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1. Introduction

Let X and Y be complex normed spaces. For a fixed nonnegative real number A, we denote by
X the linear space of all functions f : X—Y (with pointwise operations) for which there exists
a constant M > 0 with

If )l < Myt (1.1)
for all x € X. It is easy to show that the space X, with the norm

Ifll = su)g{e‘*”"”llf(x)ll} (1.2)

is a normed space. Let us denote by X7 the linear space of all functions ¢ : X x - -- x X—=Y (with
| —

n times
pointwise operations) for which there exists a constant Mg > 0 with

”‘i)(xlr--wxn)” < que)tz?:l‘lxi” (1.3)
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for all xy, ..., x, € X. It is not difficult to show that the space X} with the norm

gl = sup {lipGxr,..., x)lle = lxt} (14)

X1, X €X

is a normed space.
We denote by Z" the normed space DXy = {(f1,--os fm) * fi,ooo fm € X} (with
pointwise operations) together with the norm

11 fu) | o= maxllfall, - ] fonll - (1.5)

The norms of the Pexiderized Cauchy, quadratic, and Jensen operators on the function
space X, have been investigated by Czerwik and Dlutek [1, 2]. In [3], Moslehian et al. have
extended the results of [2] to the Pexiderized generalized Jensen and Pexiderized generalized
quadratic operators on the function space X, and provided more general results regarding
their norms.

In [4], Jung investigated the norm of the cubic operator on the function space Z3.

A function f : X—Y is called a cubic function if and only if f is a solution function of the
cubic functional equation

fx+y)+ f(x-y) =2f<%x+y> +2f<%x—y> +12f<%x>. (1.6)

Jun and Kim [5] proved that when both X and Y are real vector spaces, a function f : X—=Y
satisfies (1.6) if and only if there exists a function B : X x X x X—Y such that f(x) = B(x, x, x)
for all x € X, and B is symmetric for each fixed one variable and is additive for fixed two
variables.

In [6], the authors introduced the following Euler-Lagrange-type cubic functional
equation, which is equivalent to (1.6),

fx+y)+ f(x-y) = af<%x+y> +af<%x—y> +2a(a2—1)f<%x> (1.7)

for fixed integers a with a #0,+1. Moreover, Jun and Kim [7] introduced the following Euler-
Lagrange-type cubic functional equation

f(%x+%y> +f<%x+%y> = (a+b)(a—b)2 [f(%x) +f<%y>] +ab(a+b)f<%x+%y)
(1.8)

for fixed integers a, b with a,b#0,a + b #0, and they proved the following theorem.

Theorem 1.1 (see [7, Theorem 2.1]). Let X and Y be real vector spaces. If a mapping f : X—=Y
satisfies the functional equation (1.6), then f satisfies the functional equation (1.8).

We will introduce linear operators which are constructed from the Euler-Lagrange-type
cubic and the Pexiderization of the Euler-Lagrange-type cubic functional equations (1.7) and
(1.8).
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Definition 1.2. The operators C;,C} : Z—X? are defined by

Cfire ) = Filer ) + falox =) =mfs (x4 )
- mﬁ(%x—y) -2m(m* - 1)f5<%x>,
Cf(fl,...,fg,)(x,y) = f1<%x+ %y) +f2<%x+ %y) - (a+b)(a—b)2 [f3<£x> +f4<$y>]

1 1
—ab(a+ b)f5<%x + %y)

(1.9)
where a, b, and m are fixed integers with a,b#0, a+b#0, and m #0, +1.
Definition 1.3. The operators C1,C;y : X )L—>Xi are defined by
1
CLAG ) = s )+ fx=y) - mf (Sxw)
mf (L 2m(m? 1) f(
—mf(—x-y)-2mm -1 f(-x),
(1.10)

Ca(f)xy) = f(%x + %y> + f<%x * %y>

_ 2l ( L 1] - L
(a+b)(a-b) [f<abx>+f<aby>] ab(a+b)f<abx+aby ,
where a, b, and m are fixed integers with a,b#0, a+b#0, and m #0, +1.

In this paper, we will give the exact norms of the operators C}, C5 on the function space
Zi, and norms of the operators Ci, C, on the function space X,. The results extend the results
of [4].

