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1. Introduction

In recent years, the study of multilinear operators and their commutator has been attracting
many researchers. Many results which parallel to the linear theory of classical integral
operators are obtained. For details, one can see [1–4], and so forth. Meanwhile, as a further
development, harmonic analysis on R

d with nondoubling measures has been developed
rapidly. Many results of singular integrals and the related operators on Euclidean spaces with
Lebesguemeasure have been generalized to the Lebesgue spaces with nondoublingmeasures
(see [5–10], etc.). Motivated by [5, 8], we will consider the commutators generated by a class
of multilinear fractional integrals and RBMO functions with nondoubling measure, which
were introduced by Tolsa in [11].

Before stating our results, we recall some definitions and notations. Let μ be a Radon
measure on R

d satisfying the following growth condition; there exist constants C > 0 and
n ∈ (0, d], such that

μ(Q) ≤ Cl(Q)n, (1.1)

for any cube Q ⊂ R
d with sides parallel to the coordinate axes, where l(Q) stands for the

side length of Q. For r > 0, rQ will denote the cube with the same center as Q and with
l(rQ) = rl(Q).
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Let 0 ≤ β < n, given two cubes Q ⊂ R in R
d, we set

K
(β)
Q,R = 1 +

NQ,R∑

k=1

[
μ
(
2kQ

)

l
(
2kQ

)n

]1−β/n

, (1.2)

where NQ,R is the first integer k such that l(2kQ) ≥ l(R). If β = 0, then K
(0)
Q,R = KQ,R. The later

quantity was introduced by Tolsa in [11].
Given βd (depending on d) large enough (e.g., βd> 2n), we say that a cube Q ⊂ R

d is
doubling if μ(2Q) ≤ βdμ(Q).

Given a cube Q ⊂ R
d, let N be the smallest nonnegative integer such that 2NQ is

doubling. We denote this cube by Q̃.
Let η > 1 be a fixed constant. We say that b ∈ L1

loc(μ) is in RBMO(μ) if there exists a
constant C1 such that for any cube Q

1
μ(ηQ)

∫

Q

∣∣b(y) −mQ̃b
∣∣dμ(y) ≤ C1,

∣∣mQb −mRb
∣∣ ≤ C1KQ,R, for any two doubling cubes Q ⊂ R,

(1.3)

wheremQb = μ(Q)−1
∫
Qb(y)dμ(y). The minimal constant C1 is the RBMO(μ) norm of b, and it

will be denoted by ‖b‖∗. In [11], Tolsa obtained equivalent norm in the space RBMO(μ) with
different parameters η > 1 and βd> 2n.

We consider the following multilinear fractional integral operator

Iα,m
(
f1, . . . , fm

)
(x) =

∫

(Rd)m

f1
(
x − y1

)
f2
(
x − y2

) · · · fm
(
x − ym

)
∣∣(y1, y2, . . . , ym

)∣∣mn−α dμ
(
y1
) · · ·dμ(ym

)
. (1.4)

For m = 1, we denote Iα,1 by Iα, which is the Riesz potential operator related to μ.
Given m ∈ N, for all 1 ≤ j ≤ m, we denote by Cm

j the family of all finite subsets
σ = {σ(1), . . . , σ(j)} of {1, 2, . . . , m} of j different elements. For any σ ∈ Cm

j , we denote σ ′ =
{1, 2, . . . , m} \ σ = {σ ′(j + 1), . . . , σ ′(m)}. Moreover, for bj ∈ RBMO(μ), j = 1, 2, . . . , m, let
�b = (b1, b2, . . . , bm) and denote by �bσ = (bσ(1), . . . , bσ(j)) and by bσ(x) = bσ(1)(x) · · · bσ(j)(x).
Also, we denote �f = (f1, . . . , fm), �fσ = (fσ(1), . . . , fσ(j)), �bσ ′ �fσ ′ = (bσ ′(j+1)fσ(j+1), . . . , bσ ′(m)fσ ′(m)).
We define a kind of commutator of Iα,m as follows:

[�b, Iα,m
]( �f

)
(x) =

m∑

j=0

∑

σ∈Cm
j

(−1)m−jbσ(x)Iα,m
( �fσ, �bσ ′ �fσ ′

)
(x). (1.5)

In particular, form = 2, we define

[
b1, b2, Iα,2

](
f1, f2

)
(x) = b1(x)b2(x)Iα,2

(
f1, f2

)
(x) − b1(x)Iα,2

(
f1, b2f2

)
(x)

− b2(x)Iα,2
(
b1f1, f2

)
(x) + Iα,2

(
b1f1, b2f2

)
(x).

(1.6)

Obviously, for m = 1, the operator defined in (1.5) is the Coifman-Rochberg-Weiss
type commutator of fractional integral, [b, Iα]. Under the assumption that μ is a nondoubling
measure, Chen and Sawyer [5] established the (Lp, Lq)-boundedness of [b, Iα] (also see [9]
for the more general case). In this paper, we will extend the result of [5] as follows.
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Theorem 1.1. Let μ be defined as above and ‖μ‖ = ∞, bj ∈ RBMO(Rd), j = 1, 2, 0 < α < 2n. Then
[b1, b2, Iα,2] is a bounded operator from Lq1 × Lq2 to Lq with 1/q = 1/q1 + 1/q2 − α/2n > 0 and
1 < q1, q2 < ∞.

Remark 1.2. By Lemma 2.2 in Section 2, Theorem 1.1 for the case ‖μ‖ < ∞ also holds provided
Iα,2, [b1, b2, Iα,2], [b1, Iα,2], and [b2, Iα,2] satisfy certain T(1) type conditions. For instance, if Iα,2
satisfies the T(1) condition, that is, I∗1α,2 = 0, then we can easily obtain

∫
Iα,2(f1, f2)(x)dμ(x) = 0

(see [3] for the notation I∗1α,2).

More generally, we have the following theorem.

Theorem 1.3. Let m ∈ N, μ be defined as above, and ‖μ‖ = ∞, bj ∈ RBMO(Rd), j = 1, 2, . . . , m,
0 < α < mn. Then

∥∥[�b, Iα,m
]( �f

)∥∥
Lq(μ) ≤ C

m∏

j=1

∥∥bj
∥∥
∗
∥∥fj

∥∥
L
qj (μ), (1.7)

where 1/q = 1/q1 + 1/q2 + · · · + 1/qm − α/mn > 0 and 1 < qj < ∞, j = 1, 2, . . . , m.

Clearly, [5, Theorem 1] is the special case of our Theorem 1.3 for m = 1. Throughout
this paper, we always use the letter C to denote a positive constant that may vary at each
occurrence but is independent of the essential variable.

2. Proofs of theorems

We only prove Theorem 1.1 since Theorem 1.3 can follow from the same arguments and an
analogous version of the following Lemma 2.5, which can be deduced by induction on m.
Before proving our results, we need to recall some notation and establish some lemmas which
play important roles in the proofs.

