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Recently, the stability of the cubic functional equation f(2x +y) + f2x —y) = 2f(x + y) + 2f (x -
y) + 12f(x) in fuzzy normed spaces was proved in earlier work; and the stability of the additive
functional equations f(x +y) = f(x) + f(y), 2f((x + y)/2) = f(x) + f(y) in random normed
spaces was proved as well. In this paper, we prove the stability of the cubic functional equation
fx+y)+ fRx—-y) =2f(x+y) +2f(x — y) + 12f (x) in random normed spaces by an alternative
proof which provides a better estimation. Finally, we prove the stability of the quartic functional
equation f(2x+y) + f2x—y) =4f(x+y) +4f(x —y) +24f (x) - 6f (y) in random normed spaces.

Copyright © 2008 E. Baktash et al. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

1. Introduction and preliminaries

The study of stability problems for functional equations is related to a question of Ulam
[1] concerning the stability of group homomorphisms and affirmatively answered for
Banach spaces by Hyers [2]. Subsequently, the result of Hyers was generalized by Aoki [3]
for additive mappings and by Th. M. Rassias [4] for linear mappings by considering an
unbounded Cauchy difference. The paper of Th. M. Rassias has provided a lot of influence in
the development of what we now call Hyers-Ulam-Rassias stability of functional equations.
We refer the interested readers for more information on such problems to the papers [5-9].
The functional equation

fRx+y)+ fx-y) =2f(x+y) +2f(x —y) +12f(x) (1.1)
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is said to be the cubic functional equation since the function f(x) = cx? is its solution. Every
solution of the cubic functional equation is said to be a cubic mapping. The stability problem
for the cubic functional equation was proved by Jun and Kim [10] for mappings f : X — Y,
where X is a real normed space and Y is a Banach space. Later, a number of mathematicians
have worked on the stability of some types of the cubic equation [11]. The functional equation

fRx+y)+ fx-y)=4f(x+y) +4f(x—y) +24f(x) - 6f(y) (1.2)

is said to be the quadratic functional equation since the function f(x) = cx* is its solution.
Every solution of the quadratic functional equation is said to be a quadratic mapping. The
stability problem for the quadratic functional equation first was proved by J. M. Rassias
[12] for mappings f : X — Y, where X is a real normed space and Y is a Banach space.
In addition, Mirmostafaee et al. [13-15], Alsina [16], Mihet and Radu [17] investigated the
stability in the settings of fuzzy, probabilistic, and random normed spaces.

In the sequel, we will adopt the usual terminology, notations, and conventions of
the theory of random normed spaces as in [17-21]. Throughout this paper, the space of all
probability distribution functions is denoted by

A*={F:RU {-o0,+00} — [0,1] : F is left-continuous
(1.3)
and nondecreasing on R and F(0) =0, F(+o0) =1},

and the subset D* C A* is the set D* = {F € A* : I"F(+o0) = 1}, where I” f(x) denotes the
left limit of the function f at the point x. The space A is partially ordered by the usual point-
wise ordering of functions, that is, F < G if and only if F(¢) < G(t) for all t € R. The maximal
element for A* in this order is the distribution function given by

0, ift<0,
eo(t) = (1.4)
1, ift>0.

Definition 1.1 (see [17]). A function T : [0,1] x [0,1] — [0, 1] is a continuous triangular norm
(briefly, a t-norm) if T satisfies the following conditions:

(a) T is commutative and associative;

(b) T is continuous;

(c) T(a,1) =aforalla € [0,1];

(d) T(a,b) <T(c,d) whenever a<cand b <dforalla,b,c,d € [0,1].

Three typical examples of continuous t-norms are T'(a,b) = ab, T(a,b) = max(a + b -
1,0), and T'(a, b) = min(a, b).

Definition 1.2. A random normed space (briefly, RN-space) is a triple (X, p,T), where X is
a vector space, T is a continuous f-norm, and y is a mapping from X into D* such that
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the following conditions hold:

(PN1) px(t) = go(t) for all £ > 0 if and only if x = 0;

(PN2) prax(t) = px(t/|al) forall xin X, a#0 and all t > 0;

(PN3) phory(t+5) > T(pux(t), py(s)) forall x,y € X and all £, s > 0.
Definition 1.3. Let (X, u, T) be an RN-space.

(1) A sequence {x,} in X is said to be convergent to x in X if, for every t > 0 and € > 0,
there exists a positive integer N such that j,,_(t) > 1 — € whenever n > N.

(2) A sequence {x,} in X is called a Cauchy sequence if, for every t > 0 and € > 0, there
exists a positive integer N such that py, ,, (t) > 1 — € whenever n > m > N.

(3) An RN-space (X, p, T) is said to be complete if and only if every Cauchy sequence in
X is convergent to a point in X.