2. Main results

Throughout this section, a, b, and m are fixed integers with a,b#0, a+b#0, and m #0, £1.
The next theorems give us the exact norms of operators Ct, CJ, Cy, and Cs.

Theorem 2.1. The operator C{ : Z3—X? is a bounded linear operator with
ICTIl = 2lm|® +2. (2.1)

Proof. First, we show that ||Cf|| < 2|m|® + 2. Since

|/

1
—Xx
m

1 1
— < .
xX+y x y”, } < lxll + iyl (2.2)

max{nan,nx—yn,
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for all x, y € X, we get

ICP(fr, .., fo)ll = sup e Ixl+lyD
x,yeX

filx+y) + fa(x-y) —mf3<%x+y>

~mfi((ypx-y) - 2mn -1 fs((-x)

—A “Allx—
< sup eI (x + y) || + sup e ¥V fo (x - )|
x,yeX x,yeX

+ [ sup e-Ma/msvl ¢ <l ‘i y> H
x,yeX m
1 23)
+ m| sup e-M10/m-l| <_x _ y> H
x,yeX m
+2|m|(m? - 1)supeM11/m~l}| £ <lx>
xeX m
= [If1ll + Lf2ll + [mlll £l + [ml|| fall + 2}m|(m* = 1) fs]]
< @mP +2) max{ || f1ll, Il 20, I f311, Nl fall, 1L f5 1}
= QmP +2)(f1, f2, f3 far f5)l
for each (f1,..., fs) € Z]. This implies that
ICP| < 2m® +2. (2.4)

Now, let v € Y be such that ||v|| = 1 and let {¢,},, be a sequence of positive real numbers
decreasing to 0. We define

eény, if [|x]| = 2¢, or ||x|| =0,
fo) = 3 o2, il = o+ 1, ol = =1 or [zl =g, 2
0, otherwise

for all x € X. Hence we have

(200 if x| = 0,

1, if [|x]| = 2&,,

@A) /MDA if || = [+ 1)E,

e M £ (0] = 3 (2.6)

e@Am=0mbAen i [|mmx|| = |m — 115,

@1/ ImhAs, if ||mx|| = &,

{ 0, otherwise
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for all x € X, so that f, € X, for all positive integers n, with
I full = €2, (2.7)

Let u € X be such that ||u|| = 1 and take xo, yo € X as xg = yo = &,u. Then it follows from
the definition of f,, that

ICY (fur- -0 fu)ll = sup e IV
x,yeX

fa(x+y)+ fu(x-y) - mfn<%x + y)

~mfo( = y) ~2mlm? -1 fy ()

> e 2| ePMony 4 oMy 4 |m|e® oy + [m|eP oy + 2lm|(m? — 1)e* o y||

‘ (2.8)

=2\m|® + 2.
If on the contrary [|CY|| < 2m|* + 2, then there exists a 6 > 0 such that

ICT (frr- s fi)ll € @ImP +2=8)|(fus -+, fu) (29)
for all positive integers n. So it follows from (2.7), (2.8), and (2.9) that
20mP +2 < ICF fu o, f)ll € @Il +2 - 6) e (2.10)

for all positive integers 7. Since lim,_..e?'%" = 1, the right-hand side of (2.10) tends to 2|m|* +
2 — 6 as n—oo, whence 2|m|® + 2 < 2|m|® + 2 — 6, which is a contradiction. Hence we have
ICPIl = 2im|® + 2. O

Theorem 2.1 of [4] is a result of Theorem 2.1 for m = 2.
Corollary 2.2. The operator Cy : Xa—X} is a bounded linear operator with

IC1|l = 2|m)® + 2. (2.11)

Proof. The result follows from the proof of Theorem 2.1. O

Theorem 2.3. The operator C3 : Z3—X? is a bounded linear operator with
ICo =2la+b|(a—-b)* + |ab(a + b)| + 2. (2.12)
Proof. Since

max {

1x+ 1
a by

1x+1
b ay

7 7

1 1 1 1
— — x4 — < .
A e B P | R S
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for all x, y € X, we get