Let f be a function in L1
loc(R

d), we define the noncentered maximal operator

M
(β)
p,(η)f(x) = sup

Q
x

[
1

μ(ηQ)(1−βp/n)

∫

Q

∣∣f(y)
∣∣pdμ(y)

]1/p
, (2.1)

and the sharp maximal function

M#,(β)f(x) = sup
Q
x

1
μ
(
(3/2)Q

)
∫

Q

∣∣f(y) −mQ̃f
∣∣dμ(y) + sup

R⊃Q
x
Q,R doubling

∣∣mQf −mRf
∣∣

K
(β)
Q,R

, (2.2)

where the supremum is taken over all cubes Q with sides parallel to the coordinate axes,
mQ(f) is the mean value of f on the cube Q. When β = 0, we denote M(0)

p,(η)f by Mp,(η)f and

M#,(0)f byM#f .
We also consider the noncentered doubling maximal operator N, defined by

Nf(x) = sup
Q
x

Q doubling

1
μ(Q)

∫

Q

∣∣f(y)
∣∣dμ(y). (2.3)
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Lemma 2.1 (see [11]). Let 1 ≤ p < ∞ and 1 < ρ < ∞. Then b ∈ RBMO(μ), if and only if for any
cube Q ⊂ R

d,

1
μ(ρQ)

∫

Q

∣∣b(x) −mQ̃(b)
∣∣pdμ(x) ≤ C‖b‖p∗ , (2.4)

and for any doubling cubes Q ⊂ R,
∣∣mQ(b) −mR(b)

∣∣ ≤ CKQ,R‖b‖∗. (2.5)

Lemma 2.2 (see [5]). Let f ∈ L1
loc(μ) with

∫
fdμ = 0 if ‖μ‖ < ∞. For 1 < p < ∞, if inf(1,Nf) ∈

Lp(μ), then for 0 ≤ β < n we have

‖Nf‖Lp(μ) ≤ C
∥∥M#,(β)f

∥∥
Lp(μ). (2.6)

Lemma 2.3 (see [5]). Let p < r < n/α and 1/q = 1/r − α/n. Then
∥∥M(α)

p,(η)f
∥∥
Lq(μ) ≤ C‖f‖Lr(μ), (2.7)

where η > 1 and 0 ≤ α < n/p.

Lemma 2.4. Suppose μ is a Radon measure satisfying (1.1). Letm ∈ N and 1/s = 1/r1+ · · ·+1/rm−
α/n > 0 with 0 < α < mn, 1 ≤ rj ≤ ∞. Then,

(a) if each rj > 1,

∥∥Iα,m
(
f1, . . . , fm

)∥∥
Ls(μ) ≤ C

m∏

j=1

∥∥fj
∥∥
L
rj (μ); (2.8)

(b) if rj = 1 for some j,

∥∥Iα,m
(
f1, . . . , fm

)∥∥
Ls,∞(μ) ≤ C

m∏

j=1

∥∥fj
∥∥
L
rj (μ). (2.9)

Proof. The proof follows the idea that, for the classical setting, can be found in [4]. For the
sake of completeness, we will show it again.

Since α > 0, some ri < ∞. If say, rl+1 = · · · = rm = ∞, 1 ≤ l < m, because α/n <
1/r1 + · · · + 1/rl ≤ l, so that mn − α > (m − l)n, integration in yl+1, . . . , ym reduces matters to
the case when all ri are finite (andm = l). Thus, we may assume that all ri < ∞. Now, observe
that if 0 < ci, i = 1, . . . , m, and 0 < α <

∑m
i=1ci, we can find 0 < αi < ci such that α =

∑m
i=1αi.

Apply this observation to ci = n/ri, and 1/si = 1/ri−αi/n. Since
∑m

i=11/si = 1/s, 0 < αi/n ≤ 1,
1 < si < ∞, and

∣∣y1
∣∣n−α1

∣∣y2
∣∣n−α2 · · · ∣∣ym

∣∣n−αm ≤ ∣∣(y1, . . . , ym

)∣∣nm−α
, (2.10)

where α =
∑m

i=1αi. It follows that

Iα,m
(
f1, . . . , fm

)
(x) ≤

m∏

i=1

Iαi

(
fi
)
(x). (2.11)

Then, by [5, Lemma 1, page 1289] (or see [6, page 1269]) and Hölder’s inequality (see [12,
page 15] for weak spaces when some ri = 1), we can get Lemma 2.4.
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Lemma 2.5. Let [b1, b2, Iα,2] be as in (1.6), 0 < α < 2n, τ > 1, b1, b2 ∈ RBMO(μ). Then there exists
a constant C > 0 such that for all f1 ∈ Lq1(μ), f2 ∈ Lq2(μ), and x ∈ R

d,

M#,(α)([b1, b2, Iα,2
](
f1, f2

))
(x) ≤ C

[∥∥b1
∥∥
∗
∥∥b2

∥∥
∗Mτ,(3/2)

(
Iα,2

(
f1, f2

))
(x)

+
∥∥b1

∥∥
∗Mτ,(3/2)

([
b2, Iα,2

](
f1, f2

))
(x)

+
∥∥b2

∥∥
∗Mτ,(3/2)

([
b1, Iα,2

](
f1, f2

))
(x)

+
∥∥b1

∥∥
∗
∥∥b2

∥∥
∗M

(α)
p1,(9/8)

f1(x)M
(α)
p2,(9/8)

f2(x)
]
,

(2.12)

M#,(α)([b1, Iα,2
](
f1, f2

))
(x) ≤ C

∥∥b1
∥∥
∗
[
Mτ,(3/2)

(
Iα,2

(
f1, f2

))
(x)

+M
(α)
p1,(9/8)

(
f1
)
(x)M(α)

p2,(9/8)

(
f2
)
(x)

]
,

(2.13)

M#,(α)([b2, Iα,2
](
f1, f2

))
(x) ≤ C

∥∥b2
∥∥
∗
[
Mτ,(3/2)

(
Iα,2

(
f1, f2

))
(x)

+M
(α)
p1,(9/8)

(
f1
)
(x)M(α)

p2,(9/8)

(
f2
)
(x)

]
,

(2.14)

where
[
b1, Iα,2

](
f1, f2

)
(x) = b1(x)Iα,2

(
f1, f2

)
(x) − Iα,2

(
b1f1, f2

)
(x),

[
b2, Iα,2

](
f1, f2

)
(x) = b2(x)Iα,2

(
f1, f2

)
(x) − Iα,2

(
f1, b2f2

)
(x).

