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The sharp estimates of the m-linear p-adic Hardy and Hardy-Littlewood-Pélya operators on
Lebesgue spaces with power weights are obtained in this paper.

1. Introduction

In recent years, p-adic numbers are widely used in theoretical and mathematical physics (cf.
[1-8]), such as string theory, statistical mechanics, turbulence theory, quantum mechanics,
and so forth.

For a prime number p, let Q, be the field of p-adic numbers. It is defined as the
completion of the field of rational numbers Q with respect to the non-Archimedean p-adic
norm | - |P. This norm is defined as follows: |0|p = 0; If any nonzero rational number x is
represented as x = pY(m/n), where m and n are integers which are not divisible by p and y
is an integer, then x|, = p™. It is not difficult to show that the norm satisfies the following
properties:

lxyl, = Wellyl,  |x+yl, < max{lxl,, |y],}. (1.1)

From the standard p-adic analysis [6], we see that any nonzero p-adic number x € Q, can be
uniquely represented in the canonical series

x=p' Yap, y=yx) ez, (1.2)
j=0
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where a; are integers, 0 < a; < p — 1, ap#0. The series (1.2) converges in the p-adic norm
because |a]~pf|p =p /. Denote by Q;, = @, \ {0} and Z;, = {x € Qp : x|, < 1}.

The space Q”; consists of points x = (x1,x2,...,X,), where x; € Qp, j =1,2,...,n. The
p-adic norm on Q} is

x|, := {2]% | x; , XE Q- (1.3)
Denote by
By(a)= {x € Q) :|x~al, <p'}, a4)
the ball with center at a € Q) and radius p?, and
Sy(a):={xeQ:lx-al,=p'} = B(a) \ By1(a). (15)

Since Q} is a locally compact commutative group under addition, it follows from the standard
analysis that there exists a Haar measure dx on Q};, which is unique up to positive constant
multiple and is translation invariant. We normalize the measure dx by the equality

f dx = |Bo(O)]yy = 1, (L6)
By(0)

where |E| denotes the Haar measure of a measurable subset E of Qp. By simple calculation,
we can obtain that

|By(@)|y=p",  |Sy@]|y=p"(1-p™"), (1.7)

for any a € Q. For a more complete introduction to the p-adic field, see [6] or [9].
The space 9; x Q;’ X oe X QE consists of points (y1,Y2,...,Ym), Wwhere yi = (¥i1, Yiz,

N~

m
..., Yin) € Q;‘, i=1,2,...,m. The p-adic norm of m-tuple (y1,y2, ..., Ym) is

|(y1’y2""’ym)|p = max|yi|p' (18)

1<i<m

Recently, p-adic analysis has received a lot of attention due to its application in
mathematical physics. There are numerous papers on p-adic analysis, such as [10, 11]
about Riesz potentials, [12-16] about p-adic pseudodifferential equations, and so forth. The
harmonic analysis on p-adic field has been drawing more and more concern (cf. [17-21] and
references therein).

The well-known Hardy’s integral inequality [22] tells us that for 1 < g < oo,

q
||Hf||L“7(R+) s ﬁ”f”mawy (1.9)
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where the classical Hardy operator is defined by
1 X
Hf(x):= ;I f(Hdt, (1.10)
0

for nonnegative integral function f on R*, and the constant q/(g—1) is the best possible. Thus
the norm of Hardy operator on L7(R*) is

1H IRy rar S, (1.11)
LIE) = LIE) = 2]

Faris [23] introduced the following n-dimensional Hardy operator, for nonnegative
function f on R",

1

Jf@)=§ggﬁfwmf00@ﬁ xR\ {0}, (1.12)

where Q, is the volume of the unit ball in R". Christ and Grafakos [24] obtained that the
norm of < on L1(R") is

1y oy = (1.13)
Li(R") — L1(R™) q_l’

which is the same as that of the 1-dimension Hardy operator. In [25], Fu et al. introduced the
m-linear Hardy operator, which is defined by

1
H"(fr,en s fm)(x) = o™ J‘|<y1 e fi(yr) - fn(Ym)dyr -~ AYm, (1.14)

.....

where x € R" \ {0} and fi,..., f are nonnegative locally integrable functions on R". And
they obtained the precise norms of #™ on Lebesgue spaces with power weight. The authors
of [26] also got the best constants of m-linear Hilbert, Hardy and Hardy-Littlewood-Pélya
operators on Lebesgue spaces.

