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ABSTRACT. The purpose of this paper is to define the continuous Jacobi transform
as an extension of the discrete Jacobi transform. The basic properties including
the inversion theorem for the continuous Jacobi transform are studied. We also
derive an inversion formula for the transform which maps Ll(R+) into 15(-1,1),

where w(x)=(l—x)a(1+x)6.
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1. INTRODUCTION.

This paper is directed to specialists in the theory and applications of
integral transforms. However, familiarity with reference [1,2] would be useful for
non-specialists interested in the paper.

Debnath [3-4] first studied the theory of the discrete Jacobi transform with
applications to physical problems described by differential equations including the
problem of heat conduction in a finite domain with variable thermal conductivity.

The purpose of this paper is to define the continuous Jacobi transform, study

its basic properties and develop an inversion theorem. The continuous Jacobi
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transform generalizes, on the one hand, the continuous Legendre transform studied
by Butzer, Stens and Wehrens [5] and on the other, the discrete Jacobi transform
studied by Debnath [3]. The study of such transforms is interesting in its own
right as well as in their applications to boundary value problems and in sampling
theory.

The paper is divided as follows. Section two includes some facts of the
hypergeometric function and basic relations that hold for the Jacobi transform of
the first kind. Section three is devoted to the definition of the continuous
Jacobi transform and the study of its basic properties. Moreover, in the same

section, we derive an inversion formula for the transform.

2. PRELIMINARIES

In this section we discuss the basic background material necessary for the
development of the continuous Jacobi transform.

Let a, b, c be real numbers such that cz0, -1, -2, ... . Then the hyper-
geometric function

= (a), (b)),

F(a, b; c; z)= z , lz|<1, (2.1)

=0 (k!

is absolutely and uniformly convergent on each compact subinterval of (-1,1).
Moreover, the series converges at z=-1 and z=1 provided that c-a-b+1>0 and c-a-b>0

respectively. In particular,

. c: Z)=F(a.b: c: 1)=rfedl(c-a-b)
:3;LF(a,b, c; z)=F(a,b; c; 1) T(o-a)T(cb) (2.2)

We remark that the gamma function, whenever used, is a well-defined function of its
argument.

The hypergeometric function (2.1) satisfies the following contiguous relations
(see [6], [7]) which will be used throughout the sequel and are stated for the sake

of completeness.

F(a,b; c; z)=(1—z)c~a—bF(c—a,c—b; c; z); (H1)

F(a,b; c; z)=(1-z) >F(a,c-b; c; 1__—22); (H2)
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aF(a+l,b; c¢; z)=bF(a,b+l; c; z)-(b-a)F(a,b; c; 2); (H3)
(c-b)zF(a,b; ct+1; z)=cF(a-1,b; c; z)-c(1-z)F(a,b; c; z); (H4)
(c-a-b)F(a,b; c; z)=(c-b)F(a,b-1; c; z)-a(l-z)F(atl,b; c; z); (H5)
(c-a-b)F(a,b; c; z)=(c-a)F(a-1,b; c; z)-b(1l-z)F(a,b+l; c; 2z); (H6)
q° (a)n(b)n

—— F(a,b; ¢; z)= ——— F(a+tn,b+n; cin; z). (H7)
dzn (c)n

The Jacobi function, P§G,B)(x)’ of the first kind is defined by

p(@B) o TOdatl)
A

1-x
= Tt DT+ D) F(-A, +o+8+1; a+l; 2 ), xe(-1,1],

where a, B>-1, AeR and A+o+1#0, -1, -2, ... . We note that if -1<B<1, then

P;&,B)(x) is well-defined at x=-1.

(@,8) ,__ I'(a=-A+DT(A-0-B) ,(a,B)
Since Py (X)= LIS T(AB)  TA-a-B-1

Egﬁil. The function Pia’s)(x) satisfies the

(x), we may restrict ourselves,
throughout the paper to the case A>-

differential equation
(l—xz)y"+(B-a—(a+B+2)x)y'+A(A+a+8+1)y=0. (2.3)

We derive in the following lemmas basic relations that hold for the function
Pga’s)(x) and are essential in the study of the transform. We note that most of
these relations are generalizations of the case when AeP, where P is the set of
non-negative integers.