(2.15)

Proof. By the definition, to obtain (2.12), it suffices to prove that for any x ∈ R
d and a cube

Q 
 x,

1
μ
(
(3/2)Q

)
∫

Q

∣∣[b1, b2, Iα,2
](
f1, f2

)
(z) − hQ

∣∣dμ(z)≤C[∥∥b1
∥∥
∗
∥∥b2

∥∥
∗Mτ,(3/2)

(
Iα,2

(
f1, f2

))
(x)

+
∥∥b1

∥∥
∗Mτ,(3/2)

(
[b2, Iα,2]

(
f1, f2

))
(x)

+
∥∥b2

∥∥
∗Mτ,(3/2)

(
[b1, Iα,2]

(
f1, f2

))
(x)

+
∥∥b1

∥∥
∗
∥∥b2

∥∥
∗M

(α)
p1,(9/8)

f1(x)M
(α)
p2,(9/8)

f2(x)
]
,

(2.16)

and for any cubes Q ⊂ R, where Q is an arbitrary cube and R is doubling,

∣∣hQ − hR

∣∣ ≤ CK2
Q,RK

(α)
Q,R

[∥∥b1
∥∥
∗
∥∥b2

∥∥
∗Mτ,(3/2)

(
Iα,2

(
f1, f2

))
(x)

+
∥∥b1

∥∥
∗Mτ,(3/2)

([
b2, Iα,2

](
f1, f2

))
(x)

+
∥∥b2

∥∥
∗Mτ,(3/2)

([
b1, Iα,2

](
f1, f2

))
(x)

+
∥∥b1

∥∥
∗
∥∥b2

∥∥
∗M

(α)
p1,(9/8)

f1(x)M
(α)
p2,(9/8)

f2(x)
]
,

(2.17)

where

hQ = mQ

(
Iα,2

((
mQ̃

(
b1
) − b1

)
f1χRd\(4/3)Q,

(
mQ̃

(
b2
) − b2

)
f2χRd\(4/3)Q

))
,

hR = mR

(
Iα,2

((
mR̃

(
b1
) − b1

)
f1χRd\(4/3)R,

(
mR̃

(
b2
) − b2

)
f2χRd\(4/3)R

))
.

(2.18)



6 Journal of Inequalities and Applications

First of all, it is easy to see that

∣∣[b1, b2, Iα,2
](
f1, f2

)
(z) − hQ

∣∣ ≤ ∣∣(b1(z) −mQ̃

(
b1
))(

b2(z) −mQ̃

(
b2
))
Iα,2

(
f1, f2

)
(z)

∣∣

+
∣∣(b1(z) −mQ̃

(
b1
))
Iα,2

(
f1,

(
b2(z) − b2

)
f2
)
(z)

∣∣

+
∣∣(b2(z) −mQ̃

(
b2
))
Iα,2

(
b1(z) − b2

)
f1, f2

)
(z)

∣∣

+
∣∣Iα,2

((
b1 −mQ̃(b)1

)
f1,

(
b1 −mQ̃(b)1

)
f2
)
(z) − hQ

∣∣

:= I(z) + II(z) + III(z) + IV(z).

(2.19)

Consequently,

1
μ
(
(3/2)Q

)
∫

Q

∣∣[b1, b2, Iα,2
](
f1, f2

)
(z) − hQ

∣∣dμ(z) ≤ C[I + II + III + IV], (2.20)

where I = μ((3/2)Q)−1
∫
QI(z)dμ(z), and II, III, IV are defined in the same way.

In what follows, we estimate I–IV, respectively. For I, by Hölder’s inequality and
Lemma 2.1, we have

I =
1

μ
(
(3/2)Q

)
∫

Q

I(z)dμ(z)

≤ C

(
1

μ
(
(3/2)Q

)
∫

Q

∣∣b1(z) −mQ̃

(
b1
)∣∣τ1 dμ(z)

)1/τ1

×
(

1
μ
(
(3/2)Q

)
∫

Q

∣∣b2(z) −mQ̃

(
b2
)∣∣τ2 dμ(z)

)1/τ2

×
(

1
μ
(
(3/2)Q

)
∫

Q

∣∣Iα,2
(
f1, f2

)∣∣τdμ(z)
)1/τ

≤ C
∥∥b1

∥∥
∗
∥∥b2

∥∥
∗Mτ,(3/2)

(
Iα,2

(
f1, f2

))
(x),

(2.21)

where τ1 > 1, τ2 > 1 and 1/τ + 1/τ1 + 1/τ2 = 1.
For II, we have

II =
1

μ
(
(3/2)Q

)
∫

Q

II(z)dμ(z)

≤ C

(
1

μ
(
(3/2)Q

)
∫

Q

∣∣b1(z) −mQ̃

(
b1
)∣∣sdμ(z)

)1/s

×
(

1
μ
(
(3/2)Q

)
∫

Q

∣∣[b2, Iα,2
](
f1, f2

)
(z)

∣∣τdμ(z)
)1/τ

≤ C
∥∥b1

∥∥
∗Mτ,(3/2)

([
b2, Iα,2

](
f1, f2

))
(x),

(2.22)

where s > 1 and 1/s + 1/τ = 1.
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Similarly, we have

III ≤ C
∥∥b2

∥∥
∗Mτ,(3/2)

([
b2, Iα,2

](
f1, f2

))
(x). (2.23)

It remains to estimate IV. For convenience, we set f0
j = fjχ4/3Q, fj = f0

j + f∞
j , j = 1, 2.

Then,

∣∣IV(z)
∣∣ ≤ ∣∣Iα,2

((
b1 −mQ̃

(
b1
))
f0
1 ,
(
b2 −mQ̃

(
b2
))
f0
2

)
(z)

∣∣

+
∣∣Iα,2

((
b1 −mQ̃

(
b1
))
f0
1 ,
(
b2 −mQ̃

(
b2
))
f∞
2
)
(z)

∣∣

+
∣∣Iα,2

((
b1 −mQ̃

(
b1
))
f∞
1 ,

(
b2 −mQ̃

(
b2
))
f0
2

)
(z)

∣∣

+
∣∣Iα,2

((
b1 −mQ̃

(
b1
))
f∞
1 ,

(
b2 −mQ̃

(
b2
))
f∞
2
)
(z) − hQ

∣∣

= IV1(z) + IV2(z) + IV3(z) + IV4(z),

(2.24)

and so we have

1
μ
(
(3/2)Q

)
∫

Q

∣∣IV(z)
∣∣dμ(z) ≤

4∑

j=1

1
μ
(
(3/2)Q

)
∫

Q

IVj(z)dμ(z) :=
4∑

j=1

IVj . (2.25)

To estimate IV1, set s1 =
√
p1, s2 =

√
p2, and 1/v = 1/s1 + 1/s2 −α/n. It follows from Hölder’s

inequality and Lemma 2.4 that

IV1 ≤
μ(Q)1−1/v

μ
(
(3/2)Q

)
∥∥Iα,2

((
b1 −mQ̃

(
b1
))
f0
1 ,
(
b2 −mQ̃

(
b2
))
f0
2

)∥∥
Lv(μ)

≤ Cμ
(
(3/2)Q

)−1/v∥∥(b1 −mQ̃

(
b1
))
f0
1

∥∥
Ls1 (μ)

∥∥(b2 −mQ̃

(
b2
))
f0
2

∥∥
Ls2 (μ)

≤ C

μ
(
(3/2)Q

)1/v

(∫

(4/3)Q

∣∣f1(y1)
∣∣p1dμ(y1)

)1/p1

×
(∫

(4/3)Q

∣∣b1(y1) −mQ̃

(
b1
)∣∣p1/(

√
p1−1)dμ(y1)

)(√p1−1)/p1

×
(∫

(4/3)Q

∣∣f2(y2)
∣∣p2dμ(y2)

)1/p2(∫

(4/3)Q

∣∣b2(y1) −mQ̃

(
bi
)∣∣p2/(

√
p2−1)dμ(yi)

)(√p2−1)/p2

≤ C
2∏

i=1

(
1

μ
(
(3/2)Q

)1−αpi/2n

∫

(4/3)Q

∣∣fi(yi)
∣∣pidμ(yi)

)1/pi

×
(

1
μ
(
(3/2)Q

)
∫

(4/3)Q

∣∣bi(yi) −mQ̃

(
bi
)∣∣pi/(

√
pi−1)dμ(yi)

)(√pi−1)/pi

≤ C
∥∥b1

∥∥
∗
∥∥b2

∥∥
∗M

(α)
p1,(9/8)

f1(x)M
(α)
p2,(9/8)

f2(x).

