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Investigation of the blow-up solutions of the problem in finite time of the first mixed-
value problem with a homogeneous boundary condition on a bounded domain of n-
dimensional Euclidean space for a class of nonlinear Ginzburg-Landau-Schrodinger evo-
lution equation is continued. New simple sufficient conditions have been obtained for a
wide class of initial data under which collapse happens for the given new values of pa-
rameters.

1. Introduction

In the present paper, the investigation of the blow-up of solutions of the problem for the
first mixed-value problem of the Ginzburg-Landau-Schrédinger equation is continued.

Let QO C R” be a bounded domain with a smooth boundary 0Q). We consider the fol-
lowing mixed-value problem:

ur = (a+if)Au+ f(u) + (n+iwu, x€Q,t>0, (1.1a)
u(x,0) = up(x), x€Q, (1.1b)
u(x,t)l30=0, t=>0. (1.1¢)

Here f(u) = (w+iy)|ul'*?, {a, B, w,p,m,u} ER, p € Ry, a? + % # 0, and w? +y? # 0.
We meet (1.1a) in different fields of applied physics, in nonlinear quantum mechanics,
and in the theory of propagation of light waves in a nonlinear media (see, e.g., [4, 14]).
For a =0, =0, f(u) = iylulPu, yp >0, and pn = 4, the question on blow-up solutions
of problem (1.1) is considered in the case 4 = 0 in [6] and in the case g >0 in [7]; the
Cauchy problem for (1.1a) in the case y = 0 is considered in [2, 6, 9, 11], and so forth.
Inthecase a=0,8=1,1=0,u=0, f(u) = ylulPu, p>0, y # 0, papers by P. L. Lions,
T. Cazenave, B. Weissler Fred, W. A. Strauss, J. Shatah, T. Kato, E. Merle, M. Tsutsumi,
Y. Tsutsumi, H. Nawa, J. Ginibre, G. Velo, and so forth (see the references in [9, 10])
are devoted to the different properties of the solutions of the Cauchy problem for (1.1a).

Copyright © 2004 Hindawi Publishing Corporation

Journal of Applied Mathematics 2004:1 (2004) 23-35

2000 Mathematics Subject Classification: 35Mxx, 35Qxx, 78 Axx, 78Mxx, 81Qxx, 82Cxx
URL: http://dx.doi.org/10.1155/S1110757X04303049


http://dx.doi.org/10.1155/S1110757X04303049

24  Ginzburg-Landau-Schrodinger evolution equation

The global solvability of problem (1.1) fora =0, =1, =0, = 0, f(u) = |ulPu,p >01is
investigated by Lionsin [3];fora =0,8=—-1,1=0,u =0, f(u) = —ivi|ulP u—ivs|ulPu,
v, >0, v € R, p; >0, p» >0 by Vladimirov in [12], the author in [7], and others; for
a=0,=1,1n=0,u=0, f(u) = plul*u, y # 0, n = 2 by Brézis and Gallouet in [1]; for
f(u) = |ulPu, p>01in [5]; and so forth.

In [8], the problem on blow-up of solutions of problem (1.1) is considered and in
the case ag = Aga — 17 # 0, where Ay is the first eigenvalue of the spectral problem (2.1),
sufficient conditions on u, are suggested under which collapse happens for the given
values of the parameters of (1.1a). The conditions on 1, suggested in [8] are cumbersome.
In the present paper, the simpler sufficient conditions on ug are offered under which in
any value ao for given values of the parameters of (1.1a), the solutions of the problem
(1.1) end with singularity.

The obtained results are stated in Theorems 3.1, 3.2, and 3.3. The proofs of these theo-
rems are based on the Lemma 4.1, which is deduced from the equality for the solutions of
the problem (1.1) and nontrivial solutions of the spectral problem (2.1) (Statement 4.2).