LEMMA 2.1. For any x€(-1,1] and any A>-

Ei%il’ the following relations hold

0 a-DE 2P (0-GB) g p{% B (9 AANULE) 500

B+1 4,

L2 (8 (1)) = A (bortB+1) (1-10 (1420 P20 P) ()5

1) -0 @

(iii) Pia’s) (1) M

T DT (WD)
p(@48) (1) AQSOIEHII a1y
(1v) M= Srerosn

PROOF. (i) Applying (H2), we may write Pia’e)(x) as
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(0.B),  _ _I'(Ato+l) _ x-1
By T roen ¢ )F( A—ABs ol )

Differentiating this expression, we obtain by (H7)

4 p(@8) () Aty 1y (8) (), TOdaHD _AQ4B)

ac T(a+1) T(A+1) 2(o+1)
x+1 A=2 x-1
o F(1-2, 1-A-8; o+2; -9

By means of (H4) and (H6), the last term can be written as a combination of
F(1-2, 1-A-B; o+1; ) and F(-A, -A-B8; a+l; :;_—i) which reduce to P(a B)(x) and
P;\&,B) (x) respectively.

Formula (ii) follows from differentiating the left-hand side and then using
(2.3). The evaluations of (iii) and (iv) are immediate.

a+B+1
2

LEMMA 2.2. For any xe(-1,1] and Ax- , we have

() for -1<gs0, [p{*F) (x)ls?l(‘%)i» M(A,0,8) log To

1+‘x) |P(a B)( )I— T (Ato+1) 2

(ii) for B20, (== T (o+L) T (D) +M'(A,0,B8)log —— Tix

where M(A,a,B) and M'(A,a,B) are constants depending upon o, B and A.
a++1
2

PROOF. (i) We first observe that for A2- , we have

T(Odat1) (A (MFadd+D)

B-1
T(@DTOHD) | (oD K1 < MOLa,BET T, k=1,2,3,...

for some constant M(A,0,B)>0. Since -1<B<0, it follows that

(a,B) T (A+o+1) p -1 dox)k

or

(a,B) T (A+o+1 2
121%™ | me(x,a,e)log =

(ii) From (H1l) it follows that

Bl,;\a,B) (x)= Tot+l) F(Ma+l, -A-B; o+l; L1x

- = T(a+D) TOFD) 2 )

, we have

Again, observe that for Ax- a+§+1
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ety D (4B

-(B+1)
T(a+1) T(A+1) (a+1) k! s

K |<m'(2,0,8)k

for some constant M'(A,a,B)>0. Since B20, it follows that

14+x, B (o, B) I (A+o+1)
GIR

[ _2__
® | ToFnTown T (Ae.B) log T30 -

An immediate consequence of Lemma 2.2 is that for any f>-1 we have

lin (10 P* pi"’s) (x)=0. (2.4)

x*-1

A relation of type (2.4) is needed for the next lemma.

LEMMA 2.3. For any A2- a+§+1, we have
B
d (a,B), . 2 T(Aot+l)T(B+1)
;531 (1+x) E;'PA (x)= TT (a8 +1) sinTA.

PROOF. Introduce first the function

(x)= F(a+1)T(A+1) P(a’B)(x).

R (B
A T (A+o+l) A

From lemma 2.1 (i), we have

1L KB oG R (o« 2O (8) (),

2(Ma) (A+B) (Ot B) (x).
22+o+8

An application of (H2) and (H6) together with multiplication by (l+x)B yields

B+1 d_ (a B) _1_+5)
7).