(2.26)
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For term IV2, by Lemma 2.1, we have

IV2 =
1

μ
(
(3/2)Q

)
∫

Q

IV2(z)dμ(z)

≤ C
1

μ
(
(3/2)Q

)
∫

Q

∫

Rd\(4/3)Q

∫

(4/3)Q

×
∣∣(b1

(
y1
) −mQ̃

(
b1
))
f0
1

(
y1
)∣∣∣∣(b2

(
y2
) −mQ̃

(
b2
))
f∞
2

(
y2
)∣∣

∣∣(z − y1, z − y2
)∣∣2n−α

dμ
(
y1
)
dμ

(
y2
)
dμ(z)

≤ C

μ
(
(3/2)Q

)
∫

Q

∫

(4/3)Q

∣∣(b1(y) −mQ̃

(
b1
))
f0
1

(
y1
)∣∣dμ

(
y1
)

×
∫

Rd\(4/3)Q

∣∣(b2
(
y2
) −mQ̃

(
b2
))
f∞
2

(
y2
)∣∣

∣∣z − y2
∣∣2n−α

dμ
(
y2
)
dμ(z)

≤ C

(
1

μ
(
(3/2)Q

)1−αp1/2n

∫

(4/3)Q

∣∣f1
(
y1
)∣∣p1dμ

(
y1
))1/p1

×
(

1
μ
(
(3/2)Q

)
∫

(4/3)Q

∣∣b1 −mQ̃

(
b1
)∣∣p′1dμ

(
y1
))1/p′1

× μ

(
3
2
Q

)−α/2n
μ(Q)

∞∑

k=1

∫

2k(4/3)Q\2k−1(4/3)Q

∣∣(b2
(
y2
) −mQ̃

(
b2
))
f2
(
y2
)∣∣

2k(2n−α)l(Q)2n−α
dμ

(
y2
)

≤ C
∥∥b1

∥∥
∗M

(α)
p1,(9/8)

f1(x)
∞∑

k=1

2−k(n−α/2)l
(
2k

3
2
Q

)−n+α/2

×
∫

2k(4/3)Q

∣∣(b2
(
y2
) −mQ̃

(
b2
))
f2
(
y2
)∣∣dμ

(
y2
)

≤ C
∥∥b1

∥∥
∗M

(α)
p1,(9/8)

f1(x)
∞∑

k=1

2−k(n−α/2)l
(
2k

3
2
Q

)−n+α/2

×
[∫

2k(4/3)Q

∣∣(b2
(
y2
) −m

˜2k(4/3)Q

(
b2
))
f2
(
y2
)∣∣dμ

(
y2
)

+
∣∣m

˜2k(4/3)Q

(
b2
) −mQ̃

(
b2
)∣∣
∫

2k(3/2)Q

∣∣f2
(
y2
)∣∣dμ

(
y2
)]

≤ C
∥∥b1

∥∥
∗M

(α)
p1,(9/8)

f1(x)

×
[ ∞∑

k=1

2−k(n−α/2)
(

1

l
(
2k(3/2)Q

)n

∫

2k(4/3)Q

∣∣(b2
(
y2
) −m

˜2k(4/3)Q

(
b2
))∣∣p′2dμ

(
y2
))1/p′2

×
(

1

l
(
2k(3/2)Q

)n−αp2/2

∫

2k(4/3)Q

∣∣f2
(
y2
)∣∣p2dμ

(
y2
))1/p2

+
∞∑

k=1

k2−k(n−α/2)
∥∥b2

∥∥
∗

1

l
(
2k(3/2)Q

)n−α/2

∫

2k(4/3)Q

∣∣f2
(
y2
)∣∣dμ

(
y2
)]

≤ C
∥∥b1

∥∥
∗
∥∥b2

∥∥
∗M

(α)
p1,(9/8)

f1(x)M
(α)
p2,(9/8)

f2(x),

(2.27)
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where the last inequality follows from the following two facts:

1

l
(
2k(3/2)Q

)n−α/2

∫

2k(4/3)Q

∣∣f2
(
y2
)∣∣dμ

(
y2
)

≤ μ
(
2k(4/3)Q

)1−1/p2

l
(
2k(3/2)Q

)n−α/2

(∫

2k(4/3)Q

∣∣f2
(
y2
)∣∣p2dμ

(
y2
))1/p2

≤ C
μ
(
2k+1(4/3)Q

)1−1/p2+1/p2−(α/2n)

l
(
2k+1(4/3)Q

)n−α/2

(
1

μ
(
2k+1(4/3)Q

)1−(αp2/2n)

∫

2k+1(4/3)Q

∣∣f2
(
y2
)∣∣p2dμ

(
y2
))1/p2

≤ CM
(α)
p2,9/8

f2(x),

(2.28)

and (see[11])
∣∣m

˜2k(4/3)Q

(
bj
) −mQ̃

(
bj
)∣∣ ≤ C

∥∥bj
∥∥
∗KQ̃, ˜2k(4/3)Q

≤ C
∥∥bj

∥∥
∗KQ,2k(4/3)Q ≤ Ck

∥∥bj
∥∥
∗, j = 1, 2.

(2.29)

Similarly,

IV3 ≤ C
∥∥b1

∥∥
∗
∥∥b2

∥∥
∗M

(α)
p1,(9/8)

f1(x)M
(α)
p2,(9/8)

f2(x). (2.30)

For term IV4, we have
∣∣Iα,2

((
b1 −mQ̃

(
b1
))
f∞
1 ,

(
b2 −mQ̃

(
b2
))
f∞
2
)
(z) − Iα,2

((
b1 −mQ̃

(
b1
))
f∞
1 ,

(
b2 −mQ̃

(
b2
))
f∞
2
)
(y)

∣∣

≤
∫

Rd\(4/3)Q

∫

Rd\(4/3)Q

∣∣∣∣
1

∣∣(z − y1, z − y2
)∣∣2n−α

− 1
∣∣(y − y1, y − y2

)∣∣2n−α

∣∣∣∣

×
∣∣∣∣

2∏

i=1

(
bi
(
yi

) −mQ̃

(
bi
))
f∞
i

(
yi

)∣∣∣∣dμ
(
y1
)
dμ

(
y2
)

