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1. Introduction

The paper concerns the existence of nontrivial solutions for the following nonlinear elliptic
system:

“Apu = 2—5(3(, u,v) in RN,
P,Q)

OF
-Ayxv = %(x,u,v) in RY,
where p(x) and g(x) are two functions such that 1 < p(x), g(x) < N (N > 2), for every
x € RN. However, F € C'(RN x R?) and A, is the p(x)-Laplacian operator defined by
Apou = div(|Vulf ®)2y4). Using a variational approach, the authors prove the existence of
nontrivial solutions.

Over the last decades, the variable exponent Lebesgue space LP¥) and Sobolev space
WP [1-5] have been a subject of active research stimulated mainly by the development
of the studies of problems in elasticity, electrorheological fluids, image processing, flow in
porous media, calculus of variations, and differential equations with p(x)-growth conditions
[6-13].

Among these problems, the study of p(x)-Laplacian problems via variational methods
is an interesting topic. A lot of researchers have devoted their work to this area [14-22].
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The operator A,u := div(|Vul’ ®)274) is called p(x)-Laplacian, where p is a continuous
nonconstant function. In particular, if p(x) = p (constant), it is the well-known p-Laplacian
operator. However, the p(x)-Laplace operator possesses more complicated nonlinearity than
p-Laplace operator due to the fact that A,y is not homogeneous. This fact implies some
difficulties, as for example, we cannot use the Lagrange multiplier theorem and Morse
theorem in a lot of problems involving this operator.

In literature, elliptic systems with standard and nonstandard growth conditions have
been studied by many authors [23-28], where the nonlinear function F have different and
mixed growth conditions and assumptions in each paper.

In [29], the authors show the existence of nontrivial solutions for the following p-
Laplacian problem:

-Apu = g—i(x, u,v) in RY,
(1.1)

3
-Aju = g—v(x, u,v) in RN,

where F € C!'(RN x R?) yields some mixed growth conditions and the primitive F being
intimately connected with the first eigenvalue of an appropriate system. Using a weak
version of the Palais-Smale condition, that is, Cerami condition, they apply the mountain
pass theorem to get the nontrivial solutions of the the system.

In [30], the author obtains the existence and multiplicity of solutions for the following
problem:

—div(|Vu[f¥2vy) = g—i(x, u,v) in Q,

—div(|Vo|T™®2vy) = g—i(x, u,v) in Q, (1.2)

u=0, v=00ngQ,

where Q ¢ RN is a bounded domain with a smooth boundary 0Q, N > 2, (p,q) €

C (5)2, p(x) > 1, g(x) > 1, for every x € Q. The function F is assumed to be continuous
in x € Q and of class C' in u,v € R. Introducing some natural growth hypotheses on the
right-hand side of the system which will ensure the mountain pass geometry and Palais-
Smale condition for the corresponding Euler-Lagrange functional of the system, the author
limits himself to the subcritical case for function F to obtain the existence and multiplicity
results.

In the paper [31], Xu and An deal with the following problem:

F
—div(|VulP®2Vu) + [uff O 2u = g—u(x, u,v) in RN,

—div(|Vo|"™2v0) + |[v]i®) 2y = g—i(x, u,v) in RN, (1.3)

(1,0) € WIPE(RN) x WH (RN),

where N > 2, p(x), q(x) are functions on RN. The function F is assumed to satisfy
Caratheodory conditions and to be L® in x € RN and C! in u,v € R. By the critical point
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theory, the authors use the two basic results on the existence of solutions of the system; these
results correspond to the sublinear and superlinear cases for p = 2, respectively.

Inspired by the above-mentioned papers, we concern the existence of nontrivial
solutions of problem (P,Q). We know that in the study of p(x)-Laplace equations in RY, the
main difficulty arises from the lack of compactness. So, establishing some growth conditions
on the right-hand side of the system which will ensure the mountain pass geometry
and Cerami condition for the corresponding Euler-Lagrange functional J and applying a
subcritical case for function F, we will overcome this difficulty.

