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This paper investigates the p(x)-Laplacian equations with exponential nonlinearities —A,u
+e/® = 0in Q, u(x) — + oo as d(x,0Q) — 0, where Dyl = ~div(|VulP®2Vu) is called p(x)-
Laplacian. The singularity of boundary blow-up solutions is discussed, and the existence of bound-
ary blow-up solutions is given.
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1. Introduction

The study of differential equations and variational problems with nonstandard p(x)-growth
conditions is a new and interesting topic. We refer to [1, 2], the background of these problems.
Many results have been obtained on this kind of problems, for example, [1-15]. In this paper,
we consider the p(x)-Laplacian equations with exponential nonlinearities

~Apwu+e/ =0 inQ, ®)
u(x) — +oo asd(x,0Q) — 0,
where —~Apu = ~div(|VulP®2vu), Q = B(0,R) c RN is a bounded radial domain (B(0, R) =
{x € RN | |x| < R} ). Our aim is to give the existence and asymptotic behavior of solutions for
problem (P).
Throughout the paper, we assume that p(x) and f(x, u) satisfy that

(Hy) p(x) € C! (Q) is radial and satisfies

1<p <p" <+, wherep = irgllfp(x), p* =supp(x); (1.1)
Q
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(Hy) f(x,u) is radial with respect to x, f(x,-) is increasing and f(x,0) = 0 for any x € &;

(H3) f: QxR — Ris a continuous function and satisfies

|f(x, )] < Ci+Colt]™, V(x,t) e QxR, (1.2)

where C;, C; are positive constants, 0 < y € C(Q).

The operator —Axu = —div(|Vu/’ ®)2yy) is called p(x)-Laplacian. Especially, if p(x) =
p (a constant), (P) is the well-known p-Laplacian problem (see [16-18]).

Because of the nonhomogeneity of p(x)-Laplacian, p(x)-Laplacian problems are more
complicated than those of p-Laplacian ones (see [6]); and another difficulty of this paper is
that f(x,u) cannot be represented as h(x) f (u).

2. Preliminary

In order to deal with p(x)-Laplacian problems, we need some theories on spaces L’®)(Q) and
WP®(Q), and properties of p(x)-Laplacian, which we will use later (see [3, 7]). Let

LP)(Q) = {u | u is a measurable real-valued function, ’[ |u(x)|p(x)dx < oo}. (2.1)
Q

We can introduce the norm on LP&¥)(Q) by

(x)
@p dxgl}. (2.2)

Q

The space (LP™)(Q), |'lp(x)) becomes a Banach space. We call it generalized Lebesgue
space. The space (LP™)(Q), |
(see [3, Theorems 1.10, 1.14]).

The space W?™)(Q) is defined by

)) is a separable, reflexive, and uniform convex Banach space

WPO(Q) = {u e LPY(Q) | |Vu| € PP (Q)}, (2.3)
and it can be equipped with the norm

l[ull = ulyy + [Vial, iy, Vi€ WP (Q). (2.4)

W&’p ™)(Q) is the closure of CP(Q) in WPH)(Q). W) (Q) and Wé’p Q) are separable,
reflexive, and uniform convex Banach spaces (see [3, Theorem 2.1]).
Ifue Wllo’f ) (Q) N C(Q), u is called a solution of (P) if it satisfies

IQ|Vu|p(x)_2Vqudx + JQf(x,u)qu =0, Vg€ WS’P(X)(Q), (2.5)

for any domain Q € Q, and max (k —u,0) € WS’P(X)(Q) for any k € N*.
Let W& () = {u| there exists an open domain Q € Q s.t. u € WS’P (x)(Q) }. For any

0,loc

u e WQ) nC@) and ¢ € WyP(Q), define A: WP(@)nC(Q) — WP (Q))* as

loc 0,loc 0,loc

(Au,¢) = f9(|Vu|”(x)_2VuV(p +ef W p)dx.
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Lemma 2.1 (see [5, Theorem 3.1]). Let h € W'"*™(Q)NC(Q), X = h + ng;cx)(Q) NC(Q). Then,
A: X — (W1 P x)(Q)) is strictly monotone.