Theorem 1.4 (see [20]). If (X, pu,T) is an RN-space and {x,} is a sequence such that x, — x, then
limy, oo i, (1) = pc(£).

Lemma 1.5. Let (X, u, min) be an RN-space and define E, , : X — R* U {0} by

Eyu(x) =inf{t >0: py(t) >1-1}, VA€]0,1[,xeX. (1.5)
Then, one has

Eyu(x1 —x4) S Eyp(xr —x2) + -+ Eyu(xpo1 — Xp), (1.6)

forall x1,...,x, € X and the sequence {x,} is convergent to x with respect to random norm p if and
only if Ey u(x, —x) — 0asn — co. Also, the sequence {x,} is a Cauchy sequence with respect to
random norm p if and only if it is a Cauchy sequence with E, ,,.

Proof. By the triangular inequality, we have

Hoxi—x, (EA,ﬂ(xl —Xp) + -+ E/\,y(xn—l —x) +(n— 1)6)

> min (px,-z, (Ex, (X1 = %2) +6), -+, Py, (Ex,u(Xn-1 = %) +6))

(1.7)
>min(l-4, ..., 1-1)

=1-1, V6>0,

which implies that

E)L,,u(xl - xn) < EA,y(xl - xZ) + E/\,M(xZ - X3) +

w4+ Eyp(xn1 — x,) + (n—1)6. (1.8)

Since 6 > 0 is arbitrary, we have

EJ\,/l (X1 - xn) < EA,y(xl - xZ) + E).,y(xz - X3) +eot EA,,u(xn—l - xn)- (1-9)
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Next, we have piy, (1) >1 -1 & E) ,(x, — x) <7 for every > 0. This completes the
proof. O

In this paper, we establish the stability of the cubic and quadratic functional equations
in the setting of random normed spaces.

2. On the stability of cubic mappings in RN-spaces

Theorem 2.1. Let X be a linear space, (Z, y', min) an RN-space, and ¢ : X x X — Z a function
such that for some 0 < a < 8,

P‘,<p(2x,0)(t) > y'alp(xro)(t), VxeX, t>0, (2.1)

f(0) =0and limnﬁwy'q)(ﬂxlznw (8"t) =1forall x,y € X and all t > 0. Let (Y, p, min) be a complete
RN-space. If f : X — Y is a mapping such that

HF@xty)+ fQx—y)-2f (x+y)—2f (x—y)-12f (x) (£) > ﬂ’q,(x,y) ), Vx,yeX, t>0, (2.2)
then there exists a unique cubic mapping C : X — Y such that
M- (E) 2 1 0, (2(8 = a)t)). (2.3)
Proof. From (2.2), it follows that

Evu(fRx+y)+ fx-y) -2f(x+y) -2f(x —y) - 12f(x))
=inf {t > 01 pp@ery)+f@r-y)-2f (rep)-2f (x-p)-12f (0 () > 1= A}

. ) (2.4)
<inf{t>0: H o, () > 1 -1}
=Eyu(p(x,y), VYx,yeX, Le(0,1).
Putting y = 0 in (2.4), we get
2x
Ew<f %) f >> LEL(p(0), VreX 25)
Replacing x by 2"x in (2.5) and using (2.1), we obtain
B (LO70 _f@0N 1 g (p(2"x,0))
b\ g g1 ) S Texgn M\
(2.6)

< ELe(p(x,0)).
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It follows from (f(2"x)/8") — f(x) = ZZ;&((f(Zk”x)/Sk*l) - (f(2kx)/8k)) and (2.6) that

" n-1 k+1 k
(152 ) (32 22
k=0

g n_lEA,M<f(2k+1x) ) f(zkx)>

8k+1 8k

E)‘ I (lp(z X, 0))

Eyu(9(x,0)).

Replacing x with 2™x in (2.7), we observe that

IN

f@""x)  f(2"x) = m
Ew< e gm ZmEa,u'(<P(2 x,0))

k=

[=}

k+m

n-1 a
< L g L (0 0)
2.8)

m+n-1 k

< z —ELu(0(x,0))

g oy

k=m

Then {f(2"x)/8"} is a Cauchy sequence in (Y, y, min). Since (Y, y, min) is a complete RN-
space, this sequence converges to some point C(x) € Y. Fix x € X and put m = 0 in (2.8).
Then we obtain

n n-1
EA,#<f )t )> Bty 0) (2 ) 29)

k=0

and so

Eyu(C(x) - f(x))<Ew<C(x) 12 x)>+5w<f(2 —flx )>

. E)LM<C(x) f(2”x)> N EA,M((P(XIO))"Z_1<§)IC'

8" 16 &\8

(2.10)
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Taking the limit as n — oo and using (2.10), we get

ELu(C) - ) < 2P D) @)
that is,
inf{t>0: pcu)-f(t) >1 -1} <inf{t>0: P‘,¢(x,0)(2t(8 -a))>1-1}. (2.12)
Then, we have
He@) -0 (B) 2 1y 0) (28 — ). (2.13)
Replacing x and y by 2"x and 2"y in (2.2), respectively, we get
JLf 2" (2ae4y)) /84 £ (21 (26-)) /872 f (2" () /87-2f (2" (=) /812 (21 (x)) /8 (£) o1d

> y'w(znxlzny)(S"t), Vx,yeX, t>0.