L% (o )+)\(x+1)B+1R§\a’B)(x)=28+1).F()\+a, “A-B; atl;

(1-x) (1+x)

From (2.2) and (2.4) we obtain

B+1 d (a B) 2 I‘(a+1LI‘g§+l)I‘()\+1)sin11)\
lim (1+x) (x)=
1 7 (A+o+8+1)
Therefore,
B8
B+1d (a B) 2 T (Mat+1)T(B+1) sinmA
Ln y A" 5B T T T et :

Throughout the paper, we denote by L:(-l,l), p21, the space of all functions

f for which ||f||p given by
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1

1 =
hell, = a+B+l [ (120 %140 P £ [ Pa P
1

is finite. When the weight function w(x)E(l-x)a(l+x)B is identically equal to 1,

we denote the space by Lp(-l,l).

LEMMA 2.4. Pia’B)(x)ELS(—l,l) for all p21 and for all o and B such that

ap+1>0 and —-]-'<B<l.
P P

PROOF. We first note that log I%—'eLq(-l,l) for any q21 and hence
I'(Ao+4l)

_ 2
f(x)= f?&li?f?iiii”*“‘*’“’s)1°3 Tix belongs to L4 (-1,1) for any q21. Thus from
Lemma 2.2 (i) we have by Holder's inequality (S+§=l’ q =;l-)-]:) .
1

J (1-0 %140 P {* B)(x)lpdx<(f (1-x) % (14x) PPax) P x
1

p-l
x(f 2{*F) (o [P oy P

2
Since £=>1 for all p>1l, it follows that the right-hand side is finite if ap+1>0

p-1

and Bp+1>0. Thus Pia’B)(x)eLg(—l,l), with op+1>0 and -%<BSO.

From Lemma 2.2 (ii) with B20, we have

IP(ot B) (x) | s m—iiibadl) (th"_‘)‘gmv(}\,a,g) (%)_Blog 2.

T(o+1) T (A1) T+x

Using a similar argument as above we obtain

P§°"3) (0eLP(-1,1) with ap+l>0 and oss<%.

Therefore, Pﬁa’e)(x)eLS(—l,l) with p21, ap+1>0, —%<B<%.

Another useful lemma is:

LEMMA 2.5. Let A, v2<—gi§ii, A2V Az-(vtatf+l) and -%<o<k, -%<f<%. Then
—1—f1 (1-x) *(14x P(“ 8) P(B ) (x)d
s - %(14x) (x) (=x)dx
_ I'(Mo+D) T (vB+1) { sinTA sinmv }

T m(A=v) (AMvtoBHl) TV T(HatB+l) - T (A1) T (vta+B+1)

PROOF. We first note that the integral is absolutely convergent since

Pia,ﬁ)(x) and Pis’a)(—x)ELi('lnl) for -%<o<%, -%<B<%., Lemma 2.1 (ii), Lemma 2.4
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and an integration by parts yield

1
—A()\+a+6+1)f (1-x) *(14x) p(“ B )P“5 N (—x)dx
-1

1

+

S+l __d_ Pia’s) (X)P\()B,a) (_x) _1

_ o+l
=(1-x) " " (1+x) Ix

1
_J (1-x)°‘+1(1+x)8+1 di: NCH B)( ) p(Bs a)(_x)dx
-1

dx v

1

l+

(B a)
dx v (=)

22 () (wian)siamh _ () ot

B+1 (a,B)
T+ 1) T (ot B+1) P gy

(1+x)

B+l d (B a)(

1
(e,B) d o+l
+I_1PA (x)a;((l—x) (1+x) I v -x))dx

29+ i) T (vt +1) sinmh . 2%B T (Adat1) T (WB+1) sinmy
T (WD) T (otB+1) T OF D) T (VHa8+1)

1
—v(VHoHB+1) J (1-%) %(14x) BP)(\O"B) (%) p\‘)s’“) (~x) dx.