The study of multilinear averaging operators in Euclidean spaces is a byproduct of the
recent interest in multilinear singular integral operator theory. This subject was established
by Coifman and Meyer [27] in 1975. In this article, we consider the sharp estimates of m-
linear p-adic Hardy and Hardy-Littlewood-Pélya operators. In contrast with [25], we use a
new technique in calculations based on the feature of p-adic field, and Theorem 3.1 is also
new. They cannot be obtained immediately by [25]. In [28], we defined the p-adic Hardy
operator.

Definition 1.1. For a function f on Q}, we define the p-adic Hardy operator as follows

#Wuw~if fodt, xeqp (o), (1.15)
B(O,lxl,)

|,

where B(0, |x|p) is a ball in Q; with center at 0 € Qy and radius |x|p.



4 Journal of Applied Mathematics

It is obvious that |H#? f| < MP f, where MP is the Hardy-Littlewood maximal operator
[17] defined by

1
ﬂpf(x):supW fB fW)ldy,  feLi(Q). (1.16)
H

YEZ

The Hardy-Littlewood maximal operator plays an important role in harmonic analysis. The
boundedness of M” on L7(Q}) has been solved (see, e.g., [9]). But the best estimate of _#”
on L7(Qyp),q > 1, even that of Hardy-Littlewood maximal operator on Euclidean spaces R"
is very difficult to obtain. Instead, we have obtained the sharp estimates of H#” (and p-adic
Hardy-Littlewood-Pélya operator) elsewhere.

Definition 1.2. Let m be a positive integer and fi,..., f,» be nonnegative locally integrable
functions on Q. The m-linear p-adic Hardy operator is defined by

1

Ko (fr-os fm)(x) = WI
x5 i1l <1,

.....

fi1) - fn(Ym)dyr -~ Aym, (1.17)

where x € Q; \ {0}.

The Hardy-Littlewood-P6lya’s linear operator [26] is defined by

f)
Tf(x)= I max(x,y) ——dy. (1.18)

In [26], the authors obtained that the norm of Hardy-Littlewood-Pélya’s operator on L7(R*)
(see also [22, page 254]),1 < g < oo, is

Tl 2wy - Loy = g-1 (1.19)
We define the p-adic Hardy-Littlewood-Pélya operator as (see [28])
TP (x) = f Ldy, x €Qy,. (1.20)
Q max<|x|p, y|p>

Definition 1.3. Let m be a positive integer and fi,..., f,, be nonnegative locally integrable
functions on Q. The m-linear p-adic Hardy-Littlewood-Pélya operator is defined by

fi(ya) - fn(ym)
(Ixlys 1911, -

*

1 dYm, x€Q,.

)

To(fi,--os fm) () = _[ J‘QP max

(1.21)
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We obtain the sharp estimates of the m-linear p-adic Hardy operator on Lebesgue
spaces with power weights in Section 2. In Section 3, we get the best estimate of m-linear

p-adic Hardy-Littlewood-Pélya operator on Lebesgue spaces with power weights.
In the following sequel, for k € Z, we denote Bx = {x € Q) : |x], < p¥}and Sy = {x €

Qp : lxl, = p*}.

2. Sharp Estimates of m-Linear p-Adic Hardy Operator

Theorem 2.1. Let m € Z*, f; € qu(|x|ziqi/qu), l<g <o,i=12..m1¢<gq< oo,
1/q=3"%01/q9), ai <qn(1-(1/q;)) and a = 3}, a;. Then

”JZP (flf e rfm) ||Lq(|x|gdx) < Ce’fllfl ||Lﬂl(\x|:1q1/qu) ||fm||mm(|x|gm‘7m/‘7dx)/ (2.1)

where

a-rm"
H;{:l (] — pn/qz‘Jr(ai/q)*")

Cy= (2.2)
is the best constant.

When a = 0, we get the sharp estimates of the m-linear p-adic Hardy operator on
Lebesgue spaces.

Corollary 2.2. Letm € Z*,1< g <o0,i=1,2,...,m, 1<q<ocand1/q= X", 1/qi. Then
(1-pm"

= : 2.3
L (@p)x-xLim @) = L9(@5) - T2 (1 = pt/a)-n) 23)

e

Proof of Theorem 2.1. Since the proof of the case when m = 1 is similar to and even simpler
than that of the case when m > 2, for simplicity, we will only give the proof of case when
m > 2. To make the proof clearer, we will discuss it in two parts.

