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H-FUNCTION WITH COMPLEX PARAMETERS I: EXISTENCE
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ABSTRACT. An H-function with complex parameters is defined by a Mellin-Barnes type inte-
gral. Necessary and sufficient conditions under which the integral defining the H-function
converges absolutely are established. Some properties, special cases, and an application
to integral transforms are given.
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1. Introduction. Let
H?:l I'(pj+as)
1%, T(a;+Bjs)

Here, P and Q are nonnegative integers, p; (1 < j <P), q; (1 < j < Q) are com-
plex numbers, and «; (1 < j <P), B; (1 < j < Q) are nonzero complex numbers.
Throughout the paper, an empty product is interpreted as unity and an empty sum
as zero.

Let ¢ be a real number such that

k(s) = (1.1)

P

c¢Re(f
Kj

), Vj with Rex; =0, (1.2)

and let A, denote a contour from c —ic to ¢ + ico not passing through any pole of
k(s) and satisfies the following.

(1) If Rex; > 0, then all the points

s=- Pi 01,2, (1.3)
Xj &

are to the left of A..

(2) If Re ot < 0 then all the points (1.3) are to the right of A..

(3) If Rex; = 0 and Re(—p;/x;) < c, then all the points (1.3) are to the left of A..

(4) If Rex; = 0, and Re(—p;/ ;) > c, then all the points (1.3) are to the right of A..

We remark that such a contour A, always exists. Geometrically, the poles of each
gamma function in the numerator of k(s) lie on a half-line, and the conditions on A,
ensure that the contour does not cut any of these half-lines.

We define the H-function with complex parameters as a Mellin-Barnes type integral,
(see [2]), as

P (p,odpy 1 s
HQ<Z,C (%B)Q) =5 Ack(s)z ds, (1.4)
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where k(s) is as in (1.1). Here, and elsewhere in this paper, (p,x)p = (p1,1),
(p2,%2),...,(pp,xp), and similarly for (q,B)q. The conditions put on A, ensure that
the H-function, if it exists, is independent of the contour A..

The integral in (1.4) with complex p; (1 < j < P), q; (1 < j < Q), but the parameters
«j (1 <j=<P)andf; (1< j=Q)areallreal, was introduced in [13] and its theory was
developed in [2, 12]. The conditions for its existence which are indicated in [4, Section
1.19] were first proved in [3]. Different conditions for the existence of the integral in
(1.4), with real ¢; (1 < j < P)and B; (1 < j < Q), for two contours other than A, were
given in [14, Section 8.3.1] and [15].

In a series of papers, Meijer [11] studied the properties of the function defined by
(1.4) when «; = =1, (1 = j < P), and Bj = =1, (1 < j < Q). This function turned
out to be a generalization of the generalized hypergeometric function ,F;(z) (see
[1, 4]) and is called the Meijer G-function. In 1961, Fox [5] considered the integral
(1.4) forreal o¢; (1 < j<P) and B; (1 <j<Q) as an example of a symmetric Fourier
kernel. Subsequently, when «; and B; are restricted to be real numbers, the function
defined by (1.4) was called the Fox H-function. It includes not only the G-function,
but also functions such as the Mittag-Leffler function. The Meijer G-function and Fox
H-function play an important role in applications and many works have been devoted
to the study of those functions [4, 7, 8, 9, 10, 14, 15, 16].

The H-function (1.4), where «; (1 < j < P) and 8 (1 < j < Q) are complex numbers,
is not considered in the literature. In this case the gamma functions in the numerator
of (1.4) have poles in many directions that are not necessarily horizontal. This case
is interesting and important since many functions can be expressed as H-functions
with complex parameters but not as H-functions in the classical sense.