0,loc
Let g € (Wél’;cx) (Q)",if (g, ) >0, forall p € ngz(cx) (Q),p >0a.e. in Q, then denote g > 0
in (Wé/’li(cx)(g)) ; correspondingly, if —g > 0 in (W;,’f:mx)(g)) , then denote g <0 in (Wolf’l};(cx)(ﬁ))*.

Definition 2.2. Letu € W, p(x (Q)NC(Q). If Au>0 (Au<0) in (W, p(x (Q))*, then u is called a
weak supersolution (weak subsolution) of (P).

Copying the proof of [9], we have the following lemma.

Lemma 2.3 (comparison principle). Let u,v € Wlt’f (x)(Q) N C(Q) satisfy Au — Av > 0 in

(WoP@ (@) Let g(x) = min {u(x) - 0(x),0). I p(x) € W,P(Q) (ie., u > v on 3Q), then

u>vae in Q.

Lemma 2.4 (see [4, Theorem 1.1]). Under the conditions (Hy) and (Hz), if u € WP¥)(Q) is a
bounded weak solution of —Apyu + ef " = 0in Q, then u € Cll(f(Q), where & € (0,1) is a constant.

3. Main results and proofs

If u is a radial solution of (P), then (P) can be transformed into

(TN71|u,|p (r)-2 /) _ TN 1ef(ru) re (OIR)I

u(0) =uy, w'(0)=0, u'(r)>0 forO<r<R. (3.1)
It means that u(r) is increasing.
Theorem 3.1. If there exists a constant o € [R/2, R) such that
f(r,u) >au® (as u — + o) for r € [0, R) uniformly, (3.2)

where a and s are positive constants, then there exists a continuous function ®1(x) which satisfies
@;(x) = + oo (as d(x,0Q) — 0), and such that, if u is a weak solution of problem (P), then u(x) <
@ (x).

Proof. Let Ry € (o, R). Denote

N /51] (P(Ro)-1)/ (p(t)-1) ]1/(p<t>1>

Rila(aln (R-Ro-A RN
O(r,a, )= f a(aln ( 0=4)_ ) (R) sing(t-o) dt.
(R—Ro—)t) tN-1
(3.3)
Define the function g(r, a) on [0, R) as
(aln (R-r)™)"* +k, Ry<r<R,
g(r,a) = 4 k-0(r,a,0)+ (aln(R-Ry)™)"”, o<r<Ry, (3.4)

k-©(0,a,0) + (aln (R-Ry)~ )1/S r<o,
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where a > (1/a)sup g p(x) is a constant, Ry € (0,R), and R — Ry is small enough,
e=m/2(Ry-0)and k = ((2p*/a) In (R - Rp) ™")"/* + ©(0,2a,0).

Obviously, for any positive constant a, g(r, a) € C'[0, R).

When Ry < r < R, we have

1/sy P(r)-1 .
NP2y = () EES e e ) e, 69

where

1/s-1) [rN—l(al/S/S)mr)—l]'

I(r) = R-

TR (a/s/s)"" (p(r) - 1) " (3.6)
—p'(r)In(R-7r) (1/s-1)p'(r)InIn(R-r)"
(R R-7).

