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SOLVABILITY OF KOLMOGOROV-FOKKER-PLANCK EQUATIONS
FOR VECTOR JUMP PROCESSES AND OCCUPATION TIME
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ABSTRACT. We study occupation time on hypersurface for Markov n-dimensional jump
processes. Solvability and uniqueness of integro-differential Kolmogorov-Fokker-Planck
with generalized functions in coefficients are investigated. Then these results are used
to show that the occupation time on hypersurfaces does exist for the jump processes as
a limit in variance for a wide class of piecewise smooth hypersurfaces, including some
fractal type and moving surfaces. An analog of the Meyer-Tanaka formula is presented.

2001 Mathematics Subject Classification. 60J55, 60J60, 60J75, 45K05.

1. Introduction. The local time or the occupation time of stochastic processes have
been studied by many authors (cf. bibliography in survey papers [2, 5]). For example,
the local time has been studied for the scalar Brownian motion and scalar semimartin-
gales (cf. [9, 11]), for general one-dimensional diffusions (see [13]), for stable processes
(see [10]).

For vector continuous processes, the distribution of the occupation time is also well
studied. McGill [8] derived an analog of Tanaka formula for a solution of a scalar homo-
geneous nonlinear diffusion equation. Bass [1] investigated occupation time of multi-
dimensional non-Markovian continuous semimartingales of general type and proved
the existence of local time. Rosen and Yor [12] considered the occupation time for
processes in the plain at points of intersections. Dokuchaev [3] studied occupation
time for degenerating diffusion vector processes.

It appears that many important properties of Brownian local time do not hold for a
case the occupation time of n-dimensional diffusion processes on (n—1)-dimensional
hypersurfaces. For example, this occupation time cannot be presented as occupational
measure in a case n > 1. Hence it is not a perfect analog of Brownian local time.

The paper studies occupation time on hypersurface for Markov n-dimensional jump
processes. As is known, analogs of Kolmogorov-Fokker-Planck equations for the prob-
ability distribution for jump processes are second-order integro-differential equations
(cf. [4]). We extend solvability and uniqueness results for these equations for a case
when there are generalized functions in coefficients (Sections 3 and 4). Then we show
that the occupation time exists as a limit in variance, and an analog of the Meyer-
Tanaka formula is derived, that is, the occupation time is presented as a stochastic
integral (Section 6). Equations for the characteristic function of the occupation time
are derived in Section 7.
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2. Definitions. Consider a standard probability space (Q,%,P), a standard n-
dimensional Wiener process with independent components such that w(0) =0, and a
Poisson measure v(-,t) in R™ such that the process w(-) and the measure v(-,t) are
independent of each other. We assume that there exists a measure I1(-) in R™ such
that Ev(A,t) = tII(A) for each measurable set A C R™.

Set V(A1) 2 V(A1) — tTI(A).

Let a be a random real n-dimensional vector such that a does not depend on w (-)
and v(-). We assume also that E|a|? < + .

We consider an n-dimensional stochastic differential equation

dy(t) = f(y(t),t)dt+B(y(t),t)dw(t) +J|Rm 0(y(t),u,t)v(du,dt),
y(0) = a.

(2.1)

The functions f(x,t) : R" xR — R", B(x,t) : R" X R — R™" and 0(x,u,t) : R" x
R™ x R — R™" are bounded and Borel measurable. We assume that the function
0(x,u,t) is continuous in u, the derivatives o0 f (x,t)/0x, 0B (x,t)/ox, 6(x,u,t)/ox
are bounded, and there exists anumber 6 >0 such that b(x,t) =(1/2)B(x,t)B(x,t)T =
oI, > 0 (for all x,t), where I, is the unit matrix in R"*", Also, we assume thatIT(R") <
+o00.

Under these assumptions, (2.1) has the unique strong solution (cf. [6, Theorem 2,
page 242]).

Let a bounded hypersurface I'(t) of dimension n—1 be given for a.a. t € [0, T], and
let OI'(t) be its edge (it can happen that oI'(t) = &). Let some number T > 0 be given.
Let Ind denote the indicator function, and let | - | denote the Euclidean norm.

We will study the occupation time of y(t) in I'(t). More precisely, we will study the
limit of the random variables

T
1.(T) 2 %J Ind{y(t) eT(e,t)} dt 2.2)
0
as € — 0+, where
A . £
F(s,t):{xe[R”: inf |x—y\<f}. (2.3)
yerl(t) 2

SPACES AND CLASSES OF FUNCTIONS. Below || - ||x denotes a norm in a space X,
and (-,-)x denotes the scalar product in a Hilbert space X.