2. Notations

Let Ay be the first eigenvalue and vy(x) the corresponding first eigenfunction of the fol-
lowing problem:

Av+lv=0, xe€Q,

2.1
vlaa = 0. 21

It is known that Ay > 0, vo(x) € C*(Q) N C(Q), and vp(x) > 0 for all x € Q (see, e.g.,
[13, page 434]). Without loss of the generality, we will consider that

f vo(x)dx = 1. (2.2)
Q

Notations. ag = Aoat — 11, bg = Ao — i, k1 = crw + &2y, ko = 1y — cow, where {c1,c,} €
R, c+c3 40, for c; =0 weare to set ¢; =1, for c; =0 — ¢, = I; 3o = c1(Reug,vo) +

c2(Imug,vp), (+,+) is a scalar product in Ly(Q); || - || is a norm in L,(Q), || - [l is a
normin L, (Q),q > 1, W1(Q), W3(Q) are the Sobolev spaces, B(Q)) = W1(Q) n W3 (Q) N
LpH(Q)-

We pass to the statement of the obtained results.

3. The results
We formulate the results in the form of the following three theorems.

THEOREM 3.1. Let Ay be the first eigenvalue, let vo(x) be a corresponding first eigenfunc-
tion of problem (2.1), satisfying the norm condition (2.2), and let by #+ 0, ky # 0, and ¢ =

sign(kykabo) arcsin(|ka |/+/k} + k3). Further, let the initial function uy € B(Q) be such that

Yo = sign (k1) jio (3.1)
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satisfies the condition

¥ 1/p
yo= [(l—sin(p)] : (3:2)
here,
% forag <0,
0
X= ¢ (3.3)
“’“W for as >0,
where
P retd+g 2= 5.
Pl la)™ T el '

Then the solution u(x,t) of problem (1.1) from the class C([0,T],B(Q)) n C'([0,T],
L,(Q)) blows up in a finite time tmax, that is, for t — to..

||u(',t)||_’o°y ||u(_)t)||p+1—>00, (3 5)
IVuC 0l — o0, [0 lyziay — . '
Moreover, tma < tx < t,, where
_arcsin (sing +¥/90) — ¢ (3.6)

b= [bo|

THEOREM 3.2. Let Ag be the first eigenvalue, let vo(x) be a corresponding eigenfunction of
problem (2.1), satisfying the norm condition (2.2), and let by # 0, ky # 0, ¢ = arccos(|ka|/
\k? +k3), and sign(k,koby) = —1 for ky # 0. Further, let the initial function uy € B(Q) be
such that

Yo = —sign (kabo) o (3.7)
satisfies the condition
1/p
i)
Yo = [(1 +cosg)l (3.8)

where x is determined by formula (3.3) in which t, = (m — ¢)/|bo|, and xq is given by relation
(3.4).
Then the statement of Theorem 3.1 is valid, where

_ arccos (cosg —X/¥0) — ¢

ty = | by | (3.9
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THEOREM 3.3. Let A be the first eigenvalue and let vo(x) be a corresponding first eigen-
function of problem (2.1), satisfying the norm condition (2.2). Let by =0, ki # 0, w # 0,

andy #0 (fory=0, c; =0 for w=0—c; =0 has to be taken). Let the initial function
uo(x) € B(Q) be such that

yo = sign (k1) 7o (3.10)

in the case ay > 0 satisfies the condition

1/p
yo>[%] , (3.11)
where
| k1|
S L — 3.12
T 212

in the case ay < 0 satisfies the condition y, > 0.
Then the statement of Theorem 3.1 is valid, where

tk=—11n<1—“°’,) (3.13)
dop Xo)o

in the case ag # 0; in the case ag = 0, ty = l/p)(oyg.

4. Outline of the proof

4.1. Let u(x,t) € C([0, tmax),B(Q)) N CH[0, tmax),L2(Q)) be the maximal solution of
problem (1.1) in the sense that the interval [0,#mnax) is @ maximal interval of the exis-
tence of the solution for problem (1.1) from the indicated class. Clearly, tmax is either
finite or infinite. By proving the above stated theorems, we use the following lemma.