We determine necessary and sufficient conditions (Theorem 3.2), intrinsically re-
lated to the parameters, under which the integral defining the H-function converges
absolutely. The conditions we derive, naturally, reduce to those of the classical case
where the «;’s and B;’s are real [4]. It is striking that the integral in (1.4) converges
only if 25:1 Im «; - Z?:llm Bj = 0, or roughly speaking, if («)p and (), are almost
“real” vectors. The integral may, in general, converge conditionally under weaker con-
ditions. As examples of the H-function with complex parameters we list, in Section 5,
some well-known integrals that are not special cases of the classical Fox H-function.
In Section 6, we consider the H-function with complex parameters as a Fourier kernel
of some integral transform.

In what follows, we determine sufficient conditions that enable us to compute the
H-function as a sum of residues at the right or the left poles of k(s). There we compute
the H-function in particular cases and give applications to integral transforms.

2. Asymptotic expansion of the integrand k(s). We write f(z) = g(z), as |z| — o,
ax<argz < B,if f(z) =g(z)[1+0(1)], as |z| — oo, within the sector & < argz < B.

On the other hand, we write f(z) < g(z), as |z| — o, within the sector x < argz < 3,
if there are positive constants W; and W, such that

Walg(2)| < |f(2)| =Wilg(2)], as]|z| — o, x<argz <§p. (2.1)
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In what follows, we use Arg w to denote the principal argument of w, thatis, -1 <
Argw < 11, and adapt the convention that Arg(0) = 0.

LEMMA 2.1. If p and « #= 0 are complex numbers, then for |s| — o, Res > 0,
|r(p +&s) | — (2.’.()1/2|o(|7(1/2)+che—[Arg(uS(a,s))JrArgs]Imp
X |S‘—(1/2)+Repe(ln\s\)(Res)Reae—(ln\s\)(lms)lmtx

% e—(Res){[Arg(aS(o(,s))+Args]Ima—(ln\a\—l)Rea}

(2.2)
% ef(lms){[Arg(th(tx,s))+Args]Re¢x+(ln\odfl)lmo(}
1 -1
X ‘ 5(1 +S5(et,8)) +(1-S(et,8))sint(p+ as)|
where
S(«,s) = signRe «x+ [ | signRe x| — 1] (signIm &) signlm s
—(signlm ) signlms, Reax =0, (2.3)
signRe «, Rex = 0.

PROOF. We use the asymptotic expansion of the gamma function I'(a + s) for
|s| — o and a being bounded, (see [4]),

T(a+s) = (2m)l/2sstal/2)g=s, |Arg(a+s)| <m—-¢, &>0. (2.4)
Observe that if z # 0 and w are complex numbers, then

|Zwefz | — ‘Z|Rewe—(Argz)lmw7Rez_ (2.5)

Suppose thatRes > 0,and |Arg &| < (11/2) (Rex > 0). Then Arg(as) = Arg x+Args,
|[Arg(p + as)| < —¢, € >0, and (2.4) along with (2.5) give

IC(p+as)| = () 2 [ ([ ]) 2P o (hnmtas mias=1/2)0) |

2.
Xe—(Rea)ResHIma)Ims_ ( 6)
A computation shows that
|r(p + O(S) | - (2.”.)1/2‘a‘—(1/2)+Repe—(ArgoH—Args)Imp ‘S|—(1/2)+Rep
X e(lnISI)(Res)Retx—(lnlsl)(lms)lmzx
(2.7)

X e—(Res){[ArgowArgs]Imtx—(ln\(x\fl)Reo(}

X e*lm(s){[Arga+Args]Rerx+(ln\odfl)lm0(}

IfRes > 0 and Re x < 0, thenreplacing « and p in (2.7) by —x and 1 — p, respectively, we
obtain the asymptotic expansion of I'(1 — p — «s), and since by the reflection formula
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of the gamma function, (see [4]),
T

T(p+as)= - , (2.8)
p I'(1-p—as)sintt(p + «s)
we obtain for Res > 0 and Rex < 0,
|r(p + O(S) | — (2.”.)1/2|(X|—(1/2)+Repe—[Arg(—o()+Args]Imp |S|—(1/2)+Rep
Xe(ln\s\)(Res)Rezxe—(ln\s\)(lms)lmtx
xef(Res){[Arg(fo()JrArgs]Imo(f(ln\tx\fl)Re(x} (2.9)

% eflm(s){[Arg(—0()+Args]Retx+(1n\rx\71)lmtx}

X |231nrr(p+0(5)|71.