Introduce some spaces of (complex-valued) functions. Let H° 4 Lo (R™), H! 2
W3 (R™), where Wi (R™) is the Sobolev space of functions which belong to L, (R™)
together with first m derivatives, g > 1.

Let H~! be the dual space to H', with the norm || - || ;-1 such that ||u||;-1, for u € H,
is the supremum of (u,v)yo over all v € HY such that ||v |1 < 1. Let £,, denote the
Lebesgue measure in R™, and let %,, be the o-algebra of the Lebesgue sets in R™. We
introduce the following spaces:

CO2 ([0, T1;H®), XK2L12([0,T],%B,¢1;HY), k=01, (2.4)

A . A
and Y' = X1 nC%, with the norm |[u|ly1 = [[ullx1 + llull co.



SOLVABILITY OF KOLMOGOROV-FOKKER-PLANCK EQUATIONS ... 639

The scalar product (u,v)go is assumed to be well defined for u € H™! and v € H!
as well (extending it in a natural manner from u € H? and v € H').
Let u be a real number such that

(1,2) ifn=1,
(2.5)
(1,nn-D1 ifn>1.
We introduce the space W = Wj (R™) with the norm
lh 2 el o+ S [| 22 (2.6)
w Ly (RM) = o Il ) .

and its conjugate space W*, as well as the space & EN R ([0,T],%By,£1;W*).

3. On solvability of integro-differential equations. In this section, an integro-
differential analog of the Kolmogorov-Fokker-Planck equation is studied. Existence
results theorems for these equations can be found in Carrany and Menaldy [4]. How-
ever, we will need to extend the existence results for a case when there are generalized
functions in coefficients.

Let o = (t) be the parabolic operator generated by the process y(t),

AL+, (3.1)
where
slev = sl (H)v & i by(x, )20 (x)+if-(x 2% (x) (3.2)
¢ ¢ i1 WA aXian i1 B axi ’ ’
Jv 2 $ (v -TI(R™)v, ' (v 2 JRm v (x+0(x,u,t))I(du), (3.3)
and where
Fix,0) éf(x,t)—Lw 0 (x,u, I (du). (3.4)

Here b;j, fi, x; are the components of the matrix b and the vectors f , X.
Let Q SR x [0,T]. Consider a boundary value problem in Q

aa—‘t/+&dv+gV:fcp, V(x,T) =R(x). (3.5)

As is known, problem (3.5) is uniquely solvable in the class Y! for ¢ € X~!, R € H
and g € Lo (Q) (cf. [7]).

CONDITION 3.1. There exists a constant ¢, > 0 such that
P(n€B) < cnln(B)ly (D)™ (3.6)

for any t € [0,T], any bounded measurable set D C R"™, and any measurable set
B < D, where n 2 ni1+60(n1,n2,t), and where n; : Q — R" and n, : Q — R™ are inde-
pendent random vectors such that n; has the distribution described by the measure
I1(-)/II(R™), and P(n, € B) = £, (B){x (D)~ L.
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Notice that Condition 3.1 is satisfied if, for example, 0(x,u,t) = 0(u,t), that is,
does not depend on x. Another example is described in the following proposition.

PROPOSITION 3.2. Letthere exist an integerK > 0, p1,...,px € Randuy,...,ux € R™
such that

K
jwaum(du) = S E(ui)pi (3.7)
i=1

for any £(-) € C(R™). Set F;(x, t) x+0(x,u,t), D; = Fi([R{",t). Let there exists the
inverse function F~1(x,t) : D; — R" for any givent (ie., F"'(F(x,t),t) = x). Moreover,
let there exists a constant ¢ > 0 such that €n(F{1(B,t)) < ¢l (B) for any measurable
setBCD;,i=1,2,...,n. Then Condition 3.1 is satisfied.

PROOF. Let D C R", n and n; be such as in Condition 3.1. For any measurable set
B c D, we have

n

P(n€B) = Zpl (Fi(n1) € B) = > piP(m € F71(B))

i=1 i=1 (38)
Un(F'(B)) _ n(B)
(D)~ " Ln(D)’
This completes the proof. O

The following proposition will be useful.

PROPOSITION 3.3 (see [3]). (i) If € € H! and n € H°, then E&n € W and ||En|ly <
cllEllgrlinllgo, where ¢ = c(n,u) is a constant.
() IfEcH andg e W*nH, thenEg € H! and ||Eglly-1 < cll&llynllgllw* fora
constant ¢ = c(n, ).

