « > 0 and f > 0
with af < 1, such that f(n,u)/|u|*sgnu and g(n, u)/|ulf sgnu are nonincreasing with respect
to |u| for each fixed n € N.

The solutions of (1.1) are said to be nonoscillatory if {x,} or {y,} is eventually positive

or negative. Otherwise the solutions are called oscillatory.

Some oscillation results for the difference system (1.1) in the case of g(n,x,) = anxﬁ

with a, > 0 have been established by many authors. In particular, if f(n,y,) = b,y, and
b, > 0, then the difference system (1.1) is reduced to the well-known second-order nonlinear
difference equation:

1
A <b—Axn> + anxﬁ =0. (1.3)
Also, if b,, = 1, then (1.3) becomes
A%x, + anxf, =0. (1.4)

Furthermore, if f(n,y,) = b,y and a is a ratio of odd positive integers, then (1.1) reduces to
the well-known quasilinear difference equation:

1 a
A<b1/a (Ax,)" > +anxt = 0. (1.5)

n

For (1.4), the following well-known Theorem A was established by Hooker and Patula
[1,2].
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Theorem A. For (1.4), the following statements are true.
(1) If 0 < B < 1, then every solution of (1.4) oscillates if and only if

[ee)
S bay = co.
n=1

(2) If B > 1, then every solution of (1.4) oscillates if and only if
Znan = o0.
n=1

For (1.3), if one denotes

ki
L

%)
]
(=}

and assumes that

lim B, = ibs = o0,

n—oo =0
then the following theorem is proved in [3].

Theorem B. If (1.9) holds, then the following statements are true.
(1) If 0 < B < 1, then every solution of (1.3) oscillates if and only if

ZBQan = 0.
n=1
(2) If B > 1, then every solution of (1.3) oscillates if and only if

[ee)
ZBnan = o0.
n=1

(1.6)

(1.7)

(1.8)

(1.9)

(1.10)

(1.11)

The problem of oscillation of second-order nonlinear difference equations has attracted
the attention of many mathematicians because of its physical applications [2, 4]. For some
results regarding the growth of solutions of some equations related to the above mentioned
see book [5], as well as the following papers [6-8]. It is an interesting problem to extend
oscillation criteria for second-order nonlinear difference equations to the case of nonlinear
two-dimensional difference systems since such systems include, in particular, the second-
order nonlinear, half-linear, and quasilinear difference equations that are the special cases of

the nonlinear two-dimensional difference systems [5, 9, 10].

The main purpose of this paper is to establish some necessary and sufficient conditions

for oscillation of the nonlinear two-dimensional difference systems.



4 Journal of Inequalities and Applications

2. Main Results
In order to establish our main results, we need the following lemma.

Lemma 2.1. Suppose that conditions (H1)—(H3) are satisfied. If {x,} and {y,} are nonoscillatory
solutions of (1.1) for n > ng, then

SgN X, = SN Yy,. (2.1)

Proof. Without loss of generality, we assume that x, is eventually positive; that is, x,, > 0 for
n > ng > 0. From (1.1), we clearly see that Ay, < 0, then we know that either v, > 0 or y,, <0
eventually holds.

If y, < yn, <0 forn > Ny > ny, then we have

Axy = f(n,yn) < f(n,yn) <0, (2.2)

summing up from N to n, and by (1.2) of (H3), we get

n-1

Xn — XN < Z f(s,yn) — -0 (n—> o0). (2.3)
S:N1
This contradiction completes the proof of the lemma. O

Theorem 2.2. If f and g are strongly sublinear (i.e., 0 < af < 1), then a necessary and sufficient
condition for (1.1) to oscillate is that

=) n-1
> g<n, > f(s, c)> = +o0 (2.4)

n=mnq S=Nng

for every ¢ > 0, where ny > ny.

Proof. Sufficiency. If (1.1) has a nonoscillatory solution x,, then without loss of generality, we
assume that x,, is eventually positive. Then, by Lemma 2.1, for ny sufficiently large,

Yy, >0, Ax,>0, Ay,<0, forn>no. (2.5)
Since {y,} is decreasing, hence there exists ¢ > 0 such that
Yn<yn <c, for N > ny. (2.6)
Summing up

Axy, = f(n,y,) (2.7)
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from s = ny to n — 1, we obtain

X = Zf(5y5)>ynzf( ys Zf(SC)

S=Ng S5=n S=Ng

. (2.8)
Xy 2 Cﬁ“yZZf(Sr c),
and so
-1
g(n, x) > g<n C‘“yfIZf (s, C)>- (2.9)
Therefore
n-1
—Ayn = g(n,x,) 2 g<n cYn Zf (s, C)>- (2.10)
Since
n-1 n-1
C‘“yZ‘Zf(s, c)< 2. f(s.e), (211)
we have
g\n, _“yn Zs =ng f(S,C) n-l
-Ay, > g<n,c"’yn2f(s,c)> ( ) < — “Zf(s,c))
= (coys 5, £5,0))' =
g s= ngf 5, C) n-1
< ) < -a aZf(SrC)>
( n f(s¢ ) oo (2.12)

n-1
= (yn) Vg < Zf<s,c>>,

S=np

_ Ayy _“ﬂg<n, nz_lf(s,c)>,

()~

and let n; > ny, we have

n-1 A ; n-1 ) i-1
; <— yaﬂ> > c“ﬂ2g<z, Zf(s,c)>. (2.13)