-1

Therefore

1
1 a B,(a,B) (8,0)
2a_._s_'_lf_l(l-x) (14x%) PA (x)PV (-x)dx

_ T(Qdo+) T (vHR+1) ( sinmA _ sinmv }
T(A-V) (Atv+o+B+l) T(WD) T (A+a+HB+l) T(A+1D)T(vHoHB+1) " °

Before we proceed to obtain some estimates on P§a’8)(x) for large A, we
collect some elementary properties of the Jacobi polynomials which are necessary in
the development of the paper. For A=neP, the series in (2.1) reduces to the
classical Jacobi polynomials Pia’s)(x) of degree n. There holds the orthogonality

relation

1
1 J a B, (a,B) (a,B)

— (1-x) (14x) P> T ()P (x)dx=

vt I n m § o-m

where,

5 = —L(atat [(atB+l)
n n!(2n+o-R+1) T'(nto4R+1) °
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The discrete Jacobi transform of a function f(x), x€(-1,1) denoted by %(G,B)(n)
(see Debnath [3]) is
rl

Bp (a B)
)

£B) (o) —a(£(x))= (1-0 %140 52 % B) () £ (x) ax,

and f(x) will then be given by

(o= I 57 12(HB) () p(%B) (.
n=0 °
Moreover, if f(x)ELS(—l,l) p21, then %(G’B)(n) defines a bounded linear mapping

from 18(-1,1) into the space of all null sequences. Thus one obtains the uniqueness

theorem
'f(a’B)(n)=0 <« f(x)=0 a.e. . 2:3)

We also note that for any f, geLg(-l,l), we have for the appropriate choice of a

and B,

1
;Wlﬂj (10 %140 P £ g () dx= 206 1308 ()P (), (2.6)
e

From (2.6) and Lemma 2.5 together with the identity Pia’B)(-x)=(—1)nP£B’a)(x),

we obtain
[ (=1)"T(4o+1) T(n+B+1) sinmh hot
| T(A-n) (MntoBH) nIT (AtaB+D) * 7 1
s5(a,8)
Py =g 2.7
; I'(n+o+1) I'(n+B+1) Aen
L (2n+oH+1D)n!T (n+o+B+1) * :
Since Pia’s)(x)ELi(—l,l), (a>-%, -%<B<%), it follows that
Z 1 L1 T (n4B+1) sinT) 02 o
nlom T(hon) (Mnto+B+D) 0 1T (ot B D) °
128 ) 2= (2.8)
$ s A=n
n

After this detour, we prove

a+B+1
2

LEMMA 2.6. For A, v2- , a>-% and ~%<B<%, we have
(1) for each compact subinterval [a,b]c(-1,1), there holds for xe[a,b] and

for A
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12{%® () |0 (a7

and
1258 o I < 12{*® o )] ;20x™;
(ii) for each [c,d]c[- a—.’éﬂ,m) there exists a constant M>0 such that for all
A, velc,d]

[0 ] a
]]P§ 8) (x)—P\() ) (3 Il sMlA-v].
PROOF. (i) The estimate in (i) follows after some calculations from
(formula 8, page 237, [7]). Actually for large A, we obtain
-i6, -B-%
y -8

2% (14e "
Om* (1-e7 180+

(a B)( ) ie)\tetin(aﬂ)-ie()\m-’-3+l))(1+O(I)\-ll 3

where cosf=x. From this we obtain the estimate.

(ii) We first consider the case when A, vz0, 1, 2,

" Piao B) (x) —P\()a’ B) (x)" 35" P§G) B) (x)" g_

1
FéTlLl(l-x)“(u-x) %(%® 2B (o ax 2P 0|15

(2.6), (2.7) and (2.8) imply that

(a,B) (a,B) -1 I‘(n+B+ll\ ' (A+a+l)sinmA
ey =By (")" < Z % ) (o) OctntatB+1) T (MotBrD) ~

I'(v+a+l) sinmv L2
~ (v-n) (\H-n+<x-0-B+1)I‘(\>-l-a-l-B+1)’ .

Set
o(x) = —xtotl)
I'(x+atB+1)

and

- sinTx \ (x-n) (xi—n-!-oH*B+1)ncosﬂx—(Zx-i-a-l-B+1)simrx
¢ (x)=¢"'(x) (x-n) (x+totB+1) +¢(x) (x—n) (x+n+a+B+l) .

a++l
7

Clearly, ¢(x) is continuously differentiable for x> - Thus for any interval
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+
[e,d]lc(~ a+§ l,W), ¢n(x) is continuous and remains bounded for any x#n. Moreover,
by employing L' Hopital's rule we obtain that lim ¢n(x) exists and is equal to O.
x-n
Now,

o A
1248 (028 (e 25 I+ 1 ;l(LmﬂL)Z(L,‘”n(x’dx)z“Sl“sz’

n=0 n=N+1

say, where N is chosen such that N2max (|c|,|d|).