Introduce the following parameter:

P = {nT&sup{f(x 01, sup|B(x t)|,sup

x,t,1

m
Ll nwm).c } (3.9)
THEOREM 3.4. Let Condition 3.1 be satisfied. Let g € ¥, ¢ € X~1, and R € H° be
given. Let g: € L, (Q) NX be such that ||g: — gllx — 0 as € — 0+. Then,
(i) for any & > 0, there exists the unique solution V =V, € Y1 of the problem (3.5)
With g = ge;
(i) the sequence V¢ has a limitV inY' as € — 0+. This limit is uniquely defined by
@, g, and V does not depend on the sequence {g.}. Moreover, gV € X~ and

IVIyr < c(ll@llx-1 + IRIIgo), (3.10)

where c > 0 is a constant which depends only on the parameters P, u, and || g ||s.

REMARK 3.5. It can be seen from the proof of Theorem 3.4 that this theorem holds
even if the derivatives 0 f (x,t)/0x and 060(x,t)/0x do not exist.

DEFINITION 3.6. The limit V, defined in Theorem 3.4, is said to be the solution in
Y! of the problem (3.5) withg €%, ¢ € X~! and R € H.
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Note that V depends linearly on (@, R) for any given g. Moreover, by (3.10), it follows
that V = 0if @ = 0 and R = 0. Hence it follows that the operator assigning the solution
V to the pair (p,R) € X~ x H? is also linear and homogeneous.

DEFINITION 3.7. For every g € ¥, define the linear continuous operators L(g) :
Y~! - Y!and £(g) : H° — Y! such that V = L(g)R for V which is the solution in Y!
of the problem (3.5) withg € %, @ =0, and R € H?, and V = £(g)R for V which is the
solution in Y! of the problem (3.5) withg €%, p € X" and R = 0.

The fact that these operators are continuous follows immediately from Theorem
3.4. Clearly, V = L(g) @ +%(g)R for V which is the solution in Y of the problem (3.5)
withg €%, ¢ € X~!, and R € HO,

To prove Theorem 3.4, we need first a preliminary lemma.

LEMMA 3.8. Let € > 0 be such that there exists a solution V =V, € Y1 of the prob-
lem (3.5) with g = g.. Then

[Vellyr < c(l@llx-1 + IR llg0), (3.11)

where ¢ > 0 is a constant which depends only on the parameters P, u, and || g|ls.

PROOF OF LEMMA 3.8. We use below the elementary estimate uv < u?/(2y) +
v2y2 (for all u,v,y € R, y > 0).
Letv e HL nC%(R™).For t € [0, T], we have

n 2 no
(v,&ﬁc(t)v)H():(v, > b”av> +(v,z iav>
. i i HO . HO

) Y 9x;0x;
& [ ov ov r ob;; v & 5 0V
Z:: (axl: ij aXJ) —iZ::I ('U, aXi TXJ HO+Z v'fiTQCi o

Z lviigo

8xl

Lo (Q) H ox;jllu

n
A ov
£ vllmollf H—\
i; H0||leLoo(Q> oxi 1m0

n

x| RS )
6xl 4 - = 0xilly

Siviie 5 (|52, 1)

+5”v”H0 w(Q)+||leLoo(Q) ,
3.12)

where C = C(n) is a constant. Hence we obtain the inequality

36 & || v ,

(v,&dc(t)v)Hos—Z ox, HO+C1||1;\|12{0 (3.13)

i=1

for all v € H', t € [0,T], where a constant C; depends only on %.
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Let Dx 2 {x € R": x| < K}. By Condition 3.1,

2
K3 (t)vIIHo —j dx” v(x+0(t,x,u))I(du)

J dxj v(x+0(t,x,u) | *TI(du)

RN

= lim dxj |v(x+0(t,x,u))\21'[(du) (3.14)
K-+ Jpg RM

~ lim #n(DK)J i dy) | v() |2
K-+ R”

<en | 10O dy = callvii,

where g (-) is the probability measure which describes the distribution of a random
vector n = ng such as in Condition 3.1, where D = Dg. Then

g v]l50 < (en +TIHR™) V112 (3.15)
Thus,
36 < || ov |2
(v, A(E)V) o < —Zi:l HO+CIIIUII§IO (3.16)

for all v € H' and t € [0, T], where a constant C; depends only on %.
Furthermore, we have