Now, suppose that Rex = 0 and Im« > 0. To study the asymptotic behaviour of
IT(p+«s)l,as |s| — o, in the half-plane Re s > 0, we consider separately this behaviour
for s in the fourth and first quadrants.

(i) Ims < O (s is in the fourth quadrant).
In this case Arg(p + &s) < 1w — ¢, and the expansion is

|r(p + O(S) | — (2.,1.)1/2[(‘0(‘ |S|)Rc(o(sf(l/2)+p) efArg(as)Im(asf(l/ZHp)] e—(Rca)RcsHIm«x)Ims
_ (2.”.)1/2|o(|7(1/2)+Rep ef[ArgterArgs]Imp |S|7(1/2)+Rep

X e—(ln\s\)(lms)lmtxe—(Res)[Arga+Args]Imae—(Ims)(lnIuI—l)Ima'

(2.10)
(ii) Ims = O (s is in the first quadrant).
In this case the expansion is
|r(p +&s) | — (2.,.()1/2|(X|—(1/2)+Repe*[Arg(fa)JrArgs]Imp |S|—(1/2)+Rep
x ¢~ (nlsh(Ims)Ime ,—(Res)[Arg(-x)+Args]Ima ,—(Ims) (In|x|—1) Im e (2.11)
X | 28inT(p + os) | -1
Combining (2.10) and (2.11) we obtain for Re &« = 0 and Im « > O;
|1—~(p + O(S) | — (2.”.)1/2|‘X|—(1/2)+Repe—[Arg(—O(signIms)+Args]Imp |S‘—(1/2)+Rep
X ef(ln\s\)(lms)lmo(ef(Res)[Arg(—o(signlms)JrArgs]Imo(ef(Ims)(ln\rx\fl)Imtx (2-12)

-1
X %(1 —signlms) + (1 + signlms) sintr(p + «s)

If Res >0, Rex =0, and Imx < 0, then (2.12) with p and « replaced by 1 —p and —«,
respectively, yields the asymptotic expansion of I'(1 —p — «s), and with the aid of the
reflection formula (2.8) we obtain for Rex =0 and Im« < 0,

|r(p + «s) | — (2.”)1/2|o(|—(1/2)+chef[Arg(asignIms)JrArgs]Imp |S‘7(1/2)+ch

Xe—(ln\s\)(lms)lmae—(Res)[Arg(asignlms)+Args]Imae—(Ims)(ln\a\—])Ima

(2.13)
1 71
X 5(1 +signlms) + (1 —signlms) | SinTr (p + «s) |

Combining (2.7), (2.9), (2.12), and (2.13) we obtain (2.2). O
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Applying (2.2) gives, as |s| — o« and Res > 0,

P
- (2.”.)P/2 1—[ \(xj | —(1/2)+Rep;
Jj=1
Zf 1 [Arg(e;S(aj,s)) +Arg s Iimp |S| (P/2)+ZJ 1Rep;

P
H (pj+a;s)

xe

e(ln|s\>(Res)z§:1Reaj e—(ln\s\)(lms)zlelmaj

(2.14)

% e—(Res)ZjL, {[Arg(o(jS(o(j,s))+Args]Imij—(ln\txj\—l)Rezxj}

% e*(lm3)2§=1 {[Arg(oth(o(j,s))+Arg5]Reotj+(ln\0(j\—1)Imo(j}
P -1

%(1 +S(xj,8)) + (1=S(«j,s))sin(p; + «;s)