≤
∫

Rd\(4/3)Q

∫

Rd\(4/3)Q

|z − y|
∣∣(y − y1, y − y2

)∣∣2n−α+1

×
∣∣∣∣

2∏

i=1

(
bi
(
yi

) −mQ̃

(
bi
))
f∞
i

(
yi

)∣∣∣∣dμ
(
y1
)
dμ

(
y2
)

≤ C
2∏

i=1

∫

Rd\(4/3)Q

|z − y|1/2
∣∣y − yi

∣∣n−α/2+1/2
∣∣(bi

(
yi

) −mQ̃

(
bi
))
f∞
i

(
yi

)∣∣dμ
(
yi

)

≤ C
2∏

i=1

∞∑

k=1

∫

2k(4/3)Q\2k−1(4/3)Q
2−k/2

1

l
(
2kQ

)n−α/2
∣∣(bi

(
yi

) −mQ̃

(
bi
))∣∣∣∣f∞

i

(
yi

)∣∣dμ
(
yi

)

≤ C
2∏

i=1

∞∑

k=1

2−k/2
(

1

l
(
2k(3/2)Q

)n

∫

2k(4/3)Q

∣∣(bi
(
yi

) −mQ̃

(
bi
))∣∣p′idμ

(
yi

))1/p′i

×
(

1

l
(
2k(3/2)Q

)n−(αpi/2)

∫

2k(4/3)Q

∣∣fi
(
yi

)∣∣pidμ
(
yi

))1/pi
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≤ C
2∏

i=1

∞∑

k=1

2−k/2M(α)
pi,(9/8)

fi(x)

×
(

1

l
(
2k(3/2)Q

)n

∫

2k(4/3)Q

∣∣(bi
(
yi

)−m
˜2k(4/3)Q

(
bi
)
+m

˜2k(4/3)Q

(
bi
)−mQ̃

(
bi
))∣∣p′idμ

(
yi

))1/p′i

≤ C
2∏

i=1

∞∑

k=1

2−k/2k
∥∥bi

∥∥
∗M

(α)
pi,(9/8)

fi(x)

≤ C
∥∥b1

∥∥
∗
∥∥b2

∥∥
∗M

(α)
p1,(9/8)

f1(x)M
(α)
p2,(9/8)

f2(x).

(2.31)

Taking the mean over y ∈ Q, we obtain
∣∣Iα,2

((
b1−mQ̃

(
b1

))
f∞
1 ,

(
b1−mQ̃

(
b1
))
f∞
2
)
(z)−hQ

∣∣ ≤ C
∥∥b1

∥∥
∗
∥∥b2

∥∥
∗M

(α)
p1,(9/8)

f1(x)M
(α)
p2,(9/8)

f2(x).

(2.32)

Thus,

IV4 =
1

μ
(
(3/2)Q

)
∫

Q

IV4(z)dμ(z) ≤ C
∥∥b1

∥∥
∗
∥∥b2

∥∥
∗M

(α)
p1,(9/8)

f1(x)M
(α)
p2,(9/8)

f2(x). (2.33)

Combing (2.20)–(2.33), we obtain (2.16).

Nowwe turn to estimate (2.17). For any cubes,Q ⊂ Rwith x ∈ Q, whereQ is arbitrary
and R is doubling. We denote NQ,R + 1 simply byN, write

∣∣hQ − hR

∣∣ =
∣∣mQ

[
Iα,2

((
b1 −mQ̃b1

)
f∞
1 ,

(
b2 −mQ̃b2

)
f∞
2
)]

−mR

[
Iα,2

((
b1 −mRb1

)
f∞
1 ,

(
b2 −mRb2

)
f∞
2
)]∣∣

≤ ∣∣mR

[
Iα,2

((
b1 −mQ̃b1

)
f1χRd\2NQ,

(
b2 −mQ̃b2

)
f2χRd\2NQ

)]

−mQ

[
Iα,2

((
b1 −mQ̃b1

)
f1χRd\2NQ,

((
b2 −mQ̃b2

)
f2χRd\2NQ

)]∣∣

+
∣∣mR

[
Iα,2

((
b1 −mRb1

)
f1χRd\2NQ,

(
b2 −mRb2

)
f2χRd\2NQ

)]

−mR

[
Iα,2

((
b1 −mQ̃b1

)
f1χRd\2NQ,

(
b2 −mQ̃b2

)
f2χRd\2NQ

)]∣∣

+
∣∣mQ

[
Iα,2

((
b1 −mQ̃b1

)
f1χ2NQ\(4/3)Q,

(
b2 −mQ̃b2

)
f2χRd\(4/3)Q

)]∣∣

+
∣∣mQ

[
Iα,2

((
b1 −mQ̃b1

)
f1χRd\2NQ,

(
b2 −mQ̃b2

)
f2χ2NQ\(4/3)Q

)]∣∣

+
∣∣mR

[
Iα,2

((
b1 −mRb1

)
f1χRd\(4/3)R,

(
b2 −mRb2

)
f2χ2NQ\(4/3)R

)]∣∣

+
∣∣mR

[
Iα,2

((
b1 −mRb1

)
f1χ2NQ\(4/3)R,

(
b2 −mRb2

)
f2χRd\2NQ

)]∣∣

=
6∑

i=1

Ai.

(2.34)

By the similar arguments used in proving (2.33), we obtain that

A1 ≤ C
[
KQ,R

]2∥∥b1
∥∥
∗
∥∥b2

∥∥
∗M

(α)
p1,(9/8)

f1(x)M
(α)
p2,(9/8)

f2(x). (2.35)
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To estimate A2, we write

Iα,2
((
b1 −mR

(
b1
))
f1χRd\2NQ,

(
b2 −mR

(
b2
))
f2χRd\2NQ

)
(z)

− Iα,2
((
b1 −mQ̃

(
b1
))
f1χRd\2NQ,

(
b2 −mQ̃

(
b2
))
f2χRd\2NQ

)
(z)

=
(
mR

(
b2
) −mQ̃

(
b2
))
Iα,2

((
b1 −mR

(
b1
))
f1χRd\2NQ, f2χRd\2NQ

)
(z)

+
(
mR

(
b1
) −mQ̃

(
b1
))
Iα,2

(
f1χRd\2NQ,

(
b2 −mR

(
b2
))
f2χRd\2NQ

)
(z)

+
(
mR

(
b1
) −mQ̃

(
b1
))(

mR

(
b2
) −mQ̃

(
b2
))
Iα,2

(
f1χRd\2NQ, f2χRd\2NQ

)
(z).

(2.36)

Then,

A2 ≤
∣∣mR

(
b2
) −mQ̃

(
b2
)∣∣
∣∣∣∣

1
μ(R)

∫

R

Iα,2
((
b1 −mR

(
b1
))
f1χRd\2NQ, f2χRd\2NQ

)
(z)dμ(z)

∣∣∣∣

+
∣∣mR

(
b1
) −mQ̃

(
b1
)∣∣
∣∣∣∣

1
μ(R)

∫

R

Iα,2
(
f1χRd\2NQ,

(
b2 −mR

(
b2
))
f2χRd\2NQ

)
(z)dμ(z)

∣∣∣∣

+
∣∣mR

(
b1
) −mQ̃

(
b1
)∣∣∣∣mR

(
b2
) −mQ̃

(
b2
)∣∣
∣∣∣∣

1
μ(R)

∫

R

Iα,2
(
f1χRd\2NQ, f2χRd\2NQ

)
(z)dμ(z)

∣∣∣∣

= A21 +A22 +A23.