(v’(pe(',t))HO = HUHHIH(pE(':t)HH—l

§(& | ov | 5 2 (3.17)
S4<i—l H0+|IvIIHo +Col|@e (-, ) ||
forall v € H! and t € [0, T], where a constant C, also depends only on %.
Proposition 3.3(i) yields
(V,gev) o < ||v2||°mf"“gs||w* < Gllvlim ||U||H0Hgs||w*
5 < 2 A 2
Zz vl +Gllvliz, (3.18)

6‘}1
<3213

H +Gsllvllf, VYveH!,
HO

where constants C; and Cs depend on || g ||+, 6, and n.
For the solution V = V; of the problem (3.5) with g = g¢, € € (0,&;], we have from
(3.12), (3.15), (3.16), (3.17), and (3.18) that

[IVe (- D)0 = [IVe -, T 0

T
= 2L (Ve(+,8),dVe(+,8) + geVe (+,8) + @ (+,5)) yods

SLT{_

(3.19)

2
(Ve o 9)l) s,
HO
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where a constant C4 depends on %, u, and ||g|l¢. Thus,
[IVellyr < Cx (l@llx-1 +IRllgo) Ve € (0,1], (3.20)

where a constant C, also depends on %, u, and || glly. This completes the proof of
Lemma 3.8. O

PROOF OF THEOREM 3.4. We prove (i). Consider a boundary value problem

%—‘;+&4Cv+g€v_ -, V(x,T) = R(x). (3.21)
The solution V € Y! of this problem is well defined. For every g € L. (Q), introduce
linear continuous operators L:(g) : X~! — Y! and $.(g) : H* — Y! such that V =
L. (g)@ +%:(g)R for V which is the solution in Y! of the problem (3.21) with given g,
@, and R.

The solution V of (3.5) (if exists) has the form V =L.(g)@ +%.(g)R+L.(g)$V. Let

Vo20ev!,
A A (3.22)
Vi=Le(@)@+LAG)R+Le(G)IVi-1, Uk =Vi—Vio1, k=1,2,....
It suffices to prove that Uy — 0in Y! as k — +. Set
2
AGE ,s)H ds. (3.23)
HO
Similar to (3.19), we have
yi(t) <1 +C4J (7 (5) + i1 (5))ds (3.24)
where ¢; El IIR(-)||go. By the Bellman inequality,
T
Telt) < e T [y (s)ds. (3.25)
t

It is easy to see that yx(t) < C¥, where C > 0 is a constant independent of k and t.
After standard iterations, we have that sup;c[o 1)k (t) — 0 as k — +oo. Thus, {Vi} is
a Cauchy sequence in Y!. Then (i) follows.

We show that the sequence {V,}, € — 0, is a Cauchy sequence in the space Y. Let
& —0,& —0andlet W =V, -V, then

av:+&aw+gglw_—§, W(x,T) =0, (3.26)

where & a (gey — Ge» ) Ve, . Furthermore,

lge; = Gex |y — O, (3.27)
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because {g:} is a Cauchy sequence. By Proposition 3.3(ii) and (3.20), (3.27),
T
||(gfl _gfz)VEZHX*l = J;) ||(gfl _géz)vfz('lt)HH4 dt

T
< —Geo ||y || Ve, (T dt
J 19t = ey Ve Dl 28)

T
<llge ~geally | 1Ves G0l it
=[1ge1 = ges [l |[Vep [[x1 — O

as &1 — 0, &2 — 0. Hence [|E||x-1 — 0. The estimate (3.20) applied to the solution W of
the boundary value problem (3.26) yields

Wiyt < C«llEllx-1 — 0. (3.29)

Hence the sequence {V;}, € — 0, is a Cauchy sequence (and has a limit) in the Banach
space Y, The estimate (3.10) and the uniqueness of V follows from (3.20) and (3.26).
This completes the proof of Theorem 3.4. O

COROLLARY 3.9. LetV, 4 L(ge)p:+£(ge)Re, andV El L(g)p+%(g)R, whereg,g: €
¥, @, € X~ are such that ||g: — gllx — 0, | — @llx-1 — 0 and |R: —R||go — 0 as
& —0+. Then ||V, —=V]ly1 — 0.