Jj=1

We obtain a similar expansion for | H?Zl I'(gj+Bjs)l, as |s| — oo and Res = 0.
Now, we are ready to obtain the asymptotic expansion of |k(s)|, but in order to
simplify the expression we first observe that

—EsignIms, Reax =0,
Arg (aS(o,s)) =1 2 (2.15)
Arg(«signRe ), Rex #0,

SO

{[Arg((ij((xj,s)) +Args|Ima; — (In | ;| —l)Re(Xj}

M~

1

J
P
= —(mgnlms) > Ime;+ (Zlmq,)Args (2.16)
Rexj=0 Jj=1
+ > [Arg(w;signReo;) Imeaj— (In] e | —1)Reot;].

Reaj#0

Since Arg(—«) = Arg o — 1t signlm «, provided that Im & # 0; we see that Arg(—«)
Imx = (Arg @) Im o« — 77| Im /|, for all &. Moreover, (Arg «) Im « = (17/2)|Im |, when-
ever Re « = 0. Thus, a computation shows that

> [Arg(«;signRea;)Ima— (In|ea;| —1)Reer;]

Reaj#0

P
™
=5 > |Imaj|+ > Reaj+ > [(Argej)Ime;— (In] et |)Re ;]
Re ;=0 j=1 Rexj=0

+ > [Arg(-o;)Imea;— (In] ;| ) Re ]

Rexj<0

P . P
=> [(Arge;)Imaj—(In| o[ )Reoj]-mr > |Imej| -5 > |Imeaj|+> Rea;.
Jj=1 Rex;<0 2 Reaj=0 Jj=1

(2.17)
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It is clear that Arg(«S(«,s)Re x) = Arg(asignRe o) Re ¢, for all «, and therefore

P
Z{ Arg (oS (j,s)) +Args|Rej + (In | ;| —1)Im(xj}

Jj=1
P P P
=> [Arg(ajsign(Reaj))Reaj+(ln|0(j|)Imo<j] - > Ima;+ (ZReaj) Args.
= j=1 j=1
(2.18)
Let
Q
f(P Q)+ZRepJ > Reqj,
Jj=1 j=1
P Q
L=> [(Arge;)Ima;— (In|o;|)Re ;] - Z [(ArgB;)ImB, - (In|B;|)RepB;],

1

J

[Arg («;signRe ;) Reox; + (In | o | ) Im 5] (2.19)

2
M*u

~.
Il

Mo ©

[Arg (B, signReB;)ReB;+ (In|B;|)ImpB;],

j=1
m
xen( 3 jmegl- 3 jmp)+ 3 S fmegl- 3 jme ),
Re¢x1<0 ReB;j<0 Rexj=0 ReB ;=0
P P Q
= > Ima; - Zlmﬁj, T =) Rex;j— > Ref,. (2.20)
j=1 j=1 j=1 j=1
Define
P Q
m(s) :Z Arg (oS (oj,5)) +Args]Imp; — > [Arg (B,;S(Bj,s)) + Args]Imq;
j=1 j=1
T P Q
5 31gnlm5)( Z Imp; — Z Imqj)+(ZImpJ—ZImqj)Args
Reatj=0 ReB;=0 Jj=1 Jj=1
+ Z Arg (o signRe ;) Impj — z Arg (B;signRe ;) Imgq;,
Rea;+#0 ReBj+0
(2.21)
and finally, let
P —(1/2)+Rep;
e ;
Y(S)=(21T)(P‘Q”2 H’ 1oyl Trme e " (2.22)
J

= 1B

With the above notation in mind, we get from (2.14), and a similar expansion for
Il_[?:ll"(qj + Bjs)|, the asymptotic expansion of |k(s)|, as |s| — c and Re s = 0. We
state this in the following lemma.
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LEMMA 2.2. We have

[T/ T(pj+a;s)
1%, T(a;+Bjs)