(p(r)-1) (R-r)+ (p(r)-1) (R=1)
If (R — Ro) is small enough, it is easy to see |I1(r)| < 1/2; from (3.5), we have
’ s p(r)-1 5 ~
(rN‘1|g'|p(r)_2g’) < 2pN-1 <ﬂ> (p(r) ~1)(R- r)*P(r)(ln (R- r)—l)(l/s D(p(r)-1)
° (3.7)

<Nt <RL> =Nl < yNT1ef8)  vr e (Ry, R).
-r
Obviously, if R — Ry is small enough, then g> ((2p*/a) In (R—Rg)fl)l/s is large enough,
so we have

-1 1/s-1 (p(Rv)_l)

( N- 1|g |P(r) -2 /) E(R )N 1[a(aln(R—Ro) ) ]

cos(e(r— o))

s(R-Ry) (3.8)
< N8 < pN-1f(n8) 5 <y < R,.
Obviously,
(PN1|g P02 ') 1efr®)  0<r<o. (3.9)

Since g(|x|, a) is a C! function on B(0, R), if 0 < R — Ry is small enough (R, depends on
R, p, s, a), from (3.7), (3.8), and (3.9), we can see that g(|x|, a) is a supersolution of (P).
Define the function g, (r,a —€) on [0, R—1/m) as

1 1/s 1
[(a—e)ln <R———r> ] +k, Ry<r<R——,
m m
1 1 /s
gm(T/a—€)=<k—@(r,a—e,—>+[(a—e)ln(R———R()) ] , O<r<Ry,
m m

1 1 e
k—@(o,a—e,—>+ (a—e)ln(R———Ro> ] , r<o,
\ m m

(3.10)
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where m is a big-enough integer such that 0 < 1/m < (R—Ry)/2, e =x/2(Ry—0),0<e < 1,is
a positive small constant such that a(a — €) > sup Ix\zRop(x)'

Obviously, g (|x|, a—¢€) is a supersolution of (P) on B(0, R—1/m). If u is a solution of (P),
according to the comparison principle, we get that g, (|x|, a—€) > u(x) for any x € B(0, R-1/m).
For any x € B(0,R—-1/m) \ B(0, Ry), we have g, (|x|,a — €) > gm+1(|x|, a — €). Thus,

u(x) < lin+1 gm(lx],a—¢€), VYx€B(0,R)\ B(0,Ry). (3.11)
When d(x,0€) > 0 is small enough, we have

lim gu(|x|,a-¢) < (aln(R- r)_l)l/S +k < g(x],a). (3.12)

m—+oo

According to the comparison principle, we obtain that g(|x|, a) > u(x), for all x € B(0, R),
then @ (x) = g(|x|, a) is an upper control function of all of the solutions of (P). The proof is
completed. O

Theorem 3.2. If there exists a 0 € [R/2, R) such that
f(r,u) <pu® (as u — + o) for r € [0, R) uniformly, (3.13)

where B and s are positive constants, then there exists a continuous function ®,(x) which satisfies
Dy (x) = + oo (as d(x,0Q) — 0), and such that, if u(x) is a solution of problem (P), then u(x) >
(Dz(x).

Proof. Let z; be a radial solution of
~Apz1(x) =-p in Q; = B(0,0), z1 =0 on 0Q, (3.14)

where p > 2 is a positive constant. We denote z; = z1(r) = z;(|x|), then z; satisfies z1(c) =0,
z,(0) =0, and

rp [V 0D

N dr. (3.15)

1=

i

1/(p(r)-1) -
7 zZ1=-
N ! f

r

Denote hy(r,6) on [0, Ry] as

10151 7P(Ro)-1
iy - {0 o [l Ry o
A tN-1 Ry-o s(R+6-Ry)
(3.16)
. (0)N" Ry—t [|tu]V/POD pO-1 1/ (P“)‘”dt
tN-1 Ry—oc||N ’
It is easy to see that
_1.1/s-1
1/(p(o)-1) b(bIn (R-Ro) ™)
, —2(0) = |2 K - 0
hy,(0,0) = z{(0) = ‘ N , hy,(Ro,0) S(R—Ry) (3.17)
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Define the function v(r, b) on B(0, R) as

(bIn(R-7r)™)"* —k*, Ry<r<R,
o(r,b) = ] (I (R~ Ro) )* =k = hy(r,0), o<r<R, (313
IIRAGRY