PROOF. For the sake of simplicity, assume that . = @. Let ||£(g:)|l denote the
norm of the operator £(g.) : H — Y'. By Theorem 3.4, sup;, || £(g:)|l < const. Then

IVe=Vllyr < [|£(ge) Re = L(ge)Rlly1 + || £(ge) R - L(9)R][y1

(3.30)
= sup [[£(ge)[[[[Re = Rl +[|£(ge) R~ L(G)R]ly: -

By Theorem 3.4, it also follows that || £(g:)R —£(g)R|ly1 — 0 as € — 0. Then the proof
follows. O

4. Adjoint equations. Let #} = ] (t) be the operator which is formally adjoint to
the operator . (t) defined by (3.2),

n

Af(typ= >

ij=1

0
axi

(fix,H)p(x)). (4.1)

n
m(bij(xl)v(x)) —i:zl
Let $* = $*(t) : HO — H° be the operator which is adjoint to the operator $ = $(t) :
H° — HO defined by (3.3). Let s4* 2 Ak + $*. Consider the following boundary value
problem in Q:

W _

at p+gpr+o, p(x,0) = p(x). 4.2)

THEOREM 4.1. Assume that Condition 3.1 is satisfied. Letg € %, @ € X!, and p € H®
be given. Let g € L., (Q) N& be such that

llge—glly — 0 ase— 0+. 4.3)
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Then,
(i) for any € > 0, there exist the unique solution p. of (4.2) with g = g;;
(ii) the sequence p. has a unique limit p inY' as € — 0+, and

Ipllyr <c(ll@llx-1+Ilplgo), (4.4)
where a constant ¢ > 0 depends only on the parameters P, u, and || g|ls.

The proof of Theorem 4.1 is similar to the proof of Theorem 4.4. Note only that,
by Remark 3.5, it follows that the coefficients of the operator «} are smooth enough,
and, by (3.15), [|$*v %, < (cr +II(R™)) [V 12, for all v € HO.

For g € %, introduce a linear continuous operators L(g) : X~! — H? and Ly(g) :
H? — HY such that V(-,0) = L(g)p +Lr(g)R, where V = L(g)® + ¥R is the solution
of the problem (3.5).

PROPOSITION 4.2. Forp, g, @, and p from Theorem 4.1, p = L(g)* @ +L(g)*p and
p(-,T) =L(@)*® +Lr(g)*p, where L(g)* : X' — X', L(g)* : H* — X' and Lr(g)* :
H° — HO are linear continuous operators which are adjoint to the operators L(g) :
X1 - X! andL(g): X! - H® and Ly (g) : H° — HO correspondingly.

PROOF. Let ¢ € X0 R € H be arbitrary, V = L(g)$ + £(g)R. Then
(P(-,T),R) o — (p,L(g)p +L1R) o
=(p(-,T),V(-,T)) o~ (p(+,0),V(+,0)) yo

- %’V>x0+<p’%>xo (4.5)
= (d*p+gp+®,V) 50+ (p,—AV - gV — ) xo
=(@,V)xo = (p,P)xo
= (@,L(g)p+ZL(g)R) o — (P, P) xo.

Then

(P(.T),R) o+ (p, ) x0 = (p,L(g) b +LrR) o + (@, L(g) P + £()R) x0. (4.6)
Then the proof follows. O

CONDITION 4.3. There exists uniformly bounded derivatives 0¥B(x,u,t)/ox¥,
ok f(x,t)/0xk, and o%0(x,u,t)/0xk for k =1, 2.

THEOREM 4.4. Let Conditions 3.1 and 4.3 be satisfied, let g(x,t) : Q — R be a Borel
measurable function which belongs to ¥ and is bounded together with the derivatives
okg(x,t)/dx¥ fork = 1,2. Let the vector a in (2.1) have the probability density function
p € H, and let p 2 1.(9)*p. Then

T
ER(v(D)exp (| g(vo,0dt) = [ px, RGO 4.7)

for all Borel measurable R(-) € H°. In particular, if g = 0 then p(x,t) is the probability
density function of the solution y (t) of (2.1).
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PROOF. It suffices to prove (4.7) with R(-) € HOnC%(R"). For (x,s) € Q, set V(x,s)
2 E{R(y(T)) | ¥(s) = x}. By [6, Theorem 4, page 296], it follows that V = L(0)R. By
Proposition 4.2, it follows that

ER(¥(T)) = (V(-,0),p) o = (L7R,p) o = (R,L7p) yo = (R, p (-, T)) o (4.8)

for all R(+) € HYn C%(R"™). This completes the proof. O

COROLLARY 4.5. LetV = £(g)R, where R € HY. Then there exist a version of V such
that esssup, ; V(x,t) < maxy R(x) and essinfy; V(x,t) = miny R(x).

