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This work is concerned with a semilinear thermoelastic system, where the heat flux is
given by Cattaneo’s law instead of the usual Fourier’s law. We will improve our earlier
result by showing that the blowup can be obtained for solutions with “relatively” positive
initial energy. Our technique of proof is based on a method used by Vitillaro with the
necessary modifications imposed by the nature of our problem.

1. Introduction

Results concerning existence, blowup, and asymptotic behaviors of smooth, as well as
weak, solutions in classical thermoelasticity have been established by several authors over
the past two decades. See in this regard [1, 2, 3, 4, 5, 6, 7, 8, 11, 12, 13, 14, 17, 18, 20].

For thermoelasticity with second sound, Tarabek [21] considered problems related to
the one-dimensional system

‘Xl(ume)qqm
o (ux,0)qqs, (1.1)
0

Ut — a(Ume:Q)uxx"'b(uxreaQ)ex

9t+g(uX)6aq)qx+d(ux,6,q)u[x
(1, 0)qr + g + k(uy, 0) 0

in both bounded and unbounded situations and established global existence results for
small initial data. He also showed that these “classical” solutions tend to equilibrium as ¢
tends to infinity; however, no rate of decay has been discussed. In his work, Tarabek used
the usual energy argument and exploited some relations from the second law of thermo-
dynamics to overcome the difficulty arising from the lack of Poincare’s inequality in the
unbounded domains. Relations from thermodynamics have been also used by Hrusa &
Tarabek [4] to prove a global existence for the Cauchy problem to a classical thermoe-
lasticity system and then by Hrusa & Messaoudi [3] to establish a blowup result for a
thermoelastic system. Saouli [19] used the nonlinear semigroup theory to prove a local
existence result for a system similar to the one considered by Tarabek.
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Concerning the asymptotic behavior, Racke [15] discussed lately (1.1) and established
exponential decay results for several linear and nonlinear initial boundary value prob-
lems. In particular, he studied the system (1.1) for a rigidly clamped medium with tem-
perature held constant on the boundary, that is,

u(t,0) = u(t,1) =0(+,0) =6(t,1) =60, t=0, (1.2)

and showed that, for small enough initial data and for a; = a, = 0, classical solutions
decay exponentially to the equilibrium state. We should note here that, although the dis-
sipative effects of heat conduction induced by Cattaneo’s law are usually weaker than
those induced by Fourier’s law, a global existence as well as exponential decay results for
small initial data have been established. For a discussion in this direction, see Racke [15].
Messaoudi and Said-Houari [10] extended lately the decay result of [15] to (1.1) for a;
and «, that are not necessarily zero.

Regarding the multidimensional case (n = 2,3), Racke [16] established an existence
result for the n-dimensional problem

Uy —pAu— (p+A)Vdivu+ Ve =0,
O+ ydivg + §divu = 0,
¢ +q+xV0=0, x€Q, t>0, (1.3)
u(-,0) =uo, w(+,0)=u1, 0(-,0)=06p, g(-,0)=q0, x€Q,
u=0=0, x€0Q, t=0,

where Q) is a bounded domain of R”, with a smooth boundary 0Q), u = u(x,t) € R" is the
displacement vector, 8 = 8(x,t) is the difference temperature, g = q(x,t) € R” is the heat
flux vector, and y, A, 3, y, 8, 7, k are positive constants, where y, A are Lame moduli and
7 is the relaxation time, a small parameter compared to the others. In particular, if 7 = 0,
(1.3) reduces to the system of classical thermoelasticity in which the heat flux is given
by Fourier’s law instead of Cattaneo’s law. He also proved, under the conditions rotu =
rotq = 0, an exponential decay result for (1.3). This result includes the radially symmetric
solution, as it is on only a special case. Messaoudi [9] investigated the situation where a
nonlinear source term is competing with the damping caused by the heat conduction and
established a local existence result. He also showed that solutions with negative energy
blow up in finite time. His work generalized an earlier one in [7, 8] to thermoelasticity
with second sound.
In this paper, we are concerned with the nonlinear problem