(y;) i=m s=M,
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From

Yoo 1 1 Ayn
—5 8= 1 Yn=ywa) 2 ==, Yua <& <yn,
J‘ynﬂ u p é P (yn) ’

we get

s (" 4 < Ay S
Z J‘ym Wdu z Z - ( )“ﬂ 2c ﬂzg<l/ Zf(S,C)>/

i=m i=m Yi i=m s=ng

e} i-1 Yy 1
Zg i, Zf(s, c) ) < L ﬁdu < +o0,

i=n s=ny

which leads to a contradiction.
Necessity. If

0 n-1
Zg<n, Zf(s,c)) < +o0o

n=m; S=Mn

for some ¢ > 0, then there exist M > ng > 0 and ¢/2 > d > 0, such that

i g<n, nif(s,c)) <d.

n=M s=ng

Let X be the Banach space of all the real-valued sequences {x,} with the norm

_ |%n]
[J[ = sup

—
neM erlm f(s,c)

let ¥ be the subset of X defined by

Y= {{x,,} ex: nz_lf(s,d) <xp < nz_lf(s,Zd)}

S=MN S=MN

and let F : ¥ — X be the operator defined by

n-1 0
(Fx), = Zf<s,d + Zg(i,xi)>.

S=ngp

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)



Journal of Inequalities and Applications 7
Then the mapping F satisfies the assumptions of Knaster’s fixed-point theorem (see

[11, page 8]): F maps ¥ into itself and F is increasing. The latter statement is easy to see, and
the former statement follows from

n-1
(Fx), > >, f(s,d),

(Fx), = nzlf<s,d + ig(i,xﬁ) < nzlf<s,d+ ig(i, izl:f(s,2d)>> (2.21)

n-1 e i-1 n-1
< Zf<s,d + Zg(i, Zf(s,c))) < > f(s,2d)

S=Ng S=Hnq S=Ng

for any {x,} € W. From Knaster’s fixed-point theorem, we know that there exists {x,} € ¥
such that x, = (Fx),,. Let

Yo =d+ D g(s,xs), (2.22)
then lim,, _, .y, = d and Ay, = —g(n, x,,). On the other hand, we have

n-1
xn = (Fx), = > f(i,y:). (2.23)

i:no

Then by (1.2) and the continuity of function f, we have that lim,_,x, = oo and Ax, =
f(n,x,), which leads to a contradiction and the proof of Theorem 2.2 is completed. O

Example 2.3. Considering the difference system,

Ax, =2(n+ 1)1/3y}l/3,

2.24)

2n+3 5/3 (
e > .

AYn (n+1)(n+2)x" o =T

Here « = 1/3, p = 5/3, and f and g are strongly sublinear. It is easy to verify that the
conditions of Theorem 2.2 are satisfied and hence all solutions are oscillatory. In fact, we
clearly see that the sequence {(x,, yn)} = {((-1)", (-1)™'/(n + 1))} is such a solution for
the difference system.

Example 2.4. Considering the difference system,

n A\
Ax, =
n <n+1> Yn

(2.25)

1 1 5/3
- > .
Ayn 5/3 ( 1)xn ’ n Nno
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Here a« = 1/3, f = 5/3, and f and g are strong sublinear. We clearly see that the conditions
of Theorem 2.2 are not satisfied and hence there exists a nonoscillatory solution. In fact, the
sequence {(xn, y,)} = {(n, (n+1)/n)} is such a solution.

Theorem 2.5. If f and g are strongly superlinear (i.e., afp > 1), then a necessary and sufficient
condition for (1.1) to oscillate is that

if <n,ig(sf C)> = +00 (2.26)
n=1 s=n

for every ¢ > 0.

Proof. Sufficiency. If (1.1) has a nonoscillatory solution x,, then without loss of generality, we
may assume that x, is eventually positive. Then by Lemma 2.1, we have for N; sufficiently
large,

x>0, Ax,>0, Ay,<0, forn>Nj. (2.27)

Since {x,} is increasing, hence there exists ¢ > 0 such that

Xy >yn 2¢, for N >ny. (2.28)
Summing up
Ayy = —g(n, xn) (2.29)
from s = n to oo, we have
“Yn S Yoo = Yn = —ig(& Xs),
o (2.30)

[ce] e (S,xs) e (S, C) B [oe]
Yn2 D8(5,%5) 2 3 g—ﬂxg >x > gc—p =, D g(s0).

s=n+1 Xg s=n+1 s=n+1

Therefore

Axy = f(n,yn) > f<n, c’ﬁxi1 i g(s, c)>. (2.31)

s=n+1
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From x, > ¢ and c‘ﬂxi1 S 8(s,0) > 32,1 8(s,¢), we get

