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Abstract. In the last few years new types of path-dependent options called corridor options
or range options have become well-known derivative instruments in European options markets.
Since the payout profiles of those options are based on occupation times of the underlying security
the purpose of this paper is to provide closed form pricing formulae of Black & Scholes type for
some significant representatives. Alternatively we demonstrate in this paper a relatively simple
derivation of the Black & Scholes price for a single corridor option — based on a static portfolio
representation — which does not make use of the distribution of occupation times (of Brownian
motion). However, knowledge of occupation times’ distributions is a more powerful tool.

Keywords: Brownian motion with drift, occupation times, Black & Scholes model, corridor
options.

1. INTRODUCTION AND DESCRIPTION OF THE PROBLEM

Since 1973 when Black and Scholes presented their seminal paper concerning the
pricing of financial securities [see Black & Scholes (1973)], where the no- arbitrage
price-process X = (X;;t > 0) of the underlying security is described by geometric
Brownian motion, questions of option pricing have stimulated both, economics and
stochastic calculus [see Harrison & Pliska (1981 ), Karatzas & Shreve (1988), Duffie
(1988), et al.].

Recent results have been inspired by so-called Asian options or average options
and induced a rigorous study of random variables obtained by application of av-
erage functionals to the price-process. A famous problem in mathematical finance
has arisen from the application of arithmetic averages to X. To discover an analytic
representation of the corresponding distribution has turned out to be a resistant
problem for years and has been denoted jestingly “a minor holy grail in mathe-
matical finance” [see Hart & Ross (1994)] till Yor (1992) found a remarkable result
using Laplace transformation.

Another type of average options are quantile options first introduced by Miura
(1992). The a-quantile M (o, T) (z) of a measurable function z on [0; 7] is defined
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by
M (o, T) (z) = inf {k € gR

T
/ 1[z(t) < k]dt >aT ;.
t=0

Questions concerning the distribution of M (a,T) (X) are closely related to ques-

tions of distribution concerning occupation times of Brownian motion with drift
T

Z = (Z;,t > 0), i.e. the random variable I'y (T, k) (Z) :/ 1[Z; > k]dt. The

distribution of M (o, T) (Z) was studied successfully by Akafhoori (1995) and Das-
sios (1995). Though Lévy’s arc- sine law for occupation times of standard Brownian
motion is a classical probabilistic result [see Billingsley (1968)] it seems that explicit
formulae for the distributions of occupation times of Brownian motion with drift
have not been available since both, Akahori and Dassios, only provide formulae for
densities respectively integral versions for the options’ prices.

However, there is a practical need and interest in such explicit solutions if avail-
able, especially when dealing with path-dependent options, where established ap-
proximative methods, e.g. numerical integration, Monte Carlo simulation or lattice
approximation, often fail or — at least — consume enormous resources of computa-
tion time. Motivated by those practical needs we provide the explicit representation
for the distribution of I'y (T, k) (Z) [see Pechtl (1997), Theorem 1.1 and Theorem
3.1] which can be used not only for pricing quantile options, but also for some types
of corridor options.

While quantile options seem to be highly sophisticated financial products nearly
unknown to investors corridor options or range options were introduced to Eu-
ropean options markets in 1994 and have become familiar derivative instruments.
The payout profile of a traditional single corridor option is given by

T
VT K K2 =) [ LK< #(0) < Kaldi 1)
t=—Tp
with 7,75 > 0, A > 0 and —oc0 < K; < Ky < 00, whereas the more complex
structure of a dual corridor option is given by

T
Uy (A1, X0, T, K, Ko 2) = ()\1 /ti_T 1[2(t) € (Ky; Ko] dt (2)

T +
Y / 1[2(t) ¢ (Kl;KQHdt>
t=0

with Ay, Ao € gR.

The aim of this paper is to provide a general pricing formula for dual switch
options, i.e. dual corridor options with Ko = 0o, and related derivative securities
in the well-known Black & Scholes model.

The paper is structured as follows. In Section 2 the Black & Scholes assumptions
and the notations used in the paper are introduced briefly. The main results are
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presented in Section 3, in particular the explicit version for the Black & Scholes
price of a dual switch option and its derivation as an application of the distribution
of occupation times of Brownian motion with drift. An alternative and in the con-
sidered special case of single corridor options rather elegant method of evaluation
of the option’s price based on static replication techniques is provided in Section 4.

2. PRELIMINARY REMARKS AND NOTATIONS

Throughout this paper we consider pricing of derivative securities in the Black &
Scholes model, where the risk-neutral price-process X = (Xy,t > 0), i.e. the process
which has to be used for the calculation of the option’s price, can be represented
by

X, = Soexp{oW; + upst}, 0 <t <T, (3)

with a one-dimensional standard Brownian motion W = (W, t > 0), the initial
price Sy of the underlying security, its volatility o, r(> 1) defined by one plus the
risk-free interest rate and the drift

L,

ups = logr — 5

determined by the model.