ICE(fy, ..., f3)]| = sup e xl+lD

f1<%x + %y) +f2<%x + %y)

x,yeX
_ (L 1
(a+b)(a-D) [f3<abx> +f4<aby>]
1 1
—ab(a+Db)fs <Ex + Ey) ”
< sup e-ta/axsa/mi| g, <l et 1y> H
x,yeX a b
M /B)x+(1 /2y (1 1 > H
+supe fol zx+-y
x,yeX b a
) (2.14)
+|a + b|(a - b)*supe M0/abxI | £ <—x> ‘
xeX ab
+|a +b|(a - b) supe20/ab]| £, <ly> H
yex ab
+ lab(a + b)| sup e-MV/abxsa/avy | (i ‘et iy>
xyeX ab ab
<fill + 1211+ a + bl(a = BY(1fsll + £l + laba + D)l f5]
< (2la +b(a - b)* +[ab(a + b)| + 2y max{[|full, LIl I £l Il £l
= (2la +bl(a~b)*+|ab(a +b)| + 2)II(fu, f2, f5, fu 5)ll
for each (f1,..., fs) € Z]. This implies that
ICE|| < 2|a + b|(a - b)* + |ab(a + b)| + 2. (2.15)
Let 77 be a real number such that
l1-a 1-b a-1b-1 a b
”¢{0’1’ b a ’1—b’1—a’1—b’1—a}' (2.16)

Now, let u € X, v € Y be such that [|u|| = ||v|| = 1 and let {¢,}, be a sequence of positive
real numbers decreasing to 0. We define

( . 1 7 1 7
A(1+7)8n =(=++ =(=+=
e v, ifx <a b)gnu, or x <b a>§nu,

_1a+ bl s,

falx)=3 a+b !
lab(a + b)| A+ |

ab(a+b) < v, ifx = e,

0, otherwise

Lo 1 1
ifx = %gnu, or x = abgnu, (217)

\
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for all x € X. Hence we have

- asn /b0, iy = (l N E) 2,
a b
O+ l-1/ben/ae  if x = (1 N ﬂ)gnu,
b a
i NIV T S 1
e fa()l = 3 ab (2.18)
(L+lnl-In/ abl) Az ifx= L
e , if x u,
abén
e /e, i = 1T
ab
L0, otherwise
for all x € X, so that f,, € X, for all positive integers n, with
P 8
|| full = max eIt/ atn/bhAsn | p(Ltln=[1/ben/aDie,
(2.19)

L=/ ab)AE: o (Lbri-ln/abDig p(L+lnl-I(Lem)/abDAG, )

Let x9, yo € X be such that xy = ¢,u and yy = ¢, u. Then it follows from the definition of f, that

R IRAGE)
—(a+b)(a-b)? [f,(%x) +f"<%y>]

1 1
—ab(a+ b)fn<%x + %y>‘

> e—f\(lﬂfll)én||e/\(1ﬂfl\)§n + e’\(Hm)g"+2|a+b|(a _ b)ze)‘(mnl)é"+|ab(a+b)|e)‘(m'1|)§"||

ICY (fas- -, fu)ll = sup eIy
x,yeX

=2|a+b|(a-b)+|ab(a+b)| +2,
(2.20)

so that
NCY (fas---s fu)ll > 2]a+bl(a- b)? + |ab(a + b)| + 2. (2.21)
If on the contrary [|C}|| < 2|a + b|(a - b)? + |ab(a + b)| + 2, then there exists a § > 0 such that

ICS (s, S| < 2la+bl(a=b)* +|ab(a+b)| +2 = 6)|(fu, -, fu (2.22)
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for all positive integers n. So it follows from (2.21) and (2.22) that

2la+b|(a-b)*+|ab(a+b)| +2 < ||CY(fu,..., fa)l < 2la +b|(a—b)* +|ab(a+b)| +2 - 6)| fall
(2.23)

for all positive integers n. Since lim,_..¢, = 0, it follows from (2.19) that lim, || f.|| = 1, so
the right-hand side of (2.23) tends to 2|a + b|(a - b)2 + |ab(a + b)| + 2 — 6 as n—oo, whence

2]a+b|(a-b)*+|aba+b)| +2 < 2la+b|(a-b)*+|aba+b)| +2 -5, (2.24)

which is a contradiction. Hence we have ||C§|| =2|a+b|(a - b)* + |ab(a + b)| + 2. O

Corollary 2.4. The operator C, : Xy—X} is a bounded linear operator with
|Call = 2|a + b|(a - b)* + |ab(a + b)| + 2. (2.25)

Proof. The result follows from the proof of Theorem 2.3. O
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