2. Notations and preliminaries

We will investigate our problem (P,Q) in the variable exponent Sobolev space W;’p ) (RN),
so we need to recall some theories and basic properties on spaces LP® (RN) and WP (RN).
Set

C.(RN) = {h e C(RN): xierﬂého(x) > 1}. (2.1)

For every h € C,(RN), denote

h™ := inf h(x), h* := sup h(x). (2.2)

N
xeR xeRN

Let us define by U(RY) the set of all measurable real-valued functions defined on RY.
For p € C,(RY), we denote the variable exponent Lebesgue space by

LPO(RN) = {u € U(RN) : f u(x) PP dx < oo}, (2.3)
RN
which is equipped with the norm, so-called Luxemburg norm [1, 3, 4]:

u(x) p(x)

[l x) = |1lppeo vy = inf {.)L >0: f dx < 1}, (2.4)

RN
and (LPO(RN), ||y (rNy) becomes a Banach space, we call it generalized Lebesgue space.
Define the variable exponent Sobolev space W'*®) (RN) by
WWE(RNY = {u e LPXD(RN) : |[Vu| € LP®(RN)}, (2.5)
and it can be equipped with the norm

”u”l,p(x) = ”u”WlfV(") = |u|p(x) + |Vu|p(x) Vu € Wl,p(x) (RN) (26)

The space Wg’p(x) (RN) is denoted by the closure of C*(RN) in WP&)(RN) and it is
equipped with the norm for all u € Wé’p(x) (RN):
Ve WP (RN). (2.7)

([ [Vl

plx) = p(x)

If p~ > 1, then the spaces LP® (RYN), W1P&*)(RN), and W;’p(x) (RN) are separable and
reflexive Banach spaces.
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Proposition 2.1 (see [1, 3, 4]). The conjugate space of LP®) (RN) is LP'®)(RN), where 1/p'(x) +
1/p(x) = 1. For any u € LP®(RN) and v € LV ®(RN), we have

f uv dx
]RN

Proposition 2.2 (see [1, 3, 4]). Denote @ p(x) (1) = [ |u(x)|?™ dx for all u € LP™)(RN), one has

1 1
< (;F + (pT>|u|p(x)|U|p’(x) < 2{utl ) [0l (- (2.8)

min {ful )l | < Qpiwy () < max {full ) ful ) ). (2.9)

Proposition 2.3 (see [1]). Let p(x) and q(x) be measurable functions such that p(x) € L*(RN)
and 1 < p(x)g(x) < oo, for a.e. x € RN. Let u € LI¥(RN), u#0. Then,

r p(x) P
g <1 = 100 < 1] gy < oty
(2.10)
r p(x) P
g 21 = 100 < 1P ] gy < oty
In particular, if p(x) = p is constant, then
1] = 14l (2.11)

Proposition 2.4 (see [3,4]). If u,u, € IP®RN), n=1,2,..., then the following statements are
equivalent to each other:

(1) hmnﬂoown - u|p(x) =0,

(2) limy,000(uy —u) =0,

(3) uy — uin measure in RN and lim,,,0(u,) = o(1).

Definition 2.5. 1 < p(x) < N and for all x € RY, let define

Np(x) .
P =i N-pag PO
+00 if p(x) > N,

where p*(x) is the so-called critical Sobolev exponent of p(x).

Proposition 2.6 (see [1, 32]). Let p(x) € Cg’l (RN), that is, Lipschitz-continuous function defined
on RN, then there exists a positive constant ¢ such that

ul oy < clul (212)

p(x)”
for all u € WyP® (RN).