PROOF. If R(-) € HONC?(R") then V(x,s) =E{R(y(T)) | y(s) = x} and the proof
follows. For the general case R € H?, the proof can be obtained by a standard approx-
imation. O

CONDITION 4.6. (i) There exist uniformly bounded derivatives 0" S (x,u,t)/ox™
for m <4, o' f(x,t)/0x! for I =1,2,3, and o¥0(x,u,t)/ox* for k = 1,2.

(i) There exist c4 € R, a measure II,(-) in R™, and a bounded and Borel measur-
able function 04 (x,u,t) : R* Xx R"™ x R — R™™" which is continuous in u, such that
T, (R™) < +00 and $* (£)V = [pm U (X + 04 (x,u, )1 (du) +c4v for any v € HO.

(iii) The derivatives 0%0, (x,u,t)/dx* are bounded for k = 1,2 and Condition 3.1 is
satisfied with substituting (IT(-),0(-)) = (IT«(+), 04 (+)).

Note that if the mapping z = x + 0(x,u,t) maps R" one-to-one onto itself for any
(u,t), then 04 (-) can be found such that x = z— 04 (z,u,t) is the inverse mapping. If
the last one is differentiable, then IT, (-) can be found as IT, (dx) = J(x)II(dx), where
J(x) is the Jacobian of the transformation y = x — 0 (x,u,t) (see [6, page 299]).

COROLLARY 4.7. Let Conditions 3.1, 4.3, and 4.6 be satisfied. Let p € L (R™) N HO,
and let p 21.(0)*p. Then p € Lo (Q).

PROOF. It can be seen that equation (4.7) after a change of time variable can be
rewritten in the form (3.2), and then Corollary 4.5 is satisfied. This completes the
proof. O

5. On aclass of acceptable hypersurfaces. We will use the equations from Sections
3 and 4 for the distributions of the occupation time on hypersurfaces. In this section
we describe a class of acceptable hypersurfaces.

Let T ¢ D be some (n — 1)-dimensional hypersurface. By e we denote the ith unit
vectors in R™, i =1,...,n. Let n(x) be the normal to I in x, and let &;(x) be the angle
between e¥ and n(x).

Introduce the functions y; :T - R, i = 1,...,n, such that

yi(x) = (5.1)

| cosxi(x)| if the normal n(x) at x is uniquely defined,
if the normal at x is not defined.

(In fact, n(x) is not defined at points of violation of smoothness of I.)
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Denote by N(x, j,I') the number of intersections of the hypersurface I' with the ray
from x = (x1,x2,...,Xn) t0 (X1,...,Xj-1,—%,Xj41,...,Xn). Let Xx(x,j) be the corre-
sponding intersection points.

We assume that N(x, j,I') = +oo, if the ray is tangential to I.

Set
N(x,j,[) n
N . oG,
GJ'(X)é Z yj(Xk(X,])), g:ZJ’
= 1 0Xj
k=1 o
T(E)é{XE[R":inflx—Mgf}, (5.2)
yer 2

ge(x) & %Ind {x eT(e)}.

DEFINITION 5.1. A set [' € R" is said to be an (n — 1)-dimensional polyhedron if
there exist an integer N and ¢; € R", §; € R, i = 0,1,...,N such that [ = {x € R" :
cox = 0o, c;x < 0;, i =1,...,N}. The set {x € R": ¢)x = 6o, cjx < i, i=1,...,N} is
said to be the interior of .

LEMMA 5.2 (see [3]). Let a hypersurface I C R" be bounded and such that there
exists a set I ¢ R™ and a continuous bijection M : R"™ — R™ which satisfy the following
assumptions:

@) I=.u);
(i) T =ui,Ti, where N is an integer, T; is (n - 1)-dimensional polyhedron;

@iii) JM:T; — R™ are Cl-smooth bijections, i =1,...,N;

(iv) |n(x)-n;| < 6o, if M~ (x) belongs to the interior of [,i=1,...,N, wherex €T,
80 <m~2/2 is a constant, n(x) is the normal toT in x, and n; is the normal to
[;; it is assumed that the orientations of these normals are fixed and In(x)| =1,
In;| =1; i
(V) M(x) = x, if x is a top point of some I;.
Then N(j,x,I') < +o for a.e. x. Moreover, g € W*nH™! and g.(-) — g in W*.