2
Is, I<Ia-v]? zcs;(”“*B*l’)Z sup o (o) | | =]

xelc,d
for some MN>0. Also,
2 -1 gn+6+1) 1
]Szlslk—vl z 6 ( ) {¢max (n-N) (n-N+a+8+1) +

n=N+1

(N+n) (N+a+6+1) w+(2N+a+B+1) }
(n—N) (n-N+a+6+1)

+¢

max

Thus

where, ¢ = max |¢(x)| and ¢' = max
18X xelc,d] DaX xelc,d]

Is, < *lk—v|2 tfor some *>0
2!1<My My>0.

*
Therefore, for A, vel[ec,d], A, v20, 1, 2, ... and M=max(MN, MN) we have,

"Pﬁa’s)(x)—Péa’B)(x)"2$M|A‘V|-

If either A or Vv or both assume the values 0, 1, 2, ..., then a similar but
simpler argument as above may be applied. This completes the proof of the lemma.

3. THE CONTINUOUS JACOBI TRANSFORM AND ITS BASIC PROPERTIES

In this section we define the continuous Jacobi transform and study some of
its basic properties. The idea is to replace the Jacobi polynomial in the discrete
Jacobi transform by the Jacobi function. Thus, we define the continuous Jacobi

transform of feLi(-l,l), with o>-%, -%<B<y, by

1
£(sB) 5y ﬁj (1—x)“(1+x)BP§“'3) (x) £(x) dx.
2 -1

We note that if a=f=0, then f(a’s)(k) reduces to the continuous Legendre transform

~(a,B)

of Butzer, Stens and Wehrens [5]. Further, if A=neP, then £ (A) reduces to the
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discrete Jacobi transform of Debnath [3].
LEMMA 3.1. For any f(x)eLf’(—l,l), we have
@ [FEB 0y 00
(i) for p>2, £(%B) (._ °‘+3+1)ec &HnP®h.

PROOF. (i) Lemma 2.6 (i) together with the Cauchy-Schwartz inequality yields
125B 01 2{ B Goll Jell 207
A 20712
(ii) Again, Lemma 2.6 (ii) together with the Cauchy-Schwartz inequality yields
|24B) ()£ (®B) vy <n A-vl|l£ll,

Hence lim (%(a’s)(l)-?(a’s)(v))=0. Therefore, f(a’B)(A) is continuous on

AV
(- Eiﬁii »®©) Oor %(a,B)( a+8+1)€C GR ). Now, in order to prove that
(a B)( a+B+1) LPCR ), p>2, we need to show that

268 (. a+§+1)”§ r |28 (. a+B+l)lp e,

For any fixed T>0, we have, by (i) above and Lemma 2.6 (i),

1768) (5 ot+B+l)"pS||f"2 J "P(aa2+1( )||PdA+ Ilp(aa2+l(X)llgd)\)
= Tz

aH3+l,-p/2 1/
s||f||2(C1+C2E|A- e R

(o, B)(A G+B+1)"P

where C, and C, are some positive constants. It follows that "f

1 2
a+B+1

if p<2. Thus £(%B)(._ ec ® HarP &Y.

o3+

LEMMA 3.2. Let F(x) be a function defined on [0,%) such that A F(A)ELICR+L

Then

6(x) J 1—*()\)1:(B ng 1 (~OHO) AsinmAar
2

belongs to C(-l,l)nLi(—l,l), where H(A) is given by

F O+ a+6+1

0| B+1

- )
)T+

H(A)=

e B-a+1
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+ -
PROOF. Observe that H(\), for large A, behaves like Xa B(1+0(A 1)) (see [7]).