s — pAu— (p+ ) Vdivu+pVo = |ulP 2y,
0+ ydivg +§divu, = 0,
Tq+q+xV0=0, x€Q, t>0, (1.4)
u(-,0) = uo, u(+,0)=uy, 6(-,0)=0p, 4q(-,0)=qo, x€Q,
u=0=0, x€0dQ, t=0,

for p > 2. This is a similar problem to (1.3), with a nonlinear source term competing with
the damping factor. We will extend the blowup result of [9] to situations where the energy
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can be positive. Our technique of proof follows carefully the techniques of Vitillaro [22]
with the necessary modifications imposed by the nature of our problem. For the sake of
completeness, we state here the local existence of [9]. For this purpose, we introduce the
following functional spaces:

I: = [H)(Q) n HA(Q)]" x [H} ()]" x Hj (Q) x D,
D:={q <€ [L*(Q)]" such that divg € L*(Q)}, (1.5)
H:=[H}(Q)]" x [L2(Q)]" x L*(Q) x [L*(Q)]".

THEOREM 1.1. Assume that

2(n—3)) N5
n—4 (1.6)
2<p, n<4,

2<p=

holds. Then given any (ug,u1,60,q0) € I1, there exists a positive number T small enough
such that problem (1.4) has a unique strong solution satisfying

(u,us,0,9) € C'([0,T);IT) N C([0,T); H). (1.7)

2. Blowup

In order to state and prove our result we introduce the following: let B; be the best con-
stant of the Sobolev imbedding [Hj (Q)]" < [L?(Q)]" and B, = B;/u. We set

1 1
431 _BZP/p 2)> E] = (E_E)a%) (21)
E(t) = —||ut||2 +EIvul}+ ”ndwunz ﬁnen% ;ﬁknqnz——n L 22

LemMa 2.1. Let (u,0,q) be solution of (1.4). Assume that E(0) < E, and

. T _ _
(vl el + £l ] 5700 )
Then there exists a constant o >sz /072 Such that
) T 1/2
[mwun%+<A+y>||dwu||§+§||9||§ vpr ||q|\2] > a0, (2.4)

||Ll||p > By, Vte [O,T) (25)
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Proof. We first note that, by (2.2) and the Sobolev imbedding, we have

. T
—”||dwu||§+2%||9||§ vbr ||q||2——|| ull?

“ 2
E(t) = 2HVqu+ > 20k

1 .
> E[m|vm|§+(A+u>||chw||%+gnen% Yﬁ’nqnz]

B’ . P2 (2.6)
—Ij[u||w||§+u+y>||dwu|§+§||9||§ ybe uqnz]
1, By
= 20c ’ af = g(a),
where
1/2
a:[mmn%mw)ndivu||%+§||9||§ Vﬁ’n«m] . (2.7)

It is easy to verify that g is increasing for 0 < « < «;, decreasing for « > a;, g(ar) — — o0 as
o — +00, and

1 —2p/(p-2)
= B =FE, 2.8
g(m) (2 p> 2 1 (2.8)
where «; is given in (2.1). Therefore, since E(0) < E, there exists &, > ) such that g(a) =
E(0).
If we set

1/2
a0 = [Vl + Qv divia + Nl + 22 o 2] (29)

then by (2.6), we have

g(a) < E(0) = g(a2), (2.10)

which implies that ag > ;.
Now to establish (2.4), we suppose by contradiction that

(vl + s ildivato)lE+ £l + B g ] < @0

for some t; > 0 and by the continuity of

1T uC) I+ A v [ + El10C) 2T g0 [, (2.12)

we can choose ty such that

2yt

172
2 Sk ||q to || ] > . (2.13)

[4l19 @) -+ Qs olldivateo) | + 0G0
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Again the use of (2.6) leads to

Blto) = gl Vuteo) [+ O+ divaso) I3+ E1100) 22Tl 1) > g 2) = ECO)