(I) When m = 2

Firstly, we claim that the operator H#” and its restriction to the functions g satisfying g(x) =
g(|x|;,1) have the same operator norm on L4 (|x|;dx). In fact, set

gi(x) = 1_1pn f Fi(lel'e)de, xeqQp i=12. (2.4)

il
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It’s clear that gi(x) = gi(|x|;1), i=1,2,and

H5(81,82) (%) = —5= f 81 (y1) &2 (y2)dy1dy:
[(y1.y2)],<Ix],

I3

) e |y1| gl d@, dyldy2
(1 _P_n)Z |x|f; [(y1y2)l,<lxl, 1:1[ leil,=1 ( )
1 1 2
2 271’[ H '[I _ fl(zz)l]/z| "dz; dy,dy,
Zip=]/1

C(1-pm) Ix," L1yl i, it
. 1 f ﬁ<_[ lvil, dy)f (z1) f2(z2)dz1dz
- 1 1\<1)J2\<2 1 2
(1 —P_n)z |x|;27n [(z1,22) |, <Ix, i= lyil,=l=il, '

1
— f1(z1) f2(z2)dz1dz,
IXI |(z1,22)l,,<Ix],

= 5 (f1, f2) (%)
(2.5)

By Holder’s inequality, we get

1
||gi||L4i(|x|Ziqi/qu) = (I | 1=—p™ J‘

1/g;
RGO |x|“1q'/qu>
-

1 gi-1 1/g;
— - @ ai :/q
= f f fi(lxl, & déi)(f d§i> x|, T dx
{ R (1‘P‘">q< Iéflp=1| ('s)| =1
1 1/gi
ai 1/q
- - fi(lx] d§1>| lp 1 dx}
{stl‘P <f|(;i,7 i (1< >|
1 1/gi
_ i (aiqi/q)—n
= ) |fi(zi)|qdzi>|x| dx}
1-pm)!* {f b <f il =l
1 1/g;
. (aigi/q)— G
= . | | dx>|f1(zl I dzl}
1-pm"* {f b <f =l

= ||fi||Lqi(|x|;‘i4i/qu), i=1,2.

(2.6)
Therefore,

|2 (F1. £2)

”fl ”Un (Ix\;m/qu) ||f2 ||qu(|x|;2‘72/‘7dx) - ”gl ”Lfn (Ix\;m/qu) ”gZ ||qu(\x|gz‘72/‘7dx)

P
LA (x[3dx) ”J2 (81,82) L9(|x|3dx)

, 2.7)
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which implies the claim. In the following, without loss of generality, we may assume that
fi € Lqi(|x|giqi/qu), i = 1,2, which satisfy that f;(x) = f,~(|x|;,1), i=1,2.
By changing of variables y; = |x|;,1zl~, i=1,2, we have
q 1/q
|x|:,‘dx>

LW(‘x|de) - <J@;
q 1/q
|x|;dx> (2:8)

) (I@z
q 1/q
= |x|“dx> .
(I @ b

Then using Minkowski’s integral inequality and Holder’s inequality ((q/q1) + (9/q2) = 1),
we get

1

2
|x[,"

|25 (f1. £2)

f f1(y1) f2(y2)dy1dya
[(y1y2)l,<Ixl,

J‘(zl,zmpﬂ h (|x|;,121>f2 (|x|;122>dzld22

J‘(Z1,zz)|p§1 fl (|Zl|;1x>f2(|ZZ|;1X>d21dZZ

1/q
q
o< £ (1211, %) fo (Il ) | xlgpedx ) dzidzs
L(|x,dx) .[|(zl,zz)|p51 (J@; P P P

1/q;
Sf <f ‘ft |zil, x)| |x|aq'/qu> dzydzy (2.9)
21,22l <1 i

2 2
—(n/qi)—(ai/q)
= <f(z I ||Zi|p n/q)~(ai/q d21dzz>H”fi||L‘7i(|xZi""/‘7dx)'
1,22)|,<1 =1 i

|2 (f1. £2)

By calculation, we have
2 (n/qi)—(ai/q)
—n/qi)=ai
J [ [lzil, ™" P dz1dz,
I(z1,22)l,<1 i1