6. Existence of the occupation time density and an analog of Meyer-Tanaka for-
mula. Set

t
ge(x,t) a %Ind {x eT(g 1)}, I (1) a Jo ge(y(s),s). 6.1)

It is natural to interpret the limit of [ (T) as the occupation time of y (t) on I'(t).

CONDITION 6.1. (i) The hypersurface I'(t) is such that the assumptions of Lemma
5.2 hold for T =T(¢t) for a.e. t € [0,T] and g = g(t) € X1, where g(t) a lim;_og:(t)
(by Lemma 5.2, the limit exists in H~! for a.e. t € [0,T]).

(ii) The initial vector a = ¥ (0) has probability density function p € L. (R").

(iii) The function B(x,t) in (2.1) is continuous.

Note that the assumptions of Lemma 5.2 hold for disks, spheres, and many other
piecewise C!-smooth (n — 1)-dimensional surfaces. Moreover, it can be easy to find
examples when the surface I'(t) changes in time, approaching a fractal, but g € X~1.
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EXAMPLE 6.2. let n =2, T =2, ['(t) = {(x1,Xx2) : xp» = sin(x1(1 —t)713), x; €
[-1,1]}. Then N((2,x7),2,T(t)) =1 and

T
g1 = | latollde
T 2
sconstI [1+supN((2,x2),1,1"(t)) ]dt (6.2)
0 X2
2
sconst(2+J (1—t)’2/3dt> < +o00.
0

Hence g = g(t) € XL
The following example presents a fractal I’ which is constant in time.

EXAMPLE 6.3. Let n =2, I'(t) =T = {(x1,Xx2) : X = xlsin(xf1/3),x1 e [-1,1]}.
Then N((2,x5),2,T(t)) =1 and

1 1 ;
Hgllf{,l < (1+J dsz((Z,xz),l,F(t))‘Z) < const (1+J xf2/3dx1> < 4o0. (6.3)
-1 -1

Hence g € H™ 1.

Denote by B; the columns of the matrix B, j = 1,...,n. Let %; be the filtration of
complete o-algebras of events, generated by {a,w(s),v(B,s), s <t, B€ ®B,}.

Introduce the set ¥ of all bounded functions E(t) =&(t,w) :[0,T]xQ — R" which
are progressively measurable with respect to %;, and introduce the set % of all bounded
functions ¢ (u,t) = ¢y (u,t,w) : R*x[0,T] x Q — R™ which are progressively measur-
able with respect to %; for all u.

Introduce the Hilbert space ¥, as the completion of ¥ with respect to the norm
1€ oy, a EIOT |E(t)|%dt, and introduce the Hilbert space %, as the completion of % with
respect to the norm || ||y, 2 EfOTdtfRn lw(u,t)|2I1(du).

We present now an analog of the Meyer-Tanaka formula (cf. [9] or [11, page 169]).

THEOREM 6.4. Assume that Conditions 3.1, 4.3, 4.6, and 6.1 are satisfied. Let V =
L(0)g (by definition, this V belongs Y!). Let V and 0V /0x be Borel measurable repre-
sentatives V and 0V [0x of corresponding equivalence classes in L, (Q). Then

ov

a(;}(t),t)ﬁj(y(t),t) €eW,;, V(y)+0(y(t),u,t),t)-V(y(t),t) €%z, (6.4)

and E|l(T) -=T(T)|2 = 0 as € — 0, where

no.T
WD) 2vi@,0+ 3 [ S (0,080, )dw; (o)
j=1
(6.5)

T
[ ae] (Vom0 -v (0,07 du,d.
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COROLLARY 6.5. Letp 2 L(0)*p. In the assumptions and notation of Theorem 6.4,

Et(T)? = J |V (x,0)|°p(x)dx
[Rn

(3

—V(x,t) |2H(du)> p(x,t)dxdt.

al(xyt)ﬁj(X,t)

2
Ix +JRm |V (x+0(x,u,t),t) (6.6)

Note that if Condition 6.1(ii) is satisfied, then IIpIIIZ_IO = fRnp(x)de < lIpllLern,
and p € HO. By definition, p in Corollary 6.5 is the solution of the boundary value
problem (4.2) with @ = 0, g = 0. Moreover, by Theorem 4.1, it follows that p(x,t) is
the probability density function of the process y (t), and, by Corollary 4.7, p € L (Q).

PROOF OF THEOREM 6.4. Set

av
(1) 2 22 (v (1), 1) B (v (D),1),
& Ix (y(@®),t)B; (¥ ) 6.7

Wu,t) 2V (y(t)+0(y(t),u,t),t) =V (y(t),t).