LEmMMA 4.1. Let ug(x) € B(Q), u(x,t) be a maximal solution of problem (1.1) from the class
C([0, tmax), B(Q)) N C'([0, tmax), L2(Q)), let Ao be the first eigenvalue, and let vo(x) be a
corresponding first eigenfunction of problem (2.1), satisfying the norm condition (2.2). On
the interval [0, tmax), the following functions are defined:

y1(t) = Re [ (u,vo) exp(zt)],

1
y2(t) = Im [ (u,vo) exp(zt)], 1

where z = ay + iby.
Then

(1) in the case by # 0 and ky # 0 for the function y(t) = sign(k;)(c1 y1(t) + c2y2(t)) with
the condition y, = sign(ki)jo > 0 on the interval [0,t*), where t* = min(tmax, ),

to=(m/2—¢)/|bol, ¢ = sign(kik2bo)arcsin(|kz|/+/ki +k3), the following differential
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inequality is valid:

% > x*cos (| bo|t+ @) y'*; (4.2)
here,
x _ J A0 for ag <0, )
xoexp (— aoptp) for ag >0,

and xo has been determined in Theorem 3.1 by formula (3.4);

(2) in the case by # 0, ky # 0, and sign(kik,by) = —1 in the case ky # 0 for the function
y(t) = —sign(kabo) (c1y1(t) + c2y2(t)) with the condition yy = —sign(k,by) o > 0 on
the interval [0,t*), where t* = min(tmaxt,), t, = (m — @)/ |bol, ¢ = —sign(kikaby)

arccos(|ky |/+[k} + k3), the following differential inequality is valid:

d
d_}t/ > x*sin (| by | t+¢) y'*; (4.4)

here x* is determined by formula (4.3) in which t, = (r — ¢)/|bol;

(3) inthecase by = 0, ky # 0, w # 0, and y # 0 for the function y(t) = sign(ky)(c; y1(¢) +
c2y2(t)) with the condition yo = sign(ky)¥o > 0 on the interval [0, tmax), the following
differential inequality is valid:

dy
—appt ,,1+p
1= Xoe yre, (4.5)

where xo = |kil/(lci |+ [e2[)!*P.

The above-mentioned lemma is proved on the ground of one suggestion. Now, we pass
to the statement.

4.2. An auxiliary affirmation (on an integrodifferential identity for the solution u(x, )
of problem (1.1) and solution (A, v(x)) of problem (2.1)). Let u(x,t) € C([0, tmax), B(Q2))
N CY([0, tmax), L2(€2)) be the maximal solution of problem (1.1) and let (A,v(x)) be any
nontrivial solution of problem (2.1). On the interval [0, £max ), we introduce the following
functions:

yi(t) = % JQ [e*u(x,t) + e u(x, t) |v(x)dx,

; (4.6)

n(t) = - JQ [e*u(x,t) — e?'u(x,t)|v(x)dx,

where z=a+ib, z=a—-ib, a=Aa—1n, b =AB — 1, and u(x,t) is a complexly adjoint
function to the u(x,t).
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The following statement is valid.

STATEMENT 4.2. Let u(x,t) be a maximal solution of problem (1.1) from the class C([0, tmax),
B(Q)) N C([0, tmax), L2(Q)) and let (A,v(x)) be any nontrivial solution of problem (2.1).

Let y,(t), y2(t) be functions determined on [0, tmax) by relations (4.6), respectively.

Then for the functions y;(t), y2(t) on the interval [0,tmay), the following relations are

valid:
% = exp(at)[wcos(bt) — ysin(bt) ] I,(1),
dyz _ .
— = exp(at)[wsin(bt) — ycos(bt)]1,(t),

where I,(t) = [q lu(x,t)["Pv(x)dx.

Proof. For dy:/dt, we have

d
=R+ R,

where
Ri(t) = —J [ze®u(x,t) +zeu(x,t) |v(x)dx,
Q
Ry(t) = = J [ze® us(x,t) +Ze” U (x, 1) | v(x)dx.
Q
Taking into account (1.1a) in the right-hand side of the R,, we get
1 . .
Rat) = 5 L) [ [(a+ iB)Au-+ f(w)+ (n+ig)u]
+ e [(a— iB)AT+ F(u) + (1 + iw)@] [ v(x)dx
_1 SL((x+ iB)e” J Auvdx + (o — iﬂ)egtj Auvdx
2 Q Q
+ J [e? f(u)+ e f(u)]v(x)dx+ (1 +iu)e” I uvdx
Q Q
+(n— iy)ez’J ﬁvdx}.
Q
Due to the second Green formula, we have