Since limnqu'qj(znx/zny) (8"t) = 1, we conclude that C fulfills (1.1).

To prove the uniqueness of the cubic mapping C, assume that there exists a cubic
mapping D : X — Y which satisfies (2.3). Fix x € X. Clearly, C(2"x) = 8"C(x) and
D(2"x) = 8"D(x) for all n € N. It follows from (2.3) that

UC(x)-D(x) (t) = r}grgoﬂ(qzm/s")—(p(znx)/sn)(t),

. t t
H(C(rx)/8")-(D(2nx)/8m) (£) 2 min {P‘(C(Z"x)/8")—<f(2"x)/8") <§> H(D (@) /87)~(f (2x) /8") <§> }

> i) (8" (8~ @)
/88—t
2 H p(x0) <—an )
(2.15)

Since limy, —, (8" (8 — a)t/a™) = oo, we get limnawy’(p(xlo)((8"(8 —a)t)/a") = 1. Therefore, it
follows that pic(x)-p(x)(f) = 1 for all t > 0 and so C(x) = D(x). This completes the proof. O

Corollary 2.2. Let X be a linear space, (Z, ', min) an RN-space, and (Y, p, min) a complete RN-
space. Let p, q be nonnegative real numbers and let zo € Z. If f : X — Y is a mapping such that

W @xsy)efx—p)-2f (ery)-2f =912 () () 2 W (uppayinyz (B, VX, y €X, £>0, (2.16)
f(0) =0and p,q < 3, then there exists a unique cubic mapping C : X — Y such that

ﬂf(x)—C(x)(t) > #/llx\lpzo (2(8 - Zp)t)), VxeX, t>0. (2.17)
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Proof. Let ¢ : X x X — Z be defined by ¢(x,y) = (||x||P + [[y]|7)zo. Then the proof follows
from Theorem 2.1 by a= 2. O

Corollary 2.3. Let X be a linear space, (Z, ', min) an RN-space, and (Y, p, min) a complete RN-
space. Let zg € Z. If f : X — Y is a mapping such that

HfQuiy)+f2x-y)-2f (ery)-2f (e-y)-12f(0) (B) 2 W . (B),  Vx,y € X, >0, (2.18)
and f(0) = 0, then there exists a unique cubic mapping C : X — Y such that

Hfx)-c(x) () > nu,szo(14t)’ VxeX, t>0. (2.19)

Proof. Let ¢ : X x X — Z be defined by ¢(x,y) = €zp. Then, the proof follows from
Theorem 2.1 by a = 1. O

3. On the stability of quadratic mappings in RN-spaces

Theorem 3.1. Let X be a linear space, (Z, y', min) an RN-space, and ¢ : X x X — Z a function
such that for some 0 < a < 16,

.”I<p(2x,0)(t) > #,atp(x,O)(t)’ VxeX, t>0, (3.1)

f(0) = 0and limnqwﬂ,q)(znxlzny)(16nt) =1 forall x,y € X and all t > 0. Let (Y, p, min) be a
complete RN-space. If f : X — Y is a mapping such that

W f @xry)+fx—y)-4f (o) -af (-2 ()+6 ) () 2 Wy (), VX, y € X, >0, (3.2)
then there exists a unique quadratic mapping Q : X — Y such that
-0 (£) 2 ) (2(16 — a)t)). (3.3)
Proof. From (3.2), it follows that
Evu(fQx+y) + fx—y) —4f (x +y) —4f (x - y) - 24f (x) + 6f(y))

=inf{t > 0: pprry)ef@r-y)-4f oy -af c-y)-24f )65 () > 1= A}

(3.4)
t)>1-1}

<inf{t>0: 4 )

= EJ\,‘M’((P(x/ ]/))/ vxl y € X/ Ae (0/ 1)

Putting y = 0in (3.4), we get

2
EW<f(16x) _f(x)> < %Ew(qy(x,o», Vx € X. (3.5)
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Replacing x by 2"x in (3.5) and using (3.1), we obtain

n+1 n
Ew<f(2 x) f@2 X)>< 1 Ev . (9(2"x,0)

n+1 16" =37 % 16"

16 6 32x16 (3.6)
an

< WEA,W(SU(x/O))'