— Y(S) |S|A0 eT(ln\S\)ReS efu(ln\s\)lms e*(IIIlS)(M*[JvLTAI‘gS)

e —(Res)[L+T-X+pArgs— (n/Z)(slgnIms)(ZRetx —oIma;— ZRcﬁ —oImB;)]

21(1/2)(1+S(B,5))+(1-S(B),5))sinTr (q;+B;s)|

H11|(1/2) 150, 9) (=S (o )sinmr (o, g9)| | T

(2.23)

3. Existence of the H-function with complex parameters

LEMMA 3.1. Letb; be a nonzero real number, q; be a complex number, j = 1,2,...,n,

and
n

g(t) = 1‘[ % 1+5(bji,it) + (1-S(bji, it)) sinm(q; - b;t) |. (3.1)
Then, the integral
I=f gt)(Jt] +1)Fe-tinlti=Biti-yt g¢ (3.2)

converges if and only if
(i) x=0andl|y| <8, or
(i) x=0, |yl=B,andp < -1.

PROOEFE. Let
)= (p+1DIn(|t|+1)—atin|t|-B|t|-yt, t=+0. (3.3)

If @ <0, then lim;_, @ (t) = 0 and therefore, there is an X > 0 such that @ (t) > 0, for
t > X. Hence,
eP® = (|t|+1)P eotilt=AItIYt 5 1 for ¢ > X, (3.4)

Since S(b;i,it) = —(signb;) signt, it follows that I = I +I», where

0
h :J ( I |ZSinTr(Qj—bjt)|>(t+1)pe‘thnmﬁltlytdt’

bj<0

3.5)
I :J ( l_[ |2311'17T( —b; t) |)(|t|+1)pe°‘tlntlgtytdt.
0 \p;>0
Thus, (3.4) implies that
I1=1 > J ( H |2$in1T(qj—bjt) |>(t +1)Ve—o<tln|t|7g|t|,ytdt
X bj>0
(3.6)

>JX |t|+1ﬂ|23m1‘r —b;t) | dt.

Since f;’(l/(ltl +1)) Hbi>0 |2sinr(gq;—b;t)| dt = o, the integral (3.2) is divergent.
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Similarly, since lim;_._, @ (t) = oo, if &« > 0 and I > I, we see that the integral (3.2)
is divergent if & > 0. We have shown that (3.2) is divergent if « = 0.

Suppose now that @« = 0 and B < |y|. If y > 0, then B —y < 0, and therefore,
lim;._o @(t) = co. If y <0, then §+y < 0, and therefore, lim;_. @ (t) = c. Hence,
as before, the integral (3.2) is divergent.

Suppose that x =0, |y| < 8, and p > —1. In this case,

14 .
(|t|+1)”e<xtlntBt|yt:{(|t|+1 , ify=<0,1>0,

)
(Itl+1)?, ify>0,t<0,
o (3.7)
(lt]+1), ify=<0,t>0,
>
(1t1+1)7Y, ify>o0,t<0,
and hence, the integral (3.2) is divergent since
IZJ ! [] |2sinm(q;—bjt)| dt =0, wheny <0,
0 ‘t‘ +1 bj>0
0 1 ' (3.8)
Izj [] |2sinm(q;—bjt)| dt =0, wheny>O0.
—w [t +1,
<0
If «x =0 and |y| < B, then there is an A > 0 such that
eB\tHyt > e(BfIy\)\tI > A(l+ |t|)p+2, Vi (3.9)

Since |sintr(q; —b;t)| <+/1 +sinh® TImgq;, then (3.9) shows that
C(® -2 n . 2
I=Ii+l <= B (1+]t]) “dt <o, where C=][]2y1+sinh’°mImg;. (3.10)

j=1

If x=0,B8=]yl,and p < —1, then B|t|+yt = |y||t|+yt =0 for all t and
I< CI (It] +1)P eIyt g¢ < CJ (It +1)? dt < oo, (3.11)