In the following discussions, we will use the product space

1, 1,
Wit = WP RN) x wy?™ RN), (2.13)
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which is equipped with the norm
” (ul U)”p(x),q(x) = max {”u”p(x) + ”U”q(x)} v(ul U) € Wp(x),q(x)r (214)

where [[ul,) (resp., |lully)) is the norm of W;’p(x) (RN) (resp., Wé’q(x) (RN)). The space

W a0 denotes the dual space of W) 4(x) and equipped with the norm [|-[|, ,,(x) 4(x)- Thus,

||]l(ur U)”*,p(x),q(x) = ”Dl](ur U)”*,p(x) + ||D2](u/ U)”*,q(x)r (215)

where W7 (RN)  (resp., W14 0 (RN)) is the dual space of Wg’p(x)(RN) (resp.,

N .
W, 10 (RN)), and Il pzy (resp., [I-llyqex)) 18 its norm.
For (u,v) and (¢, ¢r) in Wp(x) 4(x), let

F(u,v) = f F(x,u(x),v(x))dx. (2.16)
RN
Then,

F (u,0) (¢, ¢) = D1F (1, 0) () + D2F (1, v) (g), (217)

where

OF
Dl;(u/ U) (()0) = ,[RN a (x/ u, U)‘P d-x/

o (2.18)
DaF e v) ) = [ S xuv)g
RN OU
The Euler-Lagrange functional associated to (P,Q) is defined by
J(u,v) = f L|Vu|p(")dx +f L|Vv|q(x)dx - (u,v). (2.19)
v P(X) & q(x)
It is easy to verify that | € C'(W,(x)q(x), R) and that
],(ul U) (‘10/ ()U) = Dl](ur U) (‘P) + DZ](u/ U) (‘I’)/ (220)
where
D1J(,0) () = [ [Vl VT dx - DiF(u,0)(9),
- (2.21)

D2 J (u, v) () = J [Vol"2V 0oV dx — DyF (4, v) ().
RN
Definition 2.7. (u,v) is called a weak solution of the system (P,Q) if

f |Vu|’”(x)_2VuV(p dx+f |Vv|q(x)_2VvV(p dxzf a—F(x, u,v)pdx +I a—F(x, u, V) dx,
RN RN RN au RN aU
(2.22)

for all (¢, ¢) € Wp(x),4(x)-
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Definition 2.8. We say that ]| satisfies the Cerami condition (C) if every sequence (w,) €
Wp(x),q(x) such that
|J(wn)l < ¢, (1 + llewnl)J (wn) — 0 (2.23)

contains a convergent subsequence in the norm of W) 4(x)-
In this paper, we will use the following assumptions:

(F1) F € C}(RN x R%,R) and F(x,0,0) = 0;
(F2) for all (u,v) € R? and for a.e. x € RN

|50 (om0 < @0 + a0,
o _ + (2.24)
‘a—v(x, u,0)| < by (x)|(, 0)|7 7 + ba ()| (w,0) 7,
where
I<p™” q<p’, q</P),. @),
a; € LSO (RN) 0 LA (RN),  b; € LY@ (RN) A LFO(RN), i=1,2,
_ p) _qx) ~ . pProp) (2.25)
0= "W PO
G(x) = q (x)q(x) Blx) = p*(x)g* (x)

A ET X T 7@ - @)+ qx)

(F3) (u,v)-VF(x,u,v) — F(x,u,v) <0 for all (x,u,v) € RN xR?\ {(0,0)}, where VF =
(OF /0w, OF /00);

(F4) suppose there exist two positive and bounded functions a € LN/P®)(RN) and b €
LN/a®) (RN) such that

i p(x)q(x)|F(x,u,v)|
m
wo)=0 " g(a)a(e)|ulP™ + p(x)b(x)|v]1®
<li< lim inf— PXIDIFE W0
o=+ g(x)a(x)|ulP™ + p(x)b(x)[v]1™

(2.26)

Let \; denote the first eigenvalue of the nonlinear eigenvalue problem in RV:

~Apyu = Aa(x)[ufP?u  in RN, 227
2.27
~AgoU = Ab(x)|0[1 20 in RN,

It is useful to recall the variational characterization:

. [an (L/pE)VUP + (1/q(x))[VU]"™)dx }
A =inf 2 (u, W) a(x 0,0 .
1 m{IRN«a(x)/p(x))W(”+<b<x>/q<x>>|v|‘7<x>>dx (4:0) € Wrtaq0 MO0}

(2.28)

We will assume that \; is a positive real number for all (1, v) € Wpy(x) 4(x) \ {(0,0)}. For
more details about the eigenvalue problems, we refer the reader to [17].
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3. The main results

We will use the mountain pass theorem together with the following lemmas to get our main
results.