J Auvdxzj ulAvdx = —)LJ uvdx.
Q Q Q

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)
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Hence,

Ro(t) = %{ ~Ma+iB)e JQ wvdx - Ma— iB)e™ Jgﬂvdx
+ J [e* f(u) + € f(u)]v(x)dx
Q
+(n+ip)e” L uvdx+ (n—ip)e” J;) uv dx}
= %{ — (A —1n)e” JQ uvdx — (Aa — n)e” Jgﬁvdx
— i - y)eZtJ wvdx+i(\B - y)effj vdx
Q Q
+ J;) [e* f(u) +eztm]vdx}
1

= f{—aeﬂf uvdx—aeaj ﬁvdx—ibeZtJ uvdx+ibeztj uvdx
2 Q Q Q Q

(4.13)

+ JQ [e? f(u)+ eZt?(u)]vdx}
= %{ —(a+ib)e? J;; uvdx — (a—ib)e? Jnﬂvdx
+ L) [e? f(u) +e§t7(u)]vdx}
= —% [zeZ‘ JQ uvdx +ze” Jgﬁvdx] + JQ Myd}c

2
e | ST,

Finally, for dy,/dt, we get the following relation:

DR +Ra = |

e f(u)+ eE‘T(u) v
dt

2
bt (g 4 i —ibt (g _
:eat{e (w+ip)+e " (w IY)}J' |1y dix
0

2
it —ibt ibt _ —ibt
af €Ve® e
e (w > y 5 )Ip(t)
e [wcos(bt) — ysin(bt) ]1,(t),

(4.14)

where I,(t) = [q lu(x,t)|"*Pvdx. The proof of relation (4.8) is similar to that of relation
(4.7) for y;(t). Hence, we omit it here. The proof of the statement is over. O

4.3. Proof of Lemma 4.1. Let u(x,t) be the maximal solution of problem (1.1) from the
class C([0, tmax), B(Q)) N C ([0, tmax), L2(Q2)). Further, let ¢, ¢, be arbitrary real numbers
such that ¢ + ¢3 # 0. Multiplying (4.7) by ¢y, (4.8) by c2, and then adding the results, we
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get the following equation:

%(clyl +e2y2) = e (ki cosbt — kysinbt) I, (2). (4.15)

4.3.1. Proof of Lemma 4.1(1). Let b # 0 and k; # 0. We represent the function ®(t) =
ki cosbt — ky sin bt in the following form:

O(t) = | ki | sign (k1) cos (|blt) — | k2| sign (k2b) sin (|b]t)

=sign (ki) [ | k1| cos (1b]t) — | ko | sign (kikyb) sin (|b]t) ]

:sign(kl)\/kf+k§[ K | cos (|bt) — [k | sign(klkzb)sin(lhlt)]
(

Kk} +k3 k3 + k3

4.16)

Introducing the notations

| k1 |

> sin Po = (417)
Jk} + k3 K + k3

for O(t), we have the following expression:

cos@y =

() =sign(k1)mcos(\blt+(p), (4.18)
where
¢ = sign (k1k2b) @0, ®o = arcsin |2 . (4.19)
Substituting it into (4.15), we get for all ¢ € [0, fmax) the following equation:
% — e\l + I cos (b1t + ) I, (0), (4.20)

where y = sign(k;)(c1y1 +c2)2). The function cos(|b|t + ¢) in the segment [0,,], where
t, = (n/2 — ¢)/|bl, is nonnegative. The function

L,(1) = L} ux, )] P y(x)dx (4.21)

will be positive for all £ € [0, fmax) if v(x) = vy(x). Therefore, choosing A = A¢ and v(x) =
vo(x), we see obviously that the right-hand side of (4.20) has the positive sign in t €
[0,£*), where t* = min(tmax.t,). Suppose that yo = sign(k1) yo > 0. Then from (4.20), we
deduce that y(t) in [0,t*) strictly increases, and hence is strictly positive. For y(¢) in
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[0,£*), we have the following estimate:
y@®) < (lalInl+lellyl)
< (el +le)e | utnn]weds