For any fixed T>0, we have by Lemma 2.6 (ii) that

T
16(x) |<] [OF()\) P;iﬁé 1 (FOHO) dsinmadA|+] ]:F()\)P)(fc’gé 41 (OHO) AstamhdA|
2 2

F
sapth, | A By |an
T

where Al and A2 are some positive constants. Thus by the hypothesis, G(x) is well-
defined.
We first show that G(x)eC(-1,1). For any x€(-1l,1), there exists a sufficiently

small 51 such that xi6l€(—1,1). By Lemma 2.6 (i) and for all |y|<61, we have

| 6(xby) ~G(x) |sJ:x| FOO [HOD IP;B&:’% =) -i(mll(-x) |ax
T2 2

szurxa+6+”( F(A) [dA<
0

by hypothesis and M is some positive constant. Thus for AO sufficientlv large

lr FOE) (P(B&:é_'_l(-x—y)—P(B&:%_'_l(—x)))\sin‘n)‘d)\| (3.1)
A A8l A 2B

can be made sufficiently small. That is, given €>0, there exists a AO sufficiently

large such that the integral in (3.1) is less than €/2. Fix AO. By the continuity

of P(B&i) (-x) over (-1,1), we have for £>0 that there exists a § >0 such that
OB \
2
(8,q) (8,0) -~
[Pl_a!g+1( x=y) ?A-a+8+l(-x)|< € whenever Iy‘<62,
2 2

€_7 AO o3+
Choose 3°€ o A |F(A) |dA and 6=min(51,62). Then |G(x+y)-G(x)[<e whenever |y|<§.

Thus G(x)eC(-1,1).

We next show that G(x)eL:(-l,l).

1
2, 1 e B (8,0 2
llells 2a+3+1f_1(1"‘) (1+x) |f:F(A)P)‘-a+B+l(-x)H(A)Asimr)\d)\l dx

2

and by Hardy-Littlewood-Polya inequality (see[8], page 148) and Lemma 2.6 (1), we

obtain
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1
"G"zsf:AlF(A)|H(A)dA(;a;%;T f (1-x) % (14%) lP(Ba2é+l( x)| ax) "

SCFAOHB-HEIF()\)[d)\ <
0

by hypothesis for some constant C>0. Thus G(x)ec(—l,l)nLé(—l,l) and this completes

the proof.
It can be easily deduced from Lemma 3.2 that

COROLLARY 3.1. If a#B=0 (-%<o<%, -%<B<%) and F(x) is such that X%F(A)eLICR+),

then
G(x)=rF(A) p(B>®) (-0 B, () AsinmAdA
0 A=y

belongs to C(—l,l)nLi(-l,l) where

2 ()
TOats) T OFp+y)

Hy (D)=
PROPOSITION 3.1. For xe(-1,1], o+8=0, -%<a, B<% and keP, we have

plﬁ""B) (x)=4rf>l£°"3) (=) p (B> (-x)H(0) AsinmAdA. (3.2)
0 Ak

PROOF. For A>-%, Azk +%, we have from (2.7) with a+8=0,

5(a, B)(k)= (-l)kF(A+a+5)F(k+ﬁ+l)sinﬂ(A-&)

(A-%) P)\ N TOTE=%) (k) K IT () , (3.3

s(a,B)
Py

so that Akféa’s)(k-%)eLl(R+). Denote the integral in (3.2) by Gk(x). Then by
Corollary 3.1, we have Gk(x)ec(-l,l)nLi(—l,l). The idea now is to evaluate the
discrete Jacobi transform of Gk(x) and show thatit is equal to ﬁia’e)(j) whence by
(a,B)

(2.5) we obtain G (x)—P (x).

1
8B (4)= f (10 %140 *2 () ()6, G ax

1
- z[ (1-x) *(14x) Bp(®:B) (4 )rféa’s)()\—%)P(B’a)(—x)HO()\)Asin‘n}\d)\dx
-1 3 ) A=k

which by an application of Fubini's theorem, (3.3) and Lemma 2.5 yields
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G.EOL 8) (5= (D gr(k+s+1)r(3+a+1) - )\31n1T)\81n 'n()\—J 4
m k! j! 0 ()\ =-(k+%) )()~ =-(3+%) )

At this stage we can employ the method used in [5] to evaluate the above integral.