It follows from (f(2"x)/16") — f(x) = Xr-s((f (2" x) /165 1) - (f(2"x) /8F)) and (3.6) that

(P20 o) = ru (S (1210 120

] 16k+1 16k

IN

n-1 f(2k+1x) B f(2kx)
E, < 16+ 16* >
(3.7)

—_

n—

IN

1 k
Ey, . (0(2"x,0
23 P e (o( )

IN
3
-

o
T PIT A Aa
k=0

Replacing x with 2"x in (3.7), we observe that

f(2n+m ) f(zmx) > n-1 ak m
E <SS 2% EL (0", 0
A"‘( 16" 16" ) = &6 (9(2"x, 0))

n-1 ak+m

< " E e, 0)
e D

(3.8)

m+n—-1 k

<3

& 32x16F

E)L ((p(x,O))””"l a k
s 32 Z (16)

k=m

—Evu(p(x, 0))

Then {f(2"x)/16"} is a Cauchy sequence in (Y, s, min). Since (Y, y, min) is a complete RN-
space, this sequence converges to some point Q(x) € Y. Fix x € X and put m = 0 in (3.8).
Then we obtain

(LG - jw) < PGS (& ). 59)
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and so
B0 - ) < B (00 - L2 ) b, (L2250
(2"x)\ , Euelp(x,0) o/ a \* o
< B <Q(x) B f16"x > — (gz , k%(%) ‘
Taking the limit as n — oo and using (3.10), we get
ELu(QU) - f)) < 2P0, G.11)
that is,
inf{t > 0: pow)-fx) (t) >1 -1} <inf{t>0: ‘u’(p(x,o)(Zt(16 —a))>1-1}. (3.12)
Then, we have
KO- (E) > ‘u,(p(x,O) (2t(16 — a)). (3.13)
Replacing x and y by 2"x and 2"y in (3.2), respectively, we get
Hf (20 (2e+y)) /16" £ (27 (2-y)) /16" -4 (21 (x+)) /16"-4f (21 (x-y)) /16"-24£ (22 (x)) /16" +6 £ (21 (1)) /16" (£) (3.14)

> ‘u’q)(znx,zny)(m"t), Vx,yeX, t>0.

Since limnﬁmy’q)(znxlzny) (16"t) = 1, we conclude that Q fulfills (1.2).

To prove the uniqueness of the quadratic mapping Q, assume that there exists a
quadratic mapping D : X — Y which satisfies (3.3). Fix x € X. Clearly, Q(2"x) = 16"Q(x)
and D(2"x) = 16" D(x) for all n € N. It follows from (3.3) that

How)-De) () = M poenx /16)-(0@ ) /167 (1),

. t t
HQ@"x) /16" ~(D@2"x) /16 (£) 2 min {.”(Q(T’X)/16”)—(f(2"x)/16”) <§> H(D(2"x)/8")~(f (2"x) /8") (5) }

> om0y (16" (16 — a)t)

oy 16" (16 — a)t
Hoco\ ™ )
(3.15)

Since lim,, _, (16" (16 — a)t/a™) = oo, we get limnﬁwy'q,(xro) (16" (16 — a)t/a™) = 1. Therefore, it
follows that po(x)-p(x) (t) = 1 for all t > 0 and so Q(x) = D(x). This completes the proof. = [
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Corollary 3.2. Let X be a linear space, (Z, ', min) an RN-space, and (Y, u, min) a complete RN-
space. Let p, q be nonnegative real numbers and let zg € Z. If f : X — Y is a mapping such that

Pf sy f Qx=y)-4f ()4 (=p)-24f @65 ) (D) 2 1 (o=, (B, VX y € X8>0, (3.16)
f(0) =0and p,q < 4, then there exists a unique quadratic mapping Q : X — Y such that
‘I/lf(x)_Q(x)(t) > ‘l/l,”x”sz (2(16 - Zp)t)), Vxe X, t>0. (3.17)

Proof. Let ¢ : X x X — Z be defined by ¢(x,vy) = (||x||P + ||¥]|7)zo. Then, the proof follows
from Theorem 3.1 by a= 2°. O

Corollary 3.3. Let X be a linear space, (Z, ', min) an RN-space, and (Y, p, min) a complete RN-
space. Let zg € Z. If f : X — Y is a mapping such that

Hf Qry)+f x—y)-4f (eiy)-4f (-y)-24f (046 ) (B) 2 W (B), Vx,y € X, £>0, (3.18)
and f(0) = 0, then there exists a unique quadratic mapping Q : X — Y such that

Hfo-0) (t) > ‘u,EZO (30t), VxeX, t>0. (3.19)

Proof. Let ¢ : X x X — Z be defined by ¢(x,y) = €zp. Then, the proof follows from
Theorem 3.1 by a = 1. O
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