Let he(x,t) € XN C([0,T];C?(R™)) be such that ||he — gell xo < €. Set

t
V. 2L(0)h,, Ac(t) 2 J he(y(s),s)ds,
0

oV,
‘Ej,e(t) é axg

(¥(),t)B, (¥ (D),1), 6.8)
We(u,t) 2Ve(y () +0(¥ (1), u,t),t) = Ve (¥ (t),1).

By definition, we have that h, = —0V./dt — 4V, and V:(x,T) = 0. By the generalized
It6 formula (cf. [6, page 272]), it follows that

_VE(ayO) = vg(_y(T);T) _vg(ayo)

T n T
:_JO hg(y(t),t)dt+J§L Ei(y(t),t)dw,(t) 6.9)

T
w a0+ 00 0,,6),0 Vel (0),0)V(du,do).

Hence

& (Tov,
Ae(T) = Ve(a,0)+ > JO Sy 0,08 (), t) dw;(t)
= (6.10)

T
[ dr [ e+ 0(r(0,,0),0 Vel (),0) ¥ (dudo).

By [6, Lemmas 2, 3 and Theorem 4, pages 293-296], it follows that the functions V;
and 0Ve(x,t)/0x are bounded and continuous, then & ;(f) € YO and e (u,t) € %°.
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By Theorem 4.1, p = p(x,t) 2 L(0)*p is the probability density function of the
process y(t). Let W, 2 Ve —V. By Corollary 3.9, [|[W¢lly1 — 0 as € — 0. Then

E|Vi(a,0)-V(a,0)|* = J[Rn W (x,0)||* p (x)dx

< IpllLe @) [Wellxo — O,

T e o2ar S [ ]9We . :
EJO [E,e()-&;(1)] dt—gEL Ix (y(®),t)Bj(»(t),t)| dt
oW, 2
= ,t ,Hdxdt
JQ‘ ax D] plxtdx 6.11)
< const|pllLe@)|[Wellyr — 0,
T 2 T 2
B[ dt| Jwetw-wan P =E| [(GOW) (r(0),0)*de
0 R™ 0
:JQ|(}(t)WE)(x,t)|2p(x,t)dxdt
< COl’lSt”p”Lm(Q)H}WgHXo — 0.
Then
E|U(T)=Ac(T)|* =E|Ve(a,0) - V(a,0) |
T
+EJ dtJ |L,Ug(u,t)—w(u,t){21'l(du)—»0.
0 R™
Furthermore,
T
E[L(T) A1) * = [ ] 1gete,0—hetx,0) Pplx, 0t
0 Jrn (6.13)
S||p||Lm(Q)||g£*héHX04'0-
This completes the proof of Theorem 6.4. O

PROOF OF COROLLARY 6.5. The proof can be easily obtained similar to (6.12). O

7. Equations for the characteristic function of the occupation time

THEOREM 7.1. Assume that Conditions 3.1, 4.3, 4.6, and 6.1 are satisfied, and that
g e . Let v € R be given, and let z & iv, where i = /—1. Let V 4 zL(zg)g. Then
VevYl and

1+ (V(-,0),p) ;0 = Eexp {z8(T)}. (7.1
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PROOF. Let h, be such that h(x,t) € X°nC([0,T];C2(R™)) and ||he — gella < €.
Set A (£) 2 [ he(y(s),s)ds. Let

Ve(x,s) 2 E{z LT he(y(t),t)exp (z Lt hg(y(r),r)m’)dt | y(s) = x}. (7.2)

It is easy to see that

Ve(x,s) = E{exp (zLThg(y(t),t)dt) | v(s) = x} —1. (7.3)

By [6, Theorem 1, page 301], applied after a small modification for a non-homogeneous
integro-differential equation, it follows that V. = zL(zh.)h,, that is, V; is the solution
of the problem

a\? +AVe +zhe Ve = —zhg, Ve(x,T) = 0. (7.4)

By Lemma 5.2 it follows that ||g — gclly — 0 as € — 0+. Hence ||g — h¢llx — 0 as € — O+.
By Corollary 3.9, it follows that ||V — V¢||y1 — 0. Hence (V¢(-,0),p)go — (V(+,0),p)go.
It was shown in the proof of Theorem 6.4 that E|A.(T) —T(T)|2 = 0. Then A,(T) con-
verges to 1(T) in distribution, and Ee?¢(T) — Ee?UT) for each z = iv, v € R. Then the
proof follows. O
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