The proof of Lemma 3.1 is now complete. O

THEOREM 3.2. Let k(s) be as in (1.1). Let ¢ be an arbitrary real number satisfying
(1.2), and let Q. denote a contour from c —io to c +ico not passing through any pole
of the function k(s). If M and u are as defined in (2.19) and (2.20), and if

P Q
N=) |Rex;j| - > [ReB;],
-1 =1

(3.12)
1 P Q
Ac=-=(P-Q)+ > Rep;— > Reqj+cT =Ag+cT,
2 j=1 j=1
then the integral
k(s)zds (3.13)

Qc
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converges absolutely if and only if
(1) p=0,N>0, and for |argz— M| < (11/2)N, or
2) u=0,N=0,argz=M=(1r/2)N, and A, = Ap+cT < —1.

PROOF. Making the change of variable s — s —c we see that

[15_iT(pj+coj+ ;s)

k(s)z%ds = z’“Jr ke(s)z™5ds, ke(s)=
Qc Qo

Hﬁl [(qj+cBj+Bjs)

579

(3.14)

where the path of integration ) is the horizontal shifting of the contour Q. by ¢ units.
Hence, fQC k(s)z=Sds converges absolutely if and only if fQO kc(s)z~5ds converges
absolutely. Observe that the asymptotic expansion of k.(s) is given by Lemma 2.2
where only Ag is replaced by A, and the parameters p; and q; are replaced by p; +c«;
and g, +cf;, respectively, while all other constants involved in the expansion remain
unchanged. Thus, without loss of generality, we may assume that ¢ = 0. Furthermore,
because the path of integration coincides with the imaginary axis at infinity, we assume

for the rest of the proof that s = it, t € R, so Res = 0. Since

[Trep;<o | 28InTr(q; + Bjs) | o >nesj<ollmaj+Res;|

[Treoy<0 | 2577 (p; + 0j5) | o Sheay ol mpysiRea |
e*"ZRcu,v<0 \Reijrr\t\Zij@ [Re | < eTrZRCO‘j<0 [Impj+tReq;]

T ZReatj<0 IMPjI+TT[t] SRe o <0 [Re ;]

<e ’

and similarly

- . Req|+T|t . RepB; . Imgqg;+tRep;
e "ZRe[§J<0‘ a;l+ml ‘ZReBJ<0‘ Bl Se"TZReﬁj<0| aj Bjl

. I i+t . ReB;
SeWZReBJ«)l ma|+T|tl Zrep ;<o eﬁﬂ7

it follows that

[Trep;<o [2sinm(q; +Bjs) | oIS <0 IRef 1~ Sinep, <o Reet )

HRe(xj<0 | 2 Sinﬂ-(pj + O(js) | a
Now, we deal with the term

[Tiepy-0 | (1/2)(1+S(B1,5)) + (1-S(B,s)) sinr (a; + Bys) |

[Treaj=0 | (1/2) (1 +S (), 5)) + (1 =S (), 5)) sinr (p; + ;) |

(3.15)

(3.16)

(3.17)

(3.18)

Since the path of integration coincides with the imaginary axis at infinity and does
not pass through any singular point of the integrand, it follows that Im(p;) # 0 for
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all j such that Re &; = 0. Observe that

%(1"{‘5(0(]’,5))"1‘(1—5(0(],5))Sinn(pj+(XjS)

!

min{1,2| sintt(p;+a;s) | } <
(3.19)

< max{l,Zl sintr(p; + «;s)

and since

0 < |sinh(rimp,)| < | sinmr(p;+ «;s) | s\/1+sinh2 (mImp;), (3.20)

it follows that

I \/2(1+sinh2(rrlmpj))z [ ‘%(1+S((xj,s))+(1—S(0(j,s))sinrr(pj+o<js)