As well known the payout profile of an option is described by a real-valued func-
tional @ on the measurable space (C [0;T];C [O?T]), the linear space of all continuous
functions on the time-interval [0; T'] endowed with the o-algebra of Borel sets. Then
the Black & Scholes price mpg (®) is calculated by

755 (®) = r TED(X). (4)

For the following explicit calculations we introduce the univariate and the bivariate
standard normal distribution functions by

N (2) = \/%_W/Ui_ooexp{—qj;}dv

for all x € gR and by

N (z,y;p) v? — 2pvw + w2) } dwdv

R B e ]

for all z,y € gR and all p € (—1;1).

3. THE PRICE OF A DUAL SWITCH OPTION

For our purposes we introduce the Brownian motion with drift Y = (Y;;¢ > 0)

defined by

Y, = W, + MBSy
g
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Furthermore let F the distribution function of the random variable I'y (T, K) (X)
with

(T, K) (X) /tT1[Xt>K]dt:/T1[Yt>§10gS£Jdt (5)

t=0
1 K
'y (T,—log— | (Y
+<7O_Ogso)( )7

1 K
ie. Ft)=P {FJF (T, —log S—) (V)< t} . By Theorem 1.1 and Theorem 3.1 in
o 0

Pechtl (1997) F is explicitly known and can be represented in the following way,

1 K 1. K

Plr, (7,2 log = ) (V) <t| = F(T,t = log — PB5) K < S:
o So o So’ o
1. K 1.5

PIT (T, 2log= (V) <t| = 1-F(T,T—t,~log2%; 1B K > 5,
o So o K o

(6)

where the function F (7,0, k; 1) is defined for all kK < 0 and all 0 < 6 < 7 by

F(r,0,k1) = {34 2kp+2p>7}exp {2kpu} -

K 0
N (F Y ;> G

vy (7 =0y [1- 9)
—{1+2kp+2p°0} exp {26} N (% + ,Lt\/@) N (—um)
+N (% - M\/§> N (—um) (8)

_2u\/§exp{_% (% _M@)Z}N(_Hm>
w6 D

S exp {—%;ﬂ (r - 9)} exp {2k} N (% + u\/5> .

—2u

For 6 < 0 let be F (7,0, k; 1) =0 and for § > 7 let be F (1,0, k;u) = 1.
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0
Furthermore we define for k < 0 the integral J (7,6, k; ) = / F (1,0, k; 1) dv

and calculate

T N

J (7,0, k;p) = {3 + 2k4 + 2M27'} O exp {2ku}t N (\l/;

1>
1
+{2—u2,u27—227+52}exp{25u}/\/<%+‘u\ﬁ’#\/7—; 1_)
1 K K )
+{9_W_E}N<ﬁ—uﬁ,m/?;— 1—;)
{“202+2“N9+9+H — 21 }GXP{2H/L}N<
1
~ 57

— 0_’_&_’_1 ie J— i_
K I o P 2 \f

uf) (—uv/7=0)

7t
——M) 7))

N —pVT = 0)

1 T 1 K 1 1
+{2u0p7ﬂ+n}\/;exp{2<ﬁ,u T }/\/(n 0T>
Jr{,u(TG)Jr i} 7'2;0 exp{2/i,u}exp{ % } <\’;_ \/é)

+yexp{—’u§(r—9)}exp{—; }

This formula can be verified immediately by differentiation with respect to # which
is very tedious. An intuitive argument for the correctness of eq. (8) will be provided
in Section 4 where we demonstrate that it coincides in the special case of the
price of a single switch option with the result derived independently by using a
static replication argument. The reader interested in a direct proof of eq. (8) by
integration may be referred to the similar proof of Theorem 3.1 in Pechtl (1997).

In the following we consider the payout profile @5 = &5 (A1, A2, T, K;.S) of a dual
switch option with a total lifetime T} from ¢t = Ty tot =T, ie. Ty =Ty + T,
at time ¢t = 0. In the time-interval [—Tp;0] the price-process S respectively the
no-arbitrage process X is described by its historical data. Then @5 (A1, A2, T, K; S)
is determined by

+
T T
<I>2()\1,)\27T,K;S):{/\1/ l[St>K]dt—>\2/ 1[St<K]dt} .
t=—To t

=—T,
;From this we immediately obtain

By (A, Ao, T, K3 8) = {(M + M) Ty (T1, K) (S) — XoT } . (10)
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For Ay + A2 = 0 and if Ay > 0 we trivially have ®5 (A, A2, T, K;S) =0, ie
TBS ((I)Q ()\1, )\Q,T,K; S)) = 0, if )\2 S 0 we have (I)Q ()\1, )\Q,T,K; S) = —)\QTl, i.e.
mes (P2 (A1, A, T, K;5)) = —r~T X1, respectively. Thus for further discussion
we only take the case Ay + Ay # 0 into consideration.