=J‘ J‘ | 1|p(7’l/q:) (a1/q)dz dZ
|z1],<1  |z2, <=1, i=1

2
—(n/qi)—(ai/q)
+ J‘ f H|Zi|p g q ledZZ
|z2],<1 |z, <|z2]

b i=1

logp\zllp
_ J‘ 2, /)" (m/q)( f (el g, > dz
|z1],<1 Sk
log, |z2],~1
+J‘ |Z |p(n/‘72) (‘7‘2/‘7)< J |Z |p(n/q1) (al/q)dz >d22
|z2],<1 Sk
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— (1 - p_n) ’[ |le_(n/‘7)_(u/q)+"dzl
1- p("/q2)+(0¢2/q)—" 21l <1 P

+ (1—p)ptr/a+i/an f |22|7(n/q)7(a/q)+nd22
1— p(n/q1)+(0¢1/‘7)‘" |zal, <1 ’

) 1-pmy’
[T, (1 pr/as/arny
(2.10)
Therefore,
2
1—pm
(E24 P - < =p) . (2.11)
qu(\xh’lq1 qu)><L'42(|x|pzq2 qu)—>LW(\x|;dx) H1'2:1 (1 — p(”/qi)"'(ai/q)_n)
Now let us prove that our estimate is sharp. For 0 < e <1 and |e|, > 1, we take
frea =] s @)
Fxy) = N _ i=1,2 2.12
! |xi|r—](n/ql)—(al/q)—(qze/ql)’ |xi|p >1
Then by calculation, we have
1-p™
e|9 _ e |92 —
Il i ”m (e /rax) = Il £2 ”qu(lx‘zzqz/qu> “1open (2.13)
It is clear that when [x|, <1, Jeg(ff,ff)(x) = 0. But when |x|, > 1,
L5 (fi f3) ()
2
= |-/ Daael J‘ [yl /0 D0 gy 1y

|12, <Lyl 21/ Il vl 21/ 1], iz
(2.14)
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Since |€|p > 1, we get

|25 crs £5)

LA(|x|;dox)

_ { J‘ (I /e (el )
], 1

>< 4“
1,921, <Ll 21/ 12l 2l 21/ 1, i

> { J‘ <|x|;(n/q)—(a/CI)—(qze/q)
|x|p=lelp
2 q 1/q
—(n/qi)—(ai/q)—(q2€/ g
Xf |yi|p(" qi)—(ai/q)~(qae q)dyldy2> |x|;dx}
|1y, <Lyl 21/ el lyal 21/ €], =1

2 1/q
—(n/qi)—(ai/q)—(q2€/ i —n-
_ <I Hlyi|p(n 90)~(@i/@)~(g2¢ q)d]/ld]h) <J’ Ixly" eqzdx>
(1Y), <Lyl 21/ el lyal, 21/ lel, “i=1 |x], =€l

2 2
—(n/qi)~(ai/q)~(q2¢/ ) —€q2/q
(f Hl}/i |p ’ dyldy2> lel, H”fie”Lqi(|x|;i‘7i/“7dx)'
|G y2)l, <Lyl 21/ el lyal, 21/ lel, “i=1 i=1

q 1/q
-(n/qi)—(ai/q)- /qi
yi|p(n qi)—(ai/ q)—(q2€ q)dy1dy2> |x|;‘dx}

(2.15)
By the same calculation as that in (2.10), we obtain that
2
J- |yi |—(n/qi)—(af/q)—(qze/qi)dyldyz
1l <Ll 21/ lel byal 21/ lel, =1
) (1/)+(@/)+(q2e/9)-2n (216)
(1=p™)?* |1 (plel,)
T A, (1 pWara e /a)n)
Therefore,
—eqn/ N (n/q)+(a/ g)+(q2¢/q)-2n
(=2 1= (ple)
2, (1 — pn/a)+(@i/ 9)+(qe/ q:)-n) (2.17)

P
<[l

L1 (|, ™ " dx)xLe2 (|x\;}2"2/qu) — LA(|x[5dx) '
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Now take € = p™%, k = 1,2,3,.... Then lel,, = p* > 1. Letting k approach to co, then €

—eq2/q

approaches to 0 and |e|, approaches to 1. Since a; < gn(1 - (1/g:)),i=1,2, we have

(0
Hi2:1(1 - p("/qf)+(a,-/q)—n) = 2

Then (2.11) and (2.18) imply that

(1-p™)’

L1 (T ) x L2 (1> o) — L (xl )

|-

(IT) When m > 3

Lm(\x|;§141"4dx)xmz(|x|;'§2‘72/"dx)—>Lq(\x|;dx) Hle(l - p(n/qi)+(ai/q)—n) ’