Lemma 3.1. Under the assumptions (F1) and (F2), the functional § is well defined, and it is of class
C' 011 Wi(x),q(x). Moreover, its derivative is

F'(u,v)(w, z) = f g—i(x, u,v)w dx +f g—i(x, u,v)zdx VY(u,v),(w,z) € Wp(x),9x)-
RN RN
(3.1)

Proof. For all pair of real functions (u,v) € Wy (x)4(x), under the assumptions (F1) and (F2),
we can write

F(x,u,v) = I a—F(x,s,v)ds + F(x,0,v) = j a—F(x,s,v)ds +I a—F(Jc,O,s)ds + F(x,0,0),
g Os h Os y Os

F(x,u,0) < c1[ar () ([ul”” + [ol” " |ul) + az (x) ([ul”” + [0l ul) + by (x)[0]T +ba(x)[v]" ]
(3.2)

Then,

f F(x,u,v)dx < c, U ar(x)|ul’ dx + J ay (x) ol Huldx + I ar (x)|ulf” dx
RN RN RN RN
(3.3)
+ f ar () |[oP" Y uldx + J' by (x)|v|7 dx + J‘ bz(x)|v|'fdx],
RN RN RN

if we consider the fact that

1, - - - - _
WoP @ ®N) o LPPORN) = |y = [l ) < cllullly, forp™>1,  (34)

p(x) <

and if we apply Propositions 2.1, 2.3, and 2.6 and take a; € L@ (RN) n LFO(RN), b; €
LY®)(RN), then we have

. . .
JNF(X, u,v)dx < 2Cl<|a1|5(x)||u|p Loy * a1l 1017 ™ g oy [l e ) + @215 11 1)
R

+_1 - +
+ |a2|ﬂ(x)||vlp |q*(x)|u|p*(x) + |b1|y(x)||v|q |q(x) + |b2|y(x)||v|q |q(x)>

P p-1 p
= 261 (latls(oy 1148y + 181 gy 101, Ly oy 8y + L2y 14l 65

pr-1 q q
+ |a2|ﬁ(x)|v|(p+,1)q*(x)|u|p*(x) + |b1|y(x)|v|q—q(x) + |b2|y(x)|vlq+q(x) >
i} . .
< C3<|‘11|5(x)||”||5(x) + |a1|ﬁ(x)||v||2(x) ||u||p(x) + |a2|6(x)”u||z(x)

+_1 - +
12l 101 Nty + 1811y o 01 + [l oy 0T, ) < oo
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Hence, ¥ is well defined. Moreover, one can see easily that #' is also well defined on W) 4(x)-
Indeed, using (F2) for all (w, z) € Wp(x) 4x), We have

, 3 OF OF
F(u,v)(w, z) = IRN E(x, u,v)wdx + J‘ng(x' u,v)zdx,

F'(u,v)(w, z) < J

RN(al(X)I(u, V)P + ax ()|, 0) P |ewldx

[ @100+ b, o)l
R
< f a1 (x)[ul’ ~w|dx + f a1 (x) [l " w|dx (3.6)
RN RN
+f @ummf*WMx+f a(x) ol ewldx
RN RN
+ f by () |[ul™ z|dx + J by (x)|v]7 7t z|dx
RN RN