=(lal+ el )e“otj Iulvé/(p H)v’(;/(p dx (by Holder’s inequality for integrals)
Q

1 1/(p+1)
<(lal+ |C2|)e”°‘(I | u(x,t) |p+ vo(x)dx>
Q

p/(p+1)
X (J vo(x)dx> (by the norm condition (2.2))
Q

= (Jer] + e ])e "V ().
(4.22)
From this estimate, we deduce for all t € [0,1*) the inequality
L) — P
O Tarvlan™ )

due to which, by (4.20) for y(t), we finally obtain the nonlinear differential inequality

dy e_aopt\/k%-i—k%

—cos bo | t+ o)yt (4.24)

in which, further taking into account that e~%** > 1 in the case ay < 0, e"%P* > ¢~ %P for
all t € [0,¢*) in the case ay > 0, we get the nonlinear differential inequality

% > x*cos (| bo|t+¢)y'** (4.25)

with the initial condition yy = y(0) = sign(ki)yo > 0. Here, y* is determined by formula
(4.3), and xo by (3.4).
The proof of the first part of lemma is over.

4.3.2. Proof of Lemma 4.1(2). Let b # 0 and k; # 0. For ®(¢) = kj cosbt — k, sinbt, we
have

O(t) = —sign (kyb) [ | k2 | sin (1b1t) — | ka | sign (kikab) cos (1b]t) ]

_ LI K1 |
= —sign (kyb)\Jki + k3 [ sin (|b|t) — sign (k1kyb) cos (1blt) |.
\ 3 ki +k3 }

k? + k3
(4.26)

Introducing the notations

| ks | . | ki |

> sme@o = >
K} + k3 K} + k3

cos@g = (4.27)
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finally for ®(t), we have the following expression:

©(t) = —sign (kyb) ki + k3 [ cosposin (|b|t) — sign (kikab) singgcos (1b]t) ] ( )
4.28

= —sign (kab)\ki + k3sin (1b]t + @),
where

| k2 |

¢ = sign (kikab) 9o, (o = arccos .
Kk} + k2

Substituting this expression for ®(¢) into (4.15) for all € [0, tmax), We get the following
equation:

(4.29)

dy _ at 124 12
E:et ki +k3sin (|blt+ )L, (1), (4.30)

where y = —sign(kab)(c1y1 + c2y2). Let ki # 0 and sign(kik,b) = —1. Then sin(|b|t +
@o) in the segment [0,%,], where t, = (7 — ¢0)/|b|, is nonnegative. In addition, I,(t) =
Jo 1u(x, 1) [MPv(x)dx will be positive for all ¢ € [0, fmax) if we have to take v(x) = vo(x).
Hence, under choosing A = Ag and v(x) = vo(x) forall t € [0,£*), where t* = min(fmax, 1))
by virtue of (4.30), we conclude that y(¢) strictly increases; therefore, y(t) = yo. Further,
by analogical considerations, which have been done in the proof of the first part of the
lemma, we establish the following inequality:

L(t) = yoe (PN y1Hp(p), (4.31)

Taking into account the last estimate for I,(t) in (4.30), we get the following nonlinear
differential inequality:

% > yoe “P'sin (| by |t + @o) y' P (4.32)
with the initial data yo = —sign(k,bo) o > 0 from which, obviously as in the proof of the
first part of the lemma, one has

% > x*sin (| bo | t+¢o) y'*?, (4.33)
where y* is determined by formula (4.3) with its £,.
The proof of the second part of the lemma is over.

4.3.3. Proof of Lemma 4.1(3). Let w # 0,y # 0,{c1,c2} €R, ci +¢3 #0, A = Ao, v(x) =
vo(x), and by = A9 —v = 0. Then from (4.15), we deduce that the following equation is
true:

dy _ .,
e o ky |1 (2), (4.34)
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where y = sign(ky)(c1y1 + c2y2) from which similarly to the proof of the first and second
parts of the lemma, obviously one has

d
d_}t/ > yoe “PtyltP, (4.35)
where yo = ki |/(Ic1] + |2 1)1 with the initial condition yy = sign(k;)j, > 0. The proof
of the third part of the lemma is over.