(2.18)

(2.19)

The proof of the upper bound in this case is similar to that of the previous case, and we can

obtain that

p
”d’em(flr . -/fm) L‘?(\x|;dx) < Ceﬂ”fl”qu(lx‘;m/qu) e ||fm||L‘7m(|x\;mqm/qu)’ (220)
where
C _f |z, B D gz, . (2.21)
|(Zl ///// Zm)lpsl k=1
Let
Di={(z1,..,zm) € @ x---x Q| 1z1), S 1, |2kl < |21l 1<k S,
D; = {(21,-.-,Zm) €Qyx--xQy|lzil, <1, |Zj|p <|zily, |zkl, < |zil,, 1<j<i<k< m},
Dm = {(le---zzm) GQZ Xoews XQ; | |Zm|p S 1/ Z]lp < |Zm|p/ 1 S] < m}

It is clear that
m

UDi = {1 zm) €Q x x Q1|21 2z, <1,
j=1

and D; N D; = (. Then

m m m
de — ZJ‘ lekl;y(n/qk)_(ak/q)dzl"'dzm = ZI]
j=1 7 Dj k=1 j=1

(2.22)

(2.23)

(2.24)
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Now let us calculate I}, j = 1,2,...,m, respectively,

m
11 — H|Zk|’;("/‘7k)_(ﬂk/q)dzl . dZm
D1 k=1
m
=f |z1 |p<n/q1) (ar/q) <HJ A ~(n/qo)~(ax/q) 4., >dz1
|z1,<1 k=2 7 |zkl,<lz1l,
m 10g,,\21|
_ J 0 (T k|;<n/qk>—<ak/q> dz ) )z (2.25)
|z1],<1 k=2 ]——oo
(1-p)™
— p |Z | (n/fl) (”Mq)*(m 1)nd21
FCEFCEETED) M
(1-pm)"

= (1 + pW @Y T (1 = p/ao(ax/an)”

Similarly, fori =2,...,m -1, we have

I _J‘ 2[R D g,
Di k= 1

J‘|Zi|,,
- (n/ )~k /4)

X<HI |zilp ™ “kqdz>dzl~
K=ivl J |zel <)z,

@-p )" 11-[1 L pn/a)+ (@i /g)-n ”
(] p(n/qk)+(11k/q) n) Jzil,<1 Zilp

i-1
(n/qi)—(a:/q) —(n/q;)—(a;/q)
oy /-Gl Hf 55/

IZ/‘ <|Zl

~n/q)~(a/ ) +(m=D)n 5

1

ngkSm,k #i

_ i1 . o
= (1 -P n)mn}:lp(”/%”(“//q) n
(1 + p(n/q)+(a/q)_mn)ngkgm,k7&i(1 _ p("/qk)‘f(flk/q)—n) ’

m-1
Im=f E l_[f |2,/ az; ) dz,,
Izm|p<1 j=1 |Z]| <|Zm‘p

_ (1 - P_n)mn;glp("/qf)ﬂaj/q)—n
@ pr/a+(a/q-mm) [T (1 — pn/ai+(ai/a)=m)

(2.26)
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Therefore,
co_ (1-p™)"
T (1 + p/ @l -m) T (1 = pn/a0 (/o))
o (1-p™)"TI} pr/ o)/
+

5 (1+ p/@+@/@=mm) [T (1 - plo/ao+(a/a)-n)
(2.27)
(1 B p,n)ml—[}qglp(n/qj)ﬂaj/q)*n

(1+ p(n/q)+(a/q)fmn)1‘[],fgl (1 - p/ap+(a/a-m)

_ a-pm"
B I (- p(n/qi)+(nai/q)—n) ’

To show that C_ is the best constant, we should prove that it is also the lower bound
of the norm of %, from L% (|xlzlq1/qu) X X Lqm(|x|zmq"‘/qu) to L9(|x|,dx). For 0 < e < 1
and |€|p > 1, we take

i (xi) = NN _ i=1,2,...,m. 2.28
e I 21,
By simple calculation, we have
1-p™
e - € ||9m _
”fl ”qu <|x\;”1/qu> - ”fm ”Lqm (lxlzmqm/qu> 1—_ p_eqm . (2.29)

And when |x|p <1, #fn(ff, .o fe)(x) = 0. But when |x|p >1,

(5 fo) ()