+f mummf*uux+j ba(x) 0] Yzl
RN RN

and applying Propositions 2.1, 2.3, and 2.6 and considering the conditions p(x) > p(x) and
4(x) > q(x), it follows that

oF -1 -1
IRN—(X/ u, V)wdx < 2<|a1|5(x)||u|p |p*(x)|w|ﬁ(x) + |a1|p(x)||U|p q*(x)|w|p*(x)

ou

+71 +71
+ |a2|5(x)||u|p |p*(x)|w|ﬁ(x) + |¢12|p(x)||U|p |q*(x)|w|p*(x)>

p -1 p -1
< 2<|a1|6(x)|u|(p—_1)p*(x)|w|ﬁ(x) + |a1|ﬂ(x)|vl(p—_1)q*(x)|w p*(x)

+ [alsoo el o @l + @2l g 0l o 60
216(x) 1% (pr—1)p* () VB (x) 21p() 1Pl (pr—1)g* () 1M Ip* (x)

-1

-1 - -1
< es(Jarlogo 1l gy +larlgen 01 ’

-1
3 +Haslsgo 1l +aal ol Yol

< oo,
(3.7)
and similarly
I g—F(x,u, v)zdx
RN OU (3.8)

-1 -1 1 -1
< 5 (1Bl 11 +1B11 1017 ) + B2l 1l + B o 011 Y2l gy <0

Now let us show that ¥ is differentiable in sense of Fréchet, that is, for fixed (u,v) €
Wy (x),4(x) and given € > 0, there must be a 6 = (¢, u, v) > 0 such that

|?(u +tw,V+ Z) - ?(u, U) - q,(u/ v)(w, Z)l < E(lelp(x) + ”Z”q(x))/ (39)

for all (w, z) € Wp(x),q(x) With ([|wl], ) + 12ll4x)) < O
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Let B, be the ball of radius r which is centered at the origin of RN and denote B, =

RN — B,. Moreover, let us define the functional ¥, on Wg’p(x) (By) x Wé A (B,) as follows:

Fr(u,v) = j F(x,u(x),v(x))dx. (3.10)

Br

If we consider (F1) and (F2), it is easy to see that ¥, € Cl(Wé’p(x)(B,) X W;’q(x) (B,)), and in
addition for all (w, z) € W&’p (x)(Br) X Wg’q(x) (B;), we have

F (u,v)(w, z) = I a—F(x, u,v)w dx +’[ a—F(x,u, v)zdx. (3.11)
B, Ou B, OV
Also as we know, the operator F,. : Wy qx) — W;(x)/q(x) is compact [3]. Then, for all

(u,0), (w, z) € Wp(x),4(x), We can write

|$(u +w,V+ Z) - ?(u/ U) - ?,(ulv)(w/ Z)|

<|Fr(u+w, v+ z) = Fr(u,0) — Fr(u,0) (w, 2)|

(3.12)
+ J‘B;(F(x,u +w,v+z) - F(x,u,v) — 2—i(x,u,v)w - 2—5(x,u,v)z)dx .
By virtue of the mean-value theorem, there exist {1, € (0,1) such that
F(x,u+w,v+z)-F(x,u,v) = g—i(x,u + (1w, V)w + g—i(x, U, + (z)z. (3.13)
Using the condition (F2), we have
fB’, <2—1;(x,u + 1w, v)w + g—i(x, u,v+pz)z — g—i(x, Uu,0)w — g—i(x, u, v)z)dx
< UB (a1 (x) (Ju+ Gl ™ = [l ™) + ax (o) (Ju + Gl ™ = uf’ ™)) jw]dx (3.14)

+ L, (b1 ([ + &azl" 7 = ol 1) + ba(x) (Jo + G227 = ol 7)) zldx

By help of the elementary inequality |a + b|° < 257 (|a|® + |b|°) for a,b € RN, we can write
<@t - 1)’[ ay () |ul” " |w|dx + (§12)P7_1f a1 (x)|w]” " ewldax
B, B,

+ (1 -1) f ay (x)[ul” " eoldox + <§12)P*‘1j ar(x)|wl” " |wldx
B, ;

(3.15)
# @ =1 [ bl el s @27 [ (ol el

# @ =1 baolol M zldx + (27 baolal 2k,
B, B;
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applying Propositions 2.1, 2.3, and 2.6, then we have