(2.37)

It is obvious that

A23 ≤ CK2
Q,R

∥∥b1
∥∥
∗
∥∥b2

∥∥
∗Mτ,(3/2)

(
Iα,2

(
f1, f2

))
(x). (2.38)

In order to estimate term A21, we write

Iα,2
((
b1 −mRb1

)
f1χRd\2NQ, f2χRd\2NQ

)
(z)

= Iα,2
((
b1 −mRb1

)
f1, f2

)
(z) − Iα,2

((
b1 −mRb1

)
f1χ2NQχ(4/3)R, f2χ(4/3)R

)
(z)

− Iα,2
((
b1 −mRb1

)
f1χ(4/3)R, f2χ2NQχ(4/3)R

)
(z)

+ Iα,2
((
b1 −mRb1

)
f1χ2NQχ(4/3)R, f2χ2NQχ(4/3)R

)
(z)

− Iα,2
((
b1 −mRb1

)
f1χRd\(4/3)R, f2χ2NQ

)
(z)

− Iα,2
((
b1 −mRb1

)
f1χ2NQ, f2χRd\(4/3)R

)
(z)

+ Iα,2
((
b1 −mRb1

)
f1χ2NQ\(4/3)R, f2χ2NQ\(4/3)R

)
(z)

=
7∑

j=1

Bj(z).

(2.39)

For B1(z), we write

∣∣Iα,2
((
b1 −mRb1

)
f1, f2

)
(z)

∣∣ ≤ ∣∣Iα,2
((
b1 − b1(z)

)
f1, f2

)
(z)

∣∣ +
∣∣Iα,2

((
b1(z) −mRb1

)
f1, f2

)
(z)

∣∣.
(2.40)
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By Hölder’s inequality and the fact that R is doubling, we have

1
μ(R)

∫

R

Iα,2
((
b1 −mRb1

)
f1, f2

)
(z)dμ(z) ≤ C

∥∥b1
∥∥
∗Mτ,(3/2)

(
Iα,2

(
f1, f2

))
(x),

1
μ(R)

∫

R

Iα,2
((
b1 − b1(z)

)
f1, f2

)
(z)dμ(z) ≤ CMτ,(3/2)

([
b1, Iα,2

](
f1, f2

))
(x),

(2.41)

which imply

∣∣mRB1
∣∣ ≤ C

(∥∥b1
∥∥
∗Mτ,(3/2)

(
Iα,2

(
f1, f2

))
(x) +Mτ,(3/2)

([
b1, Iα,2

](
f1, f2

))
(x)

)
. (2.42)

For B2(z), set s1 =
√
p1, s2 = p2, and 1/v = 1/s1 + 1/s2 − α/n. Using Hölder’s inequality and

Lemma 2.4, we have

1
μ(R)

∫

R

B2(z)dμ(z) ≤ C
μ(R)1−1/v

μ(R)
∥∥Iα,2

((
b1 −mR

(
b1
))
f1χ2NQχ(4/3)R, f2χ(4/3)R

)∥∥
Lv(μ)

≤ Cμ

(
3
2
R

)−1/v∥∥(b1 −mR

(
b1
))
f1χ2NQχ(4/3)R

∥∥
Ls1 (μ)

∥∥f2χ(4/3)R
∥∥
Ls2 (μ)

≤ Cμ

(
3
2
R

)−1/v(∫

(4/3)R

∣∣f2(y)
∣∣p2dμ(y)

)1/p2(∫

(4/3)R

∣∣f1(x)
∣∣p1dμ(y)

)1/p1

×
(∫

(4/3)R

∣∣b1(y) −mR

(
b1
)∣∣p1/(

√
p1−1)dμ(y)

)(√p1−1)/p1

≤ C

(
1

μ
(
(3/2)R

)1−αp1/2n

∫

(4/3)R

∣∣f1(y)
∣∣p1dμ(y)

)1/p1

×
(

1
μ
(
(3/2)R

)
∫

(4/3)R

∣∣b1(y) −mR

(
b1
)∣∣p1/(

√
p1−1)dμ(y)

)(√p1−1)/p1

×
(

1

μ
(
(3/2)R

)1−αp2/2n

∫

(4/3)Q

∣∣f2(y)
∣∣p2dμ(y)

)1/p2

≤ C
∥∥b1

∥∥
∗M

(α)
p1,(9/8)

f1(x)M
(α)
p2,(9/8)

f2(x),

(2.43)

which implies

∣∣mRB2
∣∣ ≤ C

∥∥b1
∥∥
∗M

(α)
p1,(9/8)

f1(x)M
(α)
p2,(9/8)

f2(x). (2.44)

Similarly,

∣∣mRB3
∣∣ ≤ C

∥∥b1
∥∥
∗M

(α)
p1,(9/8)

f1(x)M
(α)
p2,(9/8)

f2(x),

∣∣mRB4
∣∣ ≤ C

∥∥b1
∥∥
∗M

(α)
p1,(9/8)

f1(x)M
(α)
p2,(9/8)

f2(x).
(2.45)
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For B5(z), since z ∈ R, we have

∣∣B5(z)
∣∣ ≤

∫

2NQ

∫

Rd\(4/3)Q

∣∣(b1 −mR

(
b1
))
f1
∣∣∣∣f2

(
y2
)∣∣

∣∣(z − y1, z − y2)
∣∣2n−α

dμ
(
y1
)
dμ

(
y2
)

≤
∫

2NQ

∣∣f2
(
y2
)∣∣dμ

(
y2
)∫

Rd\(4/3)Q

∣∣(b1
(
y1
) −mR

(
b1
))
f1
∣∣

∣∣z − y1
∣∣2n−α

dμ
(
y1
)

≤ C

l(2R)n−α/2

∫

2NQ

∣∣f2
(
y2
)∣∣dμ

(
y2
)

×
∞∑

k=1

2−kn

l
(
2k(4/3)

)n−α/2

∫

2k(4/3)R\2k−1(4/3)R

∣∣(b1
(
y1
) −mR

(
b1
))
f1
∣∣dμ

(
y1
)

≤ C
1

l(2R)n−α/2

∫

2NQ

∣∣f2
(
y2
)∣∣dμ

(
y2
)

×
∞∑

k=1

2−kn

l
(
2k(4/3)R

)n−α/2

×
[∫

2k(4/3)R

∣∣(b1
(
y1
) −m2k(4/3)R

(
b1
))
f1
∣∣dμ

(
y1
)

+
∫

2k(4/3)R

∣∣m2k(4/3)R
(
b1
) −mR

(
b1
)(
y1
)∣∣∣∣f1

(
y1
)∣∣dμ

(
y1
)]

≤ C
1

l(2R)n−α/2

∫

2NQ

∣∣f2
(
y2
)∣∣dμ

(
y2
)