0
Let nowbe'yO:I‘+(T0,K)(S):/ 1[S; > K]dt and 79 =
t=—T
Then we have for Ay + Ao >0
Dy (A1, 00, T K;8) = (M + M) {0+ (T,K)(S) — 10} 1 [T (T, K) (S) > 710,

A2
T — 7.
M+ Mo 1~

respectively for Ay + Ay <0
Dy (A, 00, T, K;8) = (M + M) {T+ (T, K) (S) — 710} 1 [T (T, K) (S) < 719] -

We use those representations of ®5 to calculate the corresponding prices in the
Black & Scholes model.
(i) For Ay + A2 > 0 we obtain using egs. (6) to (8)

ws (P2 (A1, A, T, K5 5)) =
rTE (M 4 M) {T4 (T, K) (X) = 10} 1[I (T, K) (X) > 0]

T (4 Ag)/ (t — 7o) dF(2)
€(70;T)
=r T (\ + )\2)/ (1-F(t))dt
te(7o;T)
1. K
T()\l—l—)\g)/ {1—F<T,t log— 'uis)}dtl[K<So
6(7—07 ]

1
T(/\1+)\2)/ F(Tt —0—@>dt1f(>so
[0;T—70) o
T

T (A1 +X2) {t—J(Tt 1y gSK “Bsﬂ 1[K < Sy
0 g t_T(J

S
T()\1+/\2)J<TT log?o —%)1[K>So].

(ii) For A; + A2 < 0 we obtain analogously

TBS ((I)Q ()\1,/\2,T K S)) -
rTTE (A + M) Ty (TLK) (X) = 70} 1[I (T, K) (X) < 7]

=T (A + )\2)/ - (t — 7o) dF (t)
=—r T (N 4+ X\ F(t)dt
( + ) / [0;70) ( )

1 K
— —’I’_T ()\1 + )\2)/ F <T7 ta - IOg uBS) dtl [K < SO]
[0;70) g So' o
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1. S
—p T (>\1+)\2)/ {1—F<T,t,—1og—°;—“is>}dt1 [K > So]
te(T—70;T) g K g

K pups

1
= —T‘_T (A] + )\2) J (T, 70, ; IOg S—O, T) 1 [K S SO]

_ 1. Sy wss\]"
T —J(Tt, = 1log 22; - E55 1[K :
r ()‘1 + )\2) |:t J ( ata o og Ka o e [ > SO]

Concluding we obtain the main result of this paper, the Black & Scholes formula
for dual switch options.

THEOREM 3.1. Let be ®o (A1, A2, T, K;S) be the payout profile of a dual switch
option as defined by eq. (9). Furthermore let J (7,0, k;u) be defined by eq. (8).
Then for A1 + Ao # 0 the Black & Scholes price of such an option is calculated by
mes (Pa (A1, A2, T, K;.8)) = 77 A1+ Xo| {J (T, 6 (10, K; So) , & (K5.S0) 5 11 (K S0)
—9 (’7’0, K; So) e ()\1, )\2; K, S())
—(J(T. T,k (K;S0) ; 11 (K;.S0)) — T) e (A1, A2, K5.50)

where
_ M g (To, K) (S)
70 - )\1+)\2 1 + 05 )
G(To,K;S()) = T()]_[K S S()]"‘(T—T())].[K > S()],
1 K
k(K S0) = ;logS—{l[KgSo]—l[K>SO]},
0
1 (K So) = %{1[K§50]*1[K>50}},

e (A1, A2, K; S0)

1[)\1 > —/\2] 1[K < So] +1[)\1 < —/\Q]I[K > SQ]

REMARK 3.2. The formula for mpg (P2 (A1, A2, T, K;S)) remains valid even for
)\(10) + )\50) = 0 if the option’s price is interpreted as limit of the pricing formula

given in Theorem 3.1 for A\; + Ao — 0 with A\; + A5 > 0.

4. APPLICATION OF THE RESULT TO SINGLE SWITCH OPTIONS

An immediate consequence of Theorem 3.1 is the explicit formula for the Black &
Scholes price of a single switch option, i.e. an option with payout profile

T

<1>1()\,T,K;S):)\/ 1[S; > K]dt (11)
t=—To
with total lifetime from ¢ = =Ty to ¢ = T and A > 0. Obviously this payout

profile can be interpreted by ®o (A, 0,7, K;S) and we can easily provide the Black
& Scholes price. With the notations of section 3 we have 179 = —7y and we obtain
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(1) for K < So

1 K
7o (01 (AT, K1) = r~7A {T—I—’Yo _J <T,T,_1og_;_ﬂBS)},
g SO o

(ii) for K > S

1 S
755 (21 (N T, K3 8)) = =] (T,Tﬂo,alog Ig;“js)
1 S
= r Ihp+r A (T,T,—log —0;—@> .
o K o

We conclude this result in the following corollary.