4.4. Proof of the theorems. We will prove in detail only Theorem 3.1 because the proofs
of Theorems 3.2 and 3.3 are similar to that of Theorem 3.1, hence we will omit them here.
Let all conditions of Theorem 3.1 be fulfilled; u(x, ) is the maximal solution of problem
(1.1). Let tmax be finite. In this case, we show that fi. < tx. We will prove this claim by
contradiction, that is, we assume that .y > fx. By virtue of the first part of the lemma for
the function y = sign(k;)(c1y1 + c2y2) under conditions of Theorem 3.1, the following
nonlinear differential inequality is fulfilled for t € [0,¢*), t* = min(fmax, t,), where £, is
determined in Theorem 3.1:

% > x*cos (| bo|t+¢)y'** (4.36)
with initial data y, = sign(k;)§o > 0 from which, after separation of the variables by the
well-known procedure, we conclude that for y(¢), the following lower bound estimate is
valid:

y(t) = F(i;’l/p, (4.37)

where F(t) = 1 — yopx* [sin(|bg |t + @) — sing]/|by|.

To finish the proof of Theorem 3.1, one has to estimate the norms |lu(-,t)ll,
luC, Ollp, IVul-, 01, and [[u(-,t) Iz (o) from below by y(¢) in ¢ € [0,£*). For y(t) on
the base of the definitions of y;(t) and y,(t) by the Holder inequality for integrals, we
have the following estimate:

y = (al+lal) | Jutonweds

< e (er |+ [ DIuC Dol Ivoll 11oye

(4.38)

for any admissible positive §. From this inequality for the norm [lu(-,t)l1+5, we obtain
the lower estimate

e—aot

(ler] + |Cz\)||V0||(1+¢s)/<s

luC- 015 = y(1), (4.39)

from which, by virtue of the Poincaré inequality | Vu(-,t)[l = const||u(-,t)|l, we have

[[Vu(-,1)|| = ce=® y(t) (4.40)
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(here and below, by ¢ we will denote different constants which are independent of ¢ and
different norms of u(x,t)), and by virtue of Sobolev’s inequality

||”("t)||w§(9) > const||u(-,1)||, (4.41)
we have
Dl ey = ce @y (8), (4.42)

From these estimates and (4.37) for y(t) in t € [0,¢*) for the norms [lu(-,t)l, [|u(-, )l 14p5
IVu(-,0)ll, and [lu(-, t)llyz(q), we get the following lower estimates:

—appt —aopt
u(-,8)]| = C;(t) o Gl = CZ(t) ’
ce—opt ce” P! (44
1Vu(-, 8| = Ok uC Ol w2 = R(D)

where R(t) = FYP(t).
We pay attention to these estimates. Function F(t) is defined and continues for all
t > 0. At the point ¢ = 0, it has the value F(0) = 1. We calculate its value at the point
t =t,. We have F(t,) = 1 - yg(l —sing)/y, where y has been determined in Theorem 3.1
by formula (3.3). By virtue of the condition put on y, yo > [x/(1 — sing)] ", it follows
that F(t,) < 0. Hence, the function F(¢) in the segment [0,£,] decreasingly intersects it
at the unique point # € (0,£,], which is the unique root in (0,£,] of the trigonometric

equation

sin(|b0|t+(p):sin(p+% (4.44)
0

and is expressed by the formula

o arcsin (sing +y/y4) — ¢
ke | bo| '

It is clear that F(t) < 0 for t > t;, so R(t) has been determined only in the segment [0, i ].
By our assumption, the solution u(x, ) of problem (1.1) from the class C([0, fmax), B(Q2))
N CH([0, tmax), L2(Q)) exists in [0, ] U [tk, t*). Therefore, owing to our assumption in
(0,tc], y(0), NluC ), NlulO)lliep, 1Vul-, I, and llu(-,t)llwzq) are determined. But
from estimates (4.43), it follows that [lu(-,£)|| — oo, [[u(-,)[l14p = oo, [[Vu(-,t)|| — oo,
and [lu(-,t)llwzq) — oo as t — . We obtained the contradiction as consequences of it.
One has to state that tmax < i, and therefore, the claim of Theorem 3.1 is true. The proof
of Theorem 3.1 is over.

(4.45)
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