—f dr+ (bIn (R-Ro) ™)"* =k = hy(0,0), r<o,

where b € (0,(1/p)int ‘x|>R0p( )) is a constant, Ry € (0,R), and R — Ry is small enough, and
- (@p"/p)In2(R—Ro) )"/*
Obviously, for any p051t1ve constant b, v(r, b) € C! [0, R).
Similar to the proof of Theorem 3.1, when R — Ry is small enough, we have

N

(r N-1jg P p(r)-2 ,> > pN-1pf0) vy e (Ro,R). (3.19)

When R - Ry is small enough, for all » € (0, Ry), since f(r,v) <0, then

N-1 ~1\1/s-17P(Ro)-1
(rN71|U/|p(r)72v,)r S 1 (Ro) b(b In (R - RO) ) ’ > rN—lef(r,v)' (320)
-2 R()—O' S(R—Ro) -
Obviously,
(TN—llvl|P(7‘)—ZUI)I _ rN—lﬂ > 7,N—lef(r,v)’ Vr € (0, O'). (321)
Combining (3.19), (3.20), and (3.21), we can see that v(r, a) is a subsolution of (P).
Define the function v,,(r,b + €) on B(0, R) as
( 1/s
[(b+e)ln<R+%—r> ] - k*, Ry <r <R,
1 s 1
U (r,b+€) = 1 [(b+e)1n <R+ p” —R0> ] - k* —hb+e<r,a>, 0<1r<Ry,
| 1y |1/ (p(r)-1) 1 -111/s 1
—j % dr+ [(b+e) In <R+;—Ro> ] —k*—hpie (o, E)' r <o,
\ r
(3.22)

where € is a small-enough positive constant such that (b + €) < (1/p)inf |x>r,p(x).

We can see that v, (r,b + €) € C'([0,R)) is a subsolution of (P) on B(R, R), according
to the comparison principle, we get that v,,(|x|,b + €) < u(x) for any x € B(0,R). For any
x € B(0,R) \ B(0, Ry), we have v,,(|x|,b + €) < vy11(|x|, b + €). Thus,

u(x) > lim v, (|x|,b+e€), Vxe B(0,R)\ B(0,Ry). (3.23)
When d(x,0€) is small enough, we have
lim v, (|x|,b+e€) > v(|x],b). (3.24)

From the comparison principle, we obtain v(|x|,b) < u(x), Vx € B(0, R), then @, (x) =
v(]x|, b) is a lower control function of all of the solutions of (P). O
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Theorem 3.3. If inf ycop(x) > N and there exists a o € [R/2, R) such that
f(r,u) > au® (as u — + o) for r € [0, R) uniformly, (3.25)

where a and s are positive constants, then (P) possesses a solution.

Proof. In order to deal with the existence of boundary blow-up solutions of (P), let us consider
the problem

—Apyu+ efeM =0 inQ,

) (3.26)
u(x) =j forx € o0Q,

where j = 1,2,.... Since inf ycqp(x) > N, then WP (Q) — C*(Q), where a € (0,1). The
relative functional of (3.26) is

1 .
p(u) = IQ MWu(x) [P dx + IQF(x, u)dx, (3.27)

where F(x,u) = [tef®Ndt. Since ¢ is coercive in X; = j + W,” ®(Q), then ¢ possesses a
nontrivial minimum point u;, then problem (3.26) possesses a weak solution ;. According to
the comparison principle, we get u;(x) < uj;1(x) forany x € Q and j = 1,2,.... Since ®;(x)
defined in Theorem 3.1 is a supersolution, according to the comparison principle, we have
uj(x) < ®(x) on Qforall j =1,2,.... Since @;(x) is locally bounded, from Lemma 2.4, every

weak solution of (P) is a locally Cllt;? function. Thus, {u;(x)} possesses a subsequence (we still
denote it by {u;(x)}), such that lim ;_..,u; = u is a solution of (P). O
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