2 5k
(2.14)
This is impossible since E(t) < E(0) for all t € [0, T). Hence (2.4) is established.
To prove (2.5), we exploit (2.2) to see
Henvaiz o widivai + E161327 1g13] < E) eolulf@19)
Consequently,
Sl = 3 [l Ful + (el divul +Enez+ 2 1913] - £0)
- 1 Bg , (2.16)
z 50 —E(0) > J% —g(m) = ?(xz.
Therefore, (2.16) and (2.1) yield the desired result. O
THEOREM 2.2. Suppose that
2<ps%, nx=3, (2.17)
%6 <8. (2.18)
Then any solution of (1.4), with initial data satisfying
[al1v 2wl + s lldivaol -+ Bl + LT ol ] > 57702 2a9)
and
E(0)<Ej, (2.20)

blows up in finite time.

Remark 2.3. The condition (2.18) is “physically” reasonable due to the very small value
of 7. For instance, in [15], for the isotropic silicon and a medium temperature of 300K,
we have

2
B~ 391.62[’"—], T~10""2[s], &~ 163.82[K],

s’K (2.21)
. .
yz5.99><10’7[7m5K], K%148[K];
kg mK
consequently, we get
0
ﬂ—; ~72.367% 1077 < 8. (2.22)
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Proof. A multiplication of (1.4) by uy, (5/8)0, and (By/87)q, respectively, integration over
Q, using integration by parts, and addition of equalities yields

E0)=-L)q1 < (223)
We then set
H(t) = E; — E(1). (2.24)
By using (2.2) and (2.23), we get

0< H(0) <H(t)

1 . 1 (2.25)
<E - 2 (||ut||§ +ull Vull3 + A +p) | divulls + g 16115+ vhr ||q||2) ; ||u||§,
and from (2.1) and (2.4), we obtain
1 .
By~ 2 (vl + ol vt + £1013 + 27 1g13)
| . (2.26)
<E1—§05%:—;06%<0, Vit=>0.
Hence
0< H(0) < H(t) < %Ilullg, Vi 0. (2.27)
We then define
L(t) = H'(¢) +£J [u gt %u - q] () dx, (2.28)
Q
for € small to be chosen later and
_p-2
o=, (2.29)
By taking a derivative of (2.28) and using (1.4), we obtain
L= —a)H-"(t)H'<t>+s( luall + el [3 = | V2al3 = X+ ) | div ull3)
K (2.30)
J u- qu+ J us - qdx.
By exploiting (2.2) and (2.24), the estimate (2.30) takes the form
’ -0 ’ 2 P 2 Sﬁ
L'(t)=(1-0)H (OH (t)+e( 1 — = ) llullp +2¢||ue||; — 5 | u-qdx
p o (2.31)

+ sﬁTT JQ up - qdx +2eH(t) — 2¢E; +%”9”% SYﬁT lqll3.
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Then using (2.5), we obtain

L'(t)=(1-a)H o (H)H'(t) +£(1 - % —2F, (Bzaz)_P) lulh + 2e] |3

(2.32)
—% u-quﬁﬂ—fj ut-qu+28H(t)+%||0H§ SYﬁTIIqIIZ,
Q k Ja 1)
which implies
L'(t) = (1— 0)H () H' (£) + ecollullh + 2¢|jug| |2 + 2eH (1) + B 16]12
8 (2.33)

Wj’n 12 - ﬁj dx+—JQu,-qu,

where ¢g = 1 —2/p — 2E,(Byaz) P > 0 since a, > B;p/(pfz),
Next we exploit Young’s inequality to estimate the last two terms in (2.33) as follows:

a 1
” u,-qu‘ < *Ilut||§+*||q||§, Va>0,

(2.34)
J " qu_—||q||2+ ||u||2, Vb >0.
Thus (2.33) yields
’ -0 7 P ﬁ‘[
L'(t) = (1—0)H()H (t)+sco||u||p+e< )||ut||2
(2.35)
£ T T
+2eH(t>+§||9||%+e(% - 2%) lql3 - —ﬁ[—l\q|lz+ -l |
At this point, we choose a so that
9T _ B (Z_Y _ l)
A:=2 ok >0, A, = AW 4 > 0. (2.36)
This is possible by virtue of (2.18); consequently, (2.35) becomes
L'(t) = (1—0)H ()H' (1) + €A ||u||5 + £As I q113
3 (2.37)

tecollulll+eAs 1013+ 26H (1) *[*Ilqllﬁ ||u§],

where A}, A,, Aj are strictly positive constants.
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We also set b = 2MyH ?(t)/§, for M a large constant to be determined, to deduce
from (2.37)