×
∞∑

k=1

2−kn
[

1

l
(
2k(4/3)R

)n

∫

2k(4/3)R

∣∣b1
(
y1
) −m2k(4/3)R

(
b1
)∣∣p′1dμ

(
y1
)1/p′1

× 1

l
(
2k(4/3)R

)n−αp1/2

∫

2k(4/3)R

∣∣f1
∣∣p1dμ

(
y1
)1/p1

+ C
∥∥b1

∥∥
∗

1

l
(
2k(4/3)R

)n−α/2

∫

2k(4/3)R

∣∣f1
∣∣dμ

(
y1
)]

≤ C
1

l(2R)n−α/2

∫

2NQ

∣∣f2
(
y2
)∣∣dμ

(
y2
) ∞∑

k=1

2−kn
∥∥b1

∥∥
∗
(
M

(α)
p1,(9/8)

f1(x) +Mp1,(9/8)f1(x)
)

≤ C
N∑

k=1

1

l(2R)n−α/2

∫

2kQ\2k−1Q

∣∣f2
(
y2
)∣∣dμ

(
y2
)∥∥b1

∥∥
∗M

(α)
p1,(9/8)

f1(x)

+
1

l(2R)n−α/2

∫

Q

∣∣f2
(
y2
)∣∣dμ

(
y2
)∥∥b1

∥∥
∗M

(α)
p1,(9/8)

f1(x)

≤ C
N∑

k=0

1

l(2R)n−α/2

∫

2kQ

∣∣f2
(
y2
)∣∣dμ

(
y2
)∥∥b1

∥∥
∗M

(α)
p1,(9/8)

f1(x)
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≤ C
N∑

k=0

μ
(
2k+1Q

)1−(α/2n)

l
(
2k+1Q

)n−(α/2)
l
(
2k+1Q

)n−(α/2)

l(2R)n−(α/2)
1

μ
(
2k+1Q

)1−(α/2n)

×
∫

2kQ

∣∣f2
(
y2
)∣∣dμ

(
y2
)∥∥b1

∥∥
∗M

(α)
p1,(9/8)

f1(x)

≤ C
N∑

k=0

μ
(
2k+1Q

)1−(α/2n)

l
(
2k+1Q

)n−(α/2)
1

μ
(
(9/8)2kQ

)1−(α/2n)

∫

2kQ

∣∣f2
(
y2
)∣∣dμ

(
y2
)∥∥b1

∥∥
∗M

(α)
p1,(9/8)

f1(x)

≤ CK
(α)
Q,R

∥∥b1
∥∥
∗M

(α)
p1,(9/8)

f1(x)M
(α)
p2,(9/8)

f2(x).

(2.46)

Taking the mean on z over R, we obtain

∣∣mRB5
∣∣ ≤ CK

(α)
Q,R

∥∥b1
∥∥
∗M

(α)
p1,(9/8)

f1(x)M
(α)
p2,(9/8)

f2(x). (2.47)

Similarly, we have

∣∣mRB6
∣∣ ≤ CK

(α)
Q,R

∥∥b1
∥∥
∗M

(α)
p1,(9/8)

f1(x)M
(α)
p2,(9/8)

f2(x),

∣∣mRB7
∣∣ ≤ CK

(α)
Q,R

∥∥b1
∥∥
∗M

(α)
p1,(9/8)

f1(x)M
(α)
p2,(9/8)

f2(x).
(2.48)

Summing up the estimates (2.39)–(2.48), we obtain

A21 ≤ CKQ,RK
(α)
Q,R

[∥∥b1
∥∥
∗
∥∥b2

∥∥
∗Mτ,(3/2)

(
Iα,2

(
f1, f2

))
(x)

+
∥∥b2

∥∥
∗Mτ,(3/2)

([
b1, Iα,2

](
f1, f2

))
(x)

+
∥∥b1

∥∥
∗
∥∥b2

∥∥
∗Mp1,(9/8)f1(x)Mp2,(9/8)f2(x)

]
.

(2.49)

By the same arguments, we can get

A22 ≤ CKQ,RK
(α)
Q,R

[∥∥b1
∥∥
∗
∥∥b2

∥∥
∗Mτ,(3/2)

(
Iα,2

(
f1, f2

))
(x)

+
∥∥b1

∥∥
∗Mτ,(3/2)

([
b2, Iα,2

](
f1, f2

))
(x)

+
∥∥b1

∥∥
∗
∥∥b2

∥∥
∗Mp1,(9/8)f1(x)Mp2,(9/8)f2(x)

]
.

(2.50)

Consequently,

A2 ≤ CK2
Q,RK

(α)
Q,R

[∥∥b1
∥∥
∗
∥∥b2

∥∥
∗Mτ,(3/2)

(
Iα,2

(
f1, f2

))
(x)

+
∥∥b1

∥∥
∗Mτ,(3/2)

([
b2, Iα,2

](
f1, f2

))
(x)

+
∥∥b2

∥∥
∗Mτ,(3/2)

([
b1, Iα,2

](
f1, f2

))
(x)

+
∥∥b1

∥∥
∗
∥∥b2

∥∥
∗Mp1,(9/8)f1(x)Mp2,(9/8)f2(x)

]
.

(2.51)

Using the similar arguments to those used in proving B5(z), we can conclude that

A3 +A4 +A5 +A6 ≤ CK2
Q,RK

(α)
Q,R

∥∥b1
∥∥
∗
∥∥b2

∥∥
∗M

(α)
p1,(9/8)

f1(x)M
(α)
p2,(9/8)

f2(x). (2.52)
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Therefore, we obtain
∣∣hQ − hR

∣∣ ≤ CK2
Q,RK

(α)
Q,R

[∥∥b1
∥∥
∗
∥∥b2

∥∥
∗Mτ,(3/2)

(
Iα,2

(
f1, f2

))
(x)

+
∥∥b1

∥∥
∗Mτ,(3/2)

([
b2, Iα,2

](
f1, f2

))
(x)

+
∥∥b2

∥∥
∗Mτ,(3/2)

([
b1, Iα,2

](
f1, f2

))
(x)

+
∥∥b1

∥∥
∗
∥∥b2

∥∥
∗Mp1,(9/8)f1(x)Mp2,(9/8)f2(x)

]
,

(2.53)

which implies (2.17).
Finally, we show how to derive (2.12) from (2.16) and (2.17). From (2.16), if Q is

doubling and x ∈ Q, we have

∣∣mQ

([
b1, b2, Iα,2

](
f1, f2

)) − hQ

∣∣ ≤ 1
μ(Q)

∫

Q

∣∣[b1, b2, Iα,2
](
f1, f2

)
(z) − hQ

∣∣dμ(z)

≤ C
[∥∥b1

∥∥
∗
∥∥b2

∥∥
∗Mτ,(3/2)

(
Iα,2

(
f1, f2

))
(x)

+
∥∥b1

∥∥
∗Mτ,(3/2)

([
b2, Iα,2

](
f1, f2

))
(x)

+
∥∥b2

∥∥
∗Mτ,(3/2)

([
b1, Iα,2

](
f1, f2

))
(x)

+
∥∥b1

∥∥
∗
∥∥b2

∥∥
∗Mp1,(9/8)f1(x)Mp2,(9/8)f2(x)

]
.