-1 -1
< c6<|a1|5(x)||u|” | oy [ 5) + a1 llew]” |y (o) @)
-1 -1
+ |a2|5(x)||u|p | oy @ l5) + |a2|5(x)||w|p lpe (o) [ 5x)

-1 -1
+ |b1|y(x)||vlq |q*(x)|z|[j(x) + |b1|y(x)||z|q |q*(x)|z|(7(x)

q*_l q+_1 (3.16)
+ |b2|y(x)||U| |q*(x)|z|§(x) + |b2|y(x)||z| |q*(x)|z|ﬁ(x)> ’
-1 -1 -1 1
<c¢y |a1|5(x)||u||p » T |¢11|5(x)||w||p )T |f12|5(x)||u||p o T |a2|6(x)||w||p x ”w”p(x)
p(x) p(x) p(x) p(x)
-1 -1 -1 1
+ (o1l 10l + o1y 121025 ) + (1B2hy o 012 + 2l 21155 ) Y12l
and by the fact that
|ailpsw gy — 0,
(3.17)

|bil Ly gy — 0

fori=1,2,asr — oo, and for r sufficiently large, it follows that

|

< S(llw”p(x) + ||z||q(x))

(3.18)

<F(x,u+w,v+z) - F(x,u,v) - g—i(x,u,v)w— g—i(x,u,v>z)dx

/
r

It remains only to show that ' is continuous on Wi ,qx)- Let (un,vy), (u,0) €
W (x),q(x) such that (u,, v,) — (u,v). Then, for (w, z) € Wy(x) 4x), we have

|¢I(un/ Un)(w/ Z) - ?,(u/ U) ((A), Z)l < |$;(un/ Un) (w/ Z) - ?; (u/ U) (w, Z)|

+ J‘B; <g—i(x, Uy, Uy) + g—i(x, u,v)>wdx (3.19)
+ J‘B;<g—i(x,un,vn) + g—i(x,u,v)>zdx ,
then by (F2), we can write
L, a1 () (P 7+ P 7+ [oP 7+ ol Y |wldx (3.20)
' L, @ () (unl” "+l + o+ [0l el (h)
[ Bl T ol ozl (1)
+ | Ba(x) (™ [l [0, T o] 2l (3.21)

B,
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Thus,

I< f a1 ()l ewldax + f a1 (O)luf M eoldox + f a1 (0)loal ewldx

r T T

-1 +t_1 -1
+ | sl Neldx + | ax@hl el + | axolur ol
B, B,

T r

+ | @l el + | ax@lor ol 02
< o ([atlagoy lenll )+ laslsco 1)+ Ll ol + a1 )
+ |a2|6(x)||un||p(x) + |a2|5(x)||u||p o Tt |ﬂz|ﬁ(x)||Un||q(x) + |¢12|ﬁ x)”U”q(x) >||w||p(x).
Similarly,
1> < co (o el + Bl 2l + b1l l0all Ly + 011 00 ) -
 balyo lall 71 + bl 1155, + [oalyllonley + [oalyollol 2o Yzl
Since ¥, is continuous on W, i >(B ) X 1 AR) (B;), then we have
7 (n, Un) (w, 2) = F, (1, V) (w, 2)| — 0, (3.24)

asn — oo. Moreover, using (3.17), when r sufficiently large, I; and I, tend also to 0. Hence,
|F (1, ) (w, 2) = F' (u,v)(w, z)| — 0, (3.25)

as (uy, v,) — (u,v), this implies &' is continuous on Wo(x),4(x)- O

Lemma 3.2. Under the assumptions (F1) and (F2), F' is compact from Wp(x) 4(x) to Wp(x) 4
Proof. Let (un, v,) be a bounded sequence in W) 4(x)- Then, there exists a subsequence (we
denote again as (u,, U,)) which converges weakly in Wy(y) 4(x) to a (1, 0) € Wy () 4(x)- Then, if
we use the same arguments as above, we have

|¢I(un/ Un)(wr Z) - q/(u/ U) ((,d, Z)l S |?Ir(unr Un) (wr Z) - ?; (u/ U) (wr Z)|

OF OF
N L(ﬁx,un,un)—$<x,u,u>>wdx

OF OF
+ J‘;<$(x,un,vn) - E(x,u,v)>zdx .