Axy >

s=n+1

f(n Py 520 8(5,0)) <
<C7ﬂx5+1 Z:znﬂ g(S, C)>’X

f(n/Z:Zn+1 g(S,C)) p ; ) >a
(Z:o:n+1g(s,c))a <C xﬂ+1§§1g(src)

- xn+1c aﬂf< Z g(S/C)>,

s=n+1

s=n+1

ATJ;" >cFf <n, 2. 8(s, c)>,

Z A:;i > c-aﬂZf (i, Z g(s,c)>.

s=i+1

But
Xn+1 1 1 Axn
—du = Xp Xp) > ;o Xn <6< Xp+1,
/[xn uab guﬂ ( o ) (xn+1)aﬁ g !
0 Xs+1 1 0 Ax
5z =z f< tc))

;: J‘JCs utxﬂ ;l ( s+1)aﬂ Z ;l

Therefore

Zf<s, > s, C)> <C”ﬁJ‘ ﬁdu< +00,

s=Nj t=s+1 Ny

which leads to a contradiction.
Necessity. If

if<n,§g(s,c)> <+

n=1

for some ¢ > 0, then there exists M > 0 large enough, such that

=3
i

f <n,Zg(s,c)> g

C_pxﬁﬂ Z g(S, C)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)
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Let X be the set of all bounded and real-valued sequences {x,} with the norm

[l = suplacy| (2.37)
n>M
and ¥ be the subset of X defined by
c
‘P:{{xn}eX.ngngc}, (2.38)

then ¥ is a bounded, convex, and closed subset of X. Let F : ¥ — X be the operator defined
by

(Fx),=c— if <i, ig(s, x5)>. (2.39)

i=n s=i

Then F maps ¥ into ¥. In fact, if {x,} € ¥, then

c>(Fx),>c— if<i,ig(s,c)>

(2.40)

NI o

>c- if<i,ig(s,c)> 2
i=M s=i

Next, we show that F is continuous. Let {xff )} be a convergent sequence in ¥ such that

limiﬁoon;j ) - x,|| = 0, then from that ¥ is closed ({x,} € W) and the definition of F, we
have

(), - 7,

5 (1 5s(5) ) - S (v St )|

s=i i=n s=i

f<i, ig(s, xé)) - f(irig(s, xs)> ‘

1

oo}
<2
i=n

(2.41)

s=i s=i

Since X\, f(i, X2, g(s5,x5)) < 272, f(i, X2 4(s,¢)) < oo, now from the continuity of f and
g together with the well-known Lebesgue’s dominated convergence theorem (see [11, page
263]), we know that lim;_, .|| (Fx/),, — (Fx),,|| = 0 for [x — x|| — 0.
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Finally, we show that F¥ is precompact. Let {x,,} € ¥, {x,,} € ¥, then for large enough
m > n we have

|(Fx)m - (Fx)nl =

§f<irig(s,xs)> - if <i, ig(s,xs)>’

s=i

if <i, ig(s, xs)> ‘ (2.42)

=n

S=1

< if<i,ig(s,c)> <e

s=i

for any £ > 0. From Schauder’s fixed-point theorem (see [11]), we know that there exists
{x,} € ¥ such that x,, = (Fx),,.
Let

Yn = D,8(5,%s), (2.43)
then lim,, _, .y, = 0 and Ay, = —g(n, x,,). On the other hand, we have
Xn = (Fx), = c= > f(s,ys)- (2.44)

Therefore, lim, _, ,x, = ¢ and Ax, = f(n,y,), which leads to a contradiction. The proof of
Theorem 2.5 is completed. O

Example 2.6. Considering the difference system,

Axn — 23n+1y131,
3 (2.45)

3
Ay, = —z—nxn, n > np.

Here a = 3, § = 3, and f and g are strongly suplinear. We clearly see that the conditions
of Theorem 2.5 are satisfied and hence all solutions are oscillatory. In fact, the sequence
{(n, )} = {((-1)", (=1)™*' /2™)} is such a solution.

Example 2.7. Considering the difference system,

n A\
Ax, = —
n <n+1> Yn

(2.46)

1 1 5/3
- > .
Ayn 5/3 ( 1)xn ’ n Nno
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Here a =2/3, p = 5/3, and f and g are strong sublinear. However, it is easy to see that the
conditions of Theorem 2.5 are not satisfied and hence there exists a nonoscillatory solution.
In fact, the sequence {(x,, y»)} = {(n, (n +1)/n)} is such a solution.

If we set f(n,y,) = byys, g(n,x,) = aan, then the difference system (1.1) is reduced
to (1.5). From Theorems 2.2 and 2.5, we get the following results for (1.5).

Corollary 2.8. If 0 < ap < 1, then every solution of (1.5) oscillation if and only if

w n- p
> an <§f bs> = oo, (2.47)

n=mn; S=ngp

where ni > ny.

Corollary 2.9. If aff > 1, then every solution of (1.5) oscillation if and only if

ibn <ia> = 0. (2.48)
n=1 s=n

Remark 2.10. It is easy to see that Theorems A and B are the special cases of our Corollaries
2.8 and 2.9, respectively.
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