COROLLARY 4.1. The Black & Scholes price nps (®1 (AN, T, K;S)) of a single
switch option with a total lifetime from t = =Ty to t = T and [—To;0] already
passed is calculated by

log@ uBs
7ps (P1(NT,K:S) =r " Thyy +r IATN K 4 22T
Bs (1 ( ) Yo T o

log 52 o’ log % pps
+r T sign (S — K) | — K 4 N | sign | ——=& — E22/
gn (5o )< pBs  2p%hg 8 oT o

_okBS

2 /g po log %2 pupg
—r~TX-sign (Sy — K G—<i) N | sign [ ——2 K 4 BBS/p

So 2
-T g T 1 logf UBS
NG mos )\
r uBs V 2w P 2 (m/T + o

where Ay is the amount of payout determined by the historical path of S in [—Tp;0].

REMARK 4.2. The Black & Scholes price formula for a single switch option can
be also derived directly using the nice idea that the payout profile ®; (A, T, K; S)
can be interpreted as a portfolio of simple digital options with increasing lifetimes
t and common strike K, where each of them pays out an amount of Adt or nothing
at time 7. Then by application of Fubini’s theorem we obtain

T

s (1 (N T, K;S)) = T‘iT/\’}/()‘FT‘iT)\E/ 1[X; > K]dt
t=0

T 1 So
r’T/WoJrr*T/\/ N( %8 K +%\/Z dt.

t=0 U\/E

This elementary idea was presented without proof of the result in the framework of
a general approach to classify derivative securities by static replication of options
portfolios in Pechtl (1995).
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Now, the remaining integral can be calculated as follows. Integration by parts
yields

T log So log So
/ N(OgK+m\/Z dt =TN | 2K 1 BBS T
¢ o o

-0 oVt oV/T
2
1 1 (log%e  pugps 1 (log%%  ups
— [ = — DBS /4 —= EBS | %t
+27Tt:02<0ﬁ U\feXp 5 o'\/i—"_O'\/_

For further evaluation of the integral we suggest the following helpful Lemma 4.3.

LEMMA 4.3. For b,v # 0 the following assertions hold.

I (b,v,T): = \/% ti)\/lt_gexp{; (V\/ij)z}dt (12)
SICCENE
exp {20b) N (Sign <_V T %)) } .

T 2
L (b,y,T): = \/LZ_W t_O%eXp{—% (y\/i— b> }dt (13)

- o (om (7 1)

—exp {2vb} N <sign <—u\/_ - %)) } .

S

I (b, T): = \/%/ti)\/%exp{—% (WE—%)Q}dt (14)
— b's'i%l(b){/\/<sign (yﬁ—% )

+exp {2vb} N <sign <_Vﬁ - %>>}
+Sign(b) {N (sign (z/\/iF - )

v3

N
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Proof. We consider the integrals Ky (b,v,T) and Ky (b, v, T) with

Ki (b, T): = f\/% :0;<\2+¢b73> exp{; <1/\/E5Z>2}dt

(G-

Ko (b, T): = \/127/:0; (\2 - \/bt_3> exp{; (u\/i %)Q}dt
= {exp{Zz/b}N (% + u\/i)r_o
Now we obtain egs. (11) and (12) by -
L= _% (K + K),

1
12:;<K2—K1).

Eq. (13) can be easily verified by

1 0
I3 = o (b[g — 5@) .

REMARK 4.4. Since the payout profile ¥y (A, T, K; S) of a single corridor option
is defined by

T
Uy ()\,T,K,S) = )\/ l[Kl <St§K2]dt
t=—To
- ¢1<A7T7K17S)_®1(A’T7K,S)

the Black & Scholes price of such an option can be immediately obtained by Corol-
lary 4.1.

5. CONCLUSION

In this paper an application of the distribution of occupation times of Brownian
motion with drift to a certain type of range options is considered, in particular an
explicit pricing formula for dual switch options is provided in the Black & Scholes
framework. Though the joint density of Brownian motion (with drift) at time T and
its occupation times up to T is a familiar result of stochastic calculus [see Billingsley
(1968)] it seems that an explicit version of the distribution of occupation times has
not been provided as far as the author knows. However, the explicit knowledge of
this distribution is helpful for the pricing of a large class of path-dependent options
such as range or quantile options, especially with respect to a practical point of
view.
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