Rex;j=0 Rex;j=0

> [] min{1,2sinh(mImgq;)} > 0,

Reo(j:O
(3.21)
that is, [Trea;=0 1(1/2) (1 +S(aj,)) + (1= S(&xj,5)) sinTr (p; + ;s)| < 1. Hence,
[Trep,=0 | (1/2)(1+S(Bj,$)) + (1 =S (B;,$)) sintr(q; + Bjs) | = a(t) (3.22)
[Treaj=0 | (1/2) (1 +S(exj,5)) + (1= S(e;,s)) sinTr(p; + ot;s) | Sgh '
where
gt =[] %(1+S(Bj,it))+(I—S(Bj,it))sinrr(qj—(ImBj)t) L 323
Rij:O
It, therefore, follows from (3.17) and (3.22) that
1%, 1(1/2)(1+8(B1.5)) + (1= S(By,s)) sinTr(q; + B;s) |
151 [(1/2)(1+S(aj,5)) + (1= S(xj,8)) sinmr (p + s) | (3.24)

= g(t)enltl(chaj<0 |Reo‘j‘*ZReﬁj<0 ‘Reﬁj‘)

It is evident that Y (s) =< 1. Therefore, if s = it, t is a real number, then Lemma 2.2,
formula (3.24), and the fact that (Ims) Arg s = (1t/2)|t| show that, as |[t| — oo,

[k(s) | xg(t)|t|A0e—IJf(lnltI)e—tM—(Tr/Z)\HTen|t|(ZRcth<0‘Reﬁj‘*ZReﬁj<0‘Reo‘j‘)_ (3.25)

Since

T+2< > |Reaj| - > 1Rij|)=N, (3.26)

Rex ;<0 Ref ;<0

and since [t| < (1 +]t]), as |t] — oo, we obtain
[k(s)| = g(t) (1 +]t])>0 e Htnlth g=tM=(T/2IIN = g [¢] — oo, (3.27)
Now, if s = it, t is a real number, and z + 0, and arg z is an argument of z, then

[k(s)z75| = | k(s)||z| " Rese@ea)ms — | k() | et ar82, (3.28)
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Therefore, if z # 0, then
[k(s)z7%| = g(t)(1+t])*0 e Htnlth-tM-arg2)~(m/DIIN  gg [f]| — co, (3.29)

Applying Lemma 3.1 gives the conclusion of Theorem 3.2. O

REMARK 3.3. If |[M| < (11/2)N and the integral [, k(s)z *ds converges absolutely
for some, real or complex, number z,, then it converges absolutely for all positive real
z. For if either of the conditions (1) or (2) of Theorem 3.2 is satisfied for some z,, then
it is satisfied for any z with argz = 0 (the point z = 0 is tacitly excluded).

If I[M| > (1t/2)N, then the integral fQK k(s)z~Sds may converge for some complex
Zo, but diverges for all real z. This is a striking difference with the Mellin-Barnes
integral with real («)p and (f)q, where the convergence domain always contains some
real number.

Because A, is a special case of the contour Q. we have the following theorem.

THEOREM 3.4. The H-function (1.4) exists if
(1) u=0, N>0, and for |M —argz| < (1r/2)N, or
(2) u=0,N=0, argz=M=(1m/2)N, and A = Ag+cT < —1.

REMARK 3.5. A close look at the asymptotics of k(s) shows that the H-function (1.4)
exists only if y = 0. Hence, in general, the H-function is not analytic with respect to
the parameters «j, j = 1,...,P,and Bj, j = 1,...,Q, although it is analytic with respect
to the parameters pj, j=1,...,P,and q;, j=1,...,Q.

REMARK 3.6. If N > 0, then the H-function is analytic in the sector |M —argz| <
(1T/2)N.

4. Properties

4.1. Power multiplier. We have

(p,00)p (p+yoc,00)p
ygp - gP _
z"Hg (z,c‘ (q,B)Q) Hy, (z,c Rey’ (€I+Y5,3)Q)' 4.1)

The change of variables s — s —y gives

(p,)p 1 _ 1 J' _
y 7P = s+y - = s
z HQ(Z,C‘(q’