L'(t)=[(1-0)—eM]|H °(t)H'(t) +£A1||ut||§ +eAslqll3

, i Ce i (2.38)
+ecollully +eAs |01 +2eH(t) - mH”(t)llull ,

where C, here and in the sequel, is a positive generic constant depending on Q, p, §, y, J,
k, A, u, T only.
We then use (2.27) to get

L'(t) = [(1-0) - eM]H () H' () + A ||y |3 + eAs llqll3

+ecollully + A3 110113 +2eH (1) - 45—;/[ lull" . (239
By using (2.29) and the inequality

z"s(z+1)s<l+é)(z+a), Vz=20,0<v<1,a>0, (2.40)

we have the following:
lully"™” < d(llully +H(©0) < d(lull§+H(®), Vizo0, (2.41)

where d = 1+ 1/H(0).

Inserting the estimate (2.41) into (2.39), we arrive at
L'(t)= [(1-0) - eM]H “()H'(t) + A, ||uf |5

+ed gl +e(e - 42—?4) lull+ eAs ol +(2 - ;—Z)H(t e

At this point, we choose M large enough so that (2.42) becomes, for some positive con-
stant A,

L'(t)=[(1-0)—eM|H °(t)H'(¢) +£A0[||ut||§ +liqll5+ IIqu +H(1)]. (2.43)

Once M is fixed (hence Ag), we pick ¢ small enough so that (1 — o) —eM > 0 and

L(0) = H'7(0) + SJQ [uo - %Tuo - qo] (x,6)dx >0, (2.44)
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Therefore, (2.43) yields

L'(8) = eAo||uell3 + qll3 + lullh + H()]. (2.45)
Consequently, we have
L(t)=L(0) >0, Vt=0. (2.46)
Next we estimate
' L} wny (e, t)dx | = llullyl el = Cllull ol (2.47)
which implies
1/(1-0) V-
H uuy (x,t)dx < Cllully " a7, (2.48)
Q

Again Young’s inequality gives us

1/(1—0)

J ud; (x, t)dx < Clluly"= ||ut||§/(lfg)] (2.49)
Q

for 1/r+1/s = 1. Wetakes = 2(1 — o) togetr/(1 — o) = 2/(1 — 20) = p by virtue of (2.29).
Therefore, (2.49) becomes

1/(1-0)

‘ J uu(x, t)dx sC[IIuI|§+||ut||§], Vit =>0. (2.50)
Q
Similarly we have
1/(1-0)
' JQ uq(x, £)dx <Clllullh+1iqI3], Vt=o0, (251)
Finally, by noting that

ﬁT 1/(1-0)
LY)(1) = (Hl_g(t)+€J u(ut+fq>(x,t)dx>
Q
(1=0) (1-0)
<c(no+| [ weenas] "+ || wguena ") 22
Q

< C[H(®) + llullb +||w >+ IqI3], Vi=o0,
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and combining it with (2.45), we obtain
L'(t) = agLV=9(t), Vt=0, (2.53)

where ay is a positive constant depending on €A and C. A simple integration of (2.53)
over (0,t) then yields

1
L2/ 2 (1) > . 2.54
() L=(p=2/2(0) — aot(p — 2)/2 ( )
Therefore, L(t) blows up in a time
-«
* < . (2.55)
aay[L(0)]'F~ 27+ O

Remark 2.4. The estimate (2.55) shows that the larger L(0) is the quicker the blowup takes
place.
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