In particular, we obtain that

R
a(@® (- TOAIGD f (8, (M =g, (W) dX
4T k! ! (k+j+1)d Rr» J-R

where
nz+ei3ﬂz

(2)= _e ‘e
8i VBT (k%) (z—i-%)

(ze¢, z#k +%, zzj +%)
—iﬂz+e—i3ﬂz

e te "%
& ()= Loy (a5

The method of [5] yields

0 jzk
a&ax B) (J ) =
T (k+o+1) T (k+8+1) B
2 =k
(k!')" (2k+1)
~(0,B) 5(a, B) (a,B)

Hence G ()= P (j). Therefore G (x)= P (x) by (2.5).
We are now ready to prove an inversion formula for the continuous Jacobi
transform %(G,B)(x) of a function f(x)ELZ(-l 1). We are still assuming that o+R=0.

L~ (0, B)

THEOREM 3.1. Let fEL (—1 1) be such that A°f (A—%)ELICR+). Then for

almost every xe(-1,1),
£(x) =4r%(°"3) -9 (ou () rstnmar. (3.4)
0 Ak

In addition, if f is continuous on (-1,1), then (3.4) holds everywhere on (-1,1).
PROOF. Denote the right-hand side of (3.4) by J(x). Then by Corollary 3.1,

J(x)EC(—l,l)nLi(—l,l). The discrete Jacobi transform of J(x) is

3(a,6)(x)= J (1-x) (1+x)B (a B)(X)J(x)dx
1
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1
=2J (1-x) *(14x) Pp (“ #) )| (38 %)P(B “)( x)Hy () AsinmhdAdx.
-1 0

The definition of E(a’s)(l—ﬁ) and an application of Fubini's theorem yield

3B (=4 (%J 10 Pl () £ and
0 -1

1
X(%f (1-x) (1+x)B (a B)( )P(B’a)( x)dx)H (A) AsinmAdA
-1

1
=4[mxuo<x>sinnx(%f a-n*amPe%P m e anx
0 _

xp{* B ()17, ) G-mar

where, in general,

as (B

[Q(-'>1ﬁs’a)<x)ssj (1-0P (140 %2 () (-3 ax

1
! (8,0
=5 (1-0 %) P (-x)Q(x) dx.
-1
Now another application of Fubini's theorem together with Proposition 3.1 yields

5B 1= 5[ a-n*am e b [4fm (B ()i %P (9)0 (1) As tnmaarlay
1 k_(B,a)
=af 191 P20 02 P (pray
-1

1
=%[ 1% P28 (1) £ (1) ay=2*P) o).
-1

Now (2.5) implies that f(x)=J(x) a.e., x€(-1,1). If, in addition, f(x) is assumed
to be continuous, then both sides of (3.4) are continuous and the above result will
be valid everywhere in (-1,1).

We end this section with a few remarks. We first note that if the inverse

v
Jacobi transform given in (3.4) is denoted by f(a’s)

~(a, S)JV(a B)

Furthermore, the restriction on o and B8, namely, -%<o, B<% and

, then the inversion theorem

3.1 states that f=[f
e[ $(@B) "(@,8).

Under suitable conditions, it can be shown that

o+3=0 is necessary to effect the inversion formula. The special case 0=f=0
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corresponds to the continuous Legendre transform developed by Butzer et. al [5].

The case of a=B=—§ where m is a non-negative integer requires a separate
analysis and should lead to the continuous version of the associated Legendre
transform [9].

We also note that the continuous Jacobi transform may be extended to
distributions along the lines of Zemanian [10]. This will require the construction
of a Fréchet space that contains the kernel (l—x)a(l+x)BP§a’B)(x) as an element.
The transform will then be defined on the dual space as the application of the
distribution to this kernel. This will be the subject of a later paper.
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