(2.54)

Also, for any cube Q with x ∈ Q, KQ,Q̃ ≤ C and K
(α)
Q,Q̃

≤ C, by (2.16), (2.17), and (2.54), we
have

1
μ
(
(3/2)Q

)
∫

Q

∣∣[b1, b2, Iα,2
](
f1, f2

)
(z) −mQ̃

[
b1, b2, Iα,2

](
f1, f2

)∣∣dμ(z)

≤ 1
μ
(
(3/2)Q

)
∫∣∣[b1, b2, Iα,2

](
f1, f2

)
(z) − hQ

∣∣dμ(z)

+
1

μ
(
(3/2)Q

)
∫

Q

∣∣mQ̃

([
b1, b2, Iα,2

](
f1, f2

)) − hQ̃

∣∣dμ(z)

+
1

μ
(
(3/2)Q

)
∫

Q

∣∣hQ − hQ̃

∣∣dμ(z)

≤ C
[∥∥b1

∥∥
∗
∥∥b2

∥∥
∗Mτ,(3/2)

(
Iα,2

(
f1, f2

))
(x)

+
∥∥b1

∥∥
∗Mτ,(3/2)

(
[b2, Iα,2]

(
f1, f2

))
(x)

+
∥∥b2

∥∥
∗Mτ,(3/2)

(
[b1, Iα,2]

(
f1, f2

))
(x)

+
∥∥b1

∥∥
∗
∥∥b2

∥∥
∗Mp1,(9/8)f1(x)Mp2,(9/8)f2(x)

]
.

(2.55)

On the other hand, for all doubling cubes Q ⊂ Rwith x ∈ Q, such thatK(α)
Q,R ≤ P ′

α, where P ′
α is

the constant in [5, Lemma 6], by (2.17), we have
∣∣hQ − hR

∣∣ ≤ CK2
Q,RP

′
α

[∥∥b1
∥∥
∗
∥∥b2

∥∥
∗Mτ,(3/2)

(
Iα,2

(
f1, f2

))
(x)

+
∥∥b1

∥∥
∗Mτ,(3/2)

([
b2, Iα,2

](
f1, f2

))
(x)

+
∥∥b2

∥∥
∗Mτ,(3/2)

([
b1, Iα,2

](
f1, f2

))
(x)

+
∥∥b1

∥∥
∗
∥∥b2

∥∥
∗Mp1,(9/8)f1(x)Mp2,(9/8)f2(x)

]
.

(2.56)
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Hence, by [5, Lemma 6], we get

∣∣hQ − hR

∣∣ ≤ CK
(α)
Q,R

[∥∥b1
∥∥
∗
∥∥b2

∥∥
∗Mτ,(3/2)

(
Iα,2

(
f1, f2

))
(x)

+
∥∥b1

∥∥
∗Mτ,(3/2)

([
b2, Iα,2

](
f1, f2

))
(x)

+
∥∥b2

∥∥
∗Mτ,(3/2)

([
b1, Iα,2

](
f1, f2

))
(x)

+
∥∥b1

∥∥
∗
∥∥b2

∥∥
∗Mp1,(9/8)f1(x)Mp2,(9/8)f2(x)

]
,

(2.57)

for all doubling cubes Q ⊂ Rwith x ∈ Q. Invoking (2.55) yields that

∣∣mQ

([
b1, b2, Iα,2

](
f1, f2

)) −mR

([
b1, b2, Iα,2

](
f1, f2

))∣∣

≤ ∣∣mQ

([
b1, b2, Iα,2

](
f1, f2

)) − hQ

∣∣ +
∣∣hR −mR

([
b1, b2, Iα,2]

(
f1, f2

))∣∣ +
∣∣hQ − hR

∣∣

≤ CK
(α)
Q,R

[∥∥b1
∥∥
∗
∥∥b2

∥∥
∗Mτ,(3/2)

(
Iα,2

(
f1, f2

))
(x)

+
∥∥b1

∥∥
∗Mτ,(3/2)

([
b2, Iα,2

](
f1, f2

))
(x)

+
∥∥b2

∥∥
∗Mτ,(3/2)

([
b1, Iα,2

](
f1, f2

))
(x)

+
∥∥b1

∥∥
∗
∥∥b2

∥∥
∗Mp1,(9/8)f1(x)Mp2,(9/8)f2(x)

]
.

(2.58)

From this estimate and the definition of the sharp maximal function, we complete the proof
of (2.12). Similarly, we can deduce (2.13) and (2.14). The details are omitted.

Now we are in the position to prove Theorem 1.1.

Proof of Theorem 1.1. By the Lebesgue differentiation theorem, it is easy to see that for any
f ∈ L1

loc(R
d),

∣∣f(x)
∣∣ ≤ Nf(x), (2.59)

for μ − a.e. x ∈ R
d, see [11] for details. By Lemmas 2.2–2.5, we have

∥∥[b1, b2, Iα,2
](
f1, f2

)∥∥
Lq ≤

∥∥N([
b1, b2, Iα,2

](
f1, f2

))∥∥
Lq

≤ ∥∥M#,(β)([b1, b2, Iα,2
](
f1, f2

))∥∥
Lq

≤ C
[∥∥b1

∥∥
∗
∥∥b2

∥∥
∗
∥∥Mτ,(3/2)

(
Iα,2

(
f1, f2

))∥∥
Lq

+
∥∥b1

∥∥
∗
∥∥Mτ,(3/2)

([
b2, Iα,2

](
f1, f2

))∥∥
Lq

+
∥∥b2

∥∥
∗
∥∥Mτ,(3/2)

([
b1, Iα,2

](
f1, f2

))∥∥
Lq

+
∥∥b1

∥∥
∗
∥∥b2

∥∥
∗
∥∥M(α)

p1,(9/8)
f1(x)M

(α)
p2,(9/8)

f2
∥∥
Lq

]

≤ C
[∥∥b1

∥∥
∗
∥∥b2

∥∥
∗
∥∥f1

∥∥
Lq1

∥∥∥∥f2
∥∥
Lq2

+
∥∥b1

∥∥
∗
∥∥[b2, Iα,2

](
f1, f2

)∥∥
Lq

+
∥∥b2

∥∥
∗
∥∥[b1, Iα,2

](
f1, f2

)∥∥
Lq

]
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≤ C
(∥∥b1

∥∥
∗
∥∥b2

∥∥
∗
∥∥f1

∥∥
Lq1

∥∥∥∥f2
∥∥
Lq2

+
∥∥b1

∥∥
∗
∥∥M#,(β)([b2, Iα,2

](
f1, f2

))∥∥
Lp1

+
∥∥b2

∥∥
∗‖M#,(β)([b1, Iα,2

](
f1, f2

))∥∥
Lp2

)

≤ C
∥∥b1

∥∥
∗
∥∥b2

∥∥
∗
∥∥f1

∥∥
Lq1

∥∥∥∥f2
∥∥
Lq2 .

(2.60)

This proves Theorem 1.1.
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