Since the restriction operator is continuous, then (u,,, v,,) — (1, v) in Wé’p () (B,) x W& A (B,).
Because of the compactness of ¥, the first expression on the right-hand side of the equation
tends to 0, as n — oo, and as we did above, when r sufficiently large, I; and I, tend also to

0. This implies ' is compact from W) 4(x) to W ) .a0° O

(3.26)




12 Journal of Inequalities and Applications

Lemma 3.3. If (F1), (F2), and (F3) hold, then ] satisfies the condition (C), that is, there exists a
sequence (Un, Un) € Wp(x)q(x) Stch that

() [J(un, va)| < c,
(11) (1 + ”uan(x) + an“q(x))”]/(un/ Un)”*,p(x),q(x) — Oasn — +o
contains a convergent subsequence.

Proof. By the assumption (ii), it is clear that J (un, 0n)(w,2) < & — Oasn — oo for all
(w, z) € Wpy(x) q(x)- Let us choose (w, z) = (u,, v,), then we have

& 2 ] (tn, vy) (U, Uy)

- - oF oF (3.27)
P q _ el el
2 [|tnll iy + 10nll ) J;RN ( E (%, Up, Un)ty + 50 (x, un,vn)vn)dx.

Moreover, by the assumption (i), we can write

P 1

T
p(x) - q_+”U"”q(x) + ’[RNF(xr Up, vn)dx- (328)

1
c2~J(uy,vy) 2 _F”un”

Using the assumption (F3), it follows that

ntc> ]l(un/ V) (Un, Uy) = J (Un, Uy)

1 - 1 -
> (15 ol = (1= 2 ol + [ P vn)a

oF

OF
- ,[RN <£(x/ Up, Uy)Uy + E(xr Un, vn)vn>dx

1 - 1 -
> (15 Yl + (1= 25 Y onl.

Thus, the sequence (u,,v,) is bounded in W) 4(x).- Then, there exists a subsequence (we
denote again as (u,, v,)) which converges weakly in W) 4(x)-
We recall the elementary inequalities:

(3.29)

2Pla-bl < (alal’? - bl ?)-(a=b) ifp>2, (3.30)
(p—1)|a-Dbl*(la] + |b])P 2 < (alalP? - bp]P)-(a-b) ifl<p<2, (3.31)

forall a,b € RN, where - denotes the standard inner productin RN. We will show that (u,, v,)
contains a Cauchy subsequence. Let us define the sets

Up={xeRN:p(x)>2}, V,={xeRN:1<p(x)<2}, 632)
3.32
Upg={xeRN:q(x)>2}, V,={xeRN:1<q(x)<2}.

For all x € RN, we put

Dy = (VPO Vi, — |V PO 2 Vi) (Y, — Vaag),
(3.33)
W = (Vi + [V ])* P
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Therefore for p(x) > 2, using (3.30), we have

2%P" f
U

Vi, — Vi PP dx < f (Vi POV, — |V O 2 V) - (Vuy, — Vi) dx
Up

’
< f Dy i dx = Tok
N
= (D1 ] (tn, v,) = D1 J (uk, vk) + D1F (th, 04) = D1 F (g, Uk)) (Un—1ik)
< (D1 (i, Ol ) *+ NPT 0t 06 i o ) 1t = 0l

+ ||D1$(un/ Un) - Dl?(”k/ Uk)”*,p(x),q(x)”un - uk“p(x)'
(3.34)

When 1 < p(x) <2, employing (3.31) and Proposition 2.2, it follows
f |Vun—Vuk|P<x>dxsj |Vt = VPO (V| + | Vaaie )P P22 (T4, | |V | )P EPED 2
v, v,

P(x)/2|
nk o l2/0-p(x)

p /2 p*/2
§2max{<f |Vun—Vuk|2‘P;1kdx> , (f |Vun—Vuk|2‘P;1k dx) }
RN ! RN ’

2-p7)/2 2-p*)/2
X max {( WZ(,’(‘)/@‘P("” dx) < q;Z(;:)/(Z—p(X)) dx) }
RN RN

|V, — Vg [P P2

<2 |
- nk 2/p(x)

S 2max {(p_ _ 1)—}7_/2 . TP_/Z (P_ _ 1)—P+/2 . T:;(/Z}

nk 7

@p)/2 @p")/2
X max { < (/P dx) ) ( f P/ 2P dx) }
RN 7 RN

(3.35)

Since Ty, k is uniformly bounded in Wg’p(x) (RN) in accordance with 7, k, and by the fact

that || J' (4, V) ||*/p(x)/q(x) — 0asm — +oo,F is compact and by Proposition 2.4, we have

lim | |Vu, - Vu[Pdx = 0. (3.36)

nk—+oo JpN

Applying the same arguments, we can find a subsequence of (u,, v,) such that

lim | |Vu, - Vur™dx = 0. (3.37)

nk—+co JpN

Therefore by Proposition 2.2, for a convenient subsequence, we have
n,ll<1—1>1:oo|| (un/ UTl) - (uk/ Uk) ||*,p(_x),q(x) =0. (338)

Hence, (u,,v,) contains a Cauchy subsequence and so contains a strongly convergent
subsequence. The proof is complete. O
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Lemma 3.4. Under the assumptions (F1)—(F4), the functional ] satisfies the following.
(i) There exists p, o > 0 such that ||u||p(x) + ||v||q(x) = p implies J(u,v) >0 > 0.
(i) There exists E € Wiy x) 4(x) such that ||E||p(x),q(x) > pand J(E) <0.

Proof. By (F4), we can find p > 0 such that |[[ul[, ) + [[v]| q(x) = PrSOWe have

Fexu,0) < (Sl + 2100,

p(x )( | q(x;( | (3:39)
alx), ) X ()
J o <n ] (G« S )ax
since A1 > 0, then we have
fNP(x,u,v)<fN< (1)| VulP® + e )|Vu|‘7<x>>dx,
* * (3.40)

0< J;RN <r%|Vu|P(x) ( )lVU|q(x))dx IRNF(x,u, U) = ](u,v).

Hence, there exists ¢ > 0 such that ] > ¢ > 0.
Let (7, 0) be an eigenfunction relative to . Then, using the assumption (F4), we can
obtain for € > 0 and ¢ sufficiently large,

F(x, tl/P(x)T, tl/q(x)e) > t()q + €)<a§x;| |p(x) bEx;| |q(x)) (3'41)

Thus,

1
t/P 7, 11/409) = tf <— vrP™ + —|ve ‘7(")>dx
I =G q(x)| |

- f F(x, /P tl/q(x)G)dx
RN

. ) (3.42)
<J' ( VP |V9|q(x)>dx
rN \P(X) g(x)
— O+ e)< f a0 ) gy f ) 1919004 >
v p(x) wy (%)
then it follows
J(#/PO 7 /4009 < —et<l+ f a(x)|TP®dx + lf b(x)|9|q(x)dx). (3.43)
pTJrn q Jrn
So, we can conclude that limy_,,o, J ('/P®) 1, 11/90)9) = —oo. Hence, for t sufficiently large,

J (/P 7, #1/40)9) < 0. As a consequence, we can say that the functional ] (u,v) has a critical
point; and as we know, the critical points of J(u,v) are the weak solutions of the system

P.Q). O
Theorem 3.5. The system (P,Q) has at least one nontrivial solution (u,v).

Proof. By Lemmas 3.3 and 3.4, we can apply the mountain pass theorem to obtain that the
system (P,Q) has a nontrivial weak solution. O
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