=(n/q)~(a/q)-(qme/q)

m
—(n/qi)—(ai/ q)~(q2€/ i)
= x|, f |yi|p q DRED) Gy, - dy,,.
(Y1) LI, 21/ [yl 21/ 1], i1
(2.30)
Then by the similar discussion to that in previous case, we can obtain that
H, 231
” L (Ll 7 o) e Lm (|57 de) — L (|xc[2dx) (2.31)

Theorem 2.1 is established by (2.20), (2.27), and (2.31). O
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3. Sharp Estimate of m-Linear p-Adic
Hardy-Littlewood-Pélya Operator

We get the following best estimate of m-linear p-adic Hardy-Littlewood-Pélya operator on
Lebesgue spaces with power weights.

Theorem 3.1. Let m € Z*, f; € L?(|x|;iqi/qu), 1<g<o,i=12,....m1<g<o,1/q=
>t 1/qgi, ai <q(1—(1/gi)) and a = 3%, a;. Then

|Th (i fn)

L (x|t dx ) Tllflllml(|x|:lql/‘fdx) ||fm||Lqm(|x|;mqm/qu)/ 3.1)

where

(L-p)"(1-q")

Cr= ,
T (= p W@, (1 - pi/a+(@/a-Ty

(3.2)

is the best constant.

In particular, when a = 0, we obtain the norm of the m-linear p-adic Hardy-Littlewood-
P6lya operator on Lebesgue spaces.

Corollary 3.2. Let me Z*,1<gi<o0,i=1,2,...,m1<g<ooand1/q= 3", 1/q;. Then

|7

Proof of Theorem 3.1. Just as the proof of Theorem 2.1, we will only give the proof of case when
m>2.

_ @-pH"a-am
L (Qp)xexLim(Q) = L1(Qy) (1 —p V)[R, (1 - p1/a)-1)’

(3.3)

(I) Casem =2
By definition and the change of variables y; = xz;, i = 1,2, we have

1/q

q
”Tf(ﬁ,fz) — f JI@ f(y1) f2(y2) dyidys| |xldx

[max il Ll el )
q 1/q

LG e)] ;
sdyidys | |x|,dx
.[Q,, 4[‘[@;7 [max x|y, |v2] )] p

q 1/4q

j J'J' | f1(xz1) f2(x22) | _dzdz, | xlidx
&\ [max(1 Iz, fzal, )| '

(3.4)



14 Journal of Applied Mathematics

By Minkowski’s integral inequality and Holder’s inequality ((g/q1) + (9/g2) = 1), we

get
1/q 1
), ” f | fi(xz1) fa(xza) | x|Sdx —dzdz,
La(|x[;dx) Q Q
’ P\ [maX<1,|lep,|Zz|p ]
1/g; 1
1 1 l/
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(3.5)
By calculation, we have
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By definition,
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Similarly,

~(1/q1)- ~(1/q)- )
L, :f J' 20 [/ e 02 g
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T (1= pWa @/ 1y (1 - p- -/
Substituting (3.7) and (3.8) into (3.6), we get
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2 - _ _ 2 Nt (i /a)=1\ .
% [max(1,lz1l, |22l )] (1= p /) [T, (1 - pt/ae/aT)
Then (3.5) and (3.9) imply that
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On the other hand, for 0 < € < 1 and |€|p > 1, we take
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4[ x|, 2lel, I lyil,21/lel, f lyal, 21/l
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As the calculation of (3.6)—(3.8), we obtain that
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Now take € = p%, k € Z* and let k approach to oo, then by (3.9), (3.14), (3.15), and the
fact that a; < gn(1-(1/gi)),i = 1,2, we have
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Then by (3.10) and (3.16), we get
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The upper bound estimate for the norm can be obtained by the same way as that when m = 2,

and we can obtain that
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Similar to J;, for 1 < i < m, it is true that
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Consequently, we have

< 1-pH"1-qm)
Cr=YJ= — _ R — (3.25)
24 = 07 @I (1= 0 )

To obtain that Cr is also the lower bound, for 0 < ¢ < 1 and |€|P > 1, we define

O, |xi|p < 1/
fe=d i=1,2,...,m. (3.26)
! |xi|p(1/qz) (ai/q) (1126/111), |xi|p >1,

By the similar discussion to that in Case m = 2, we can also get that

||T;; (3.27)

>
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Combining (3.18) with (3.27), we complete the proof of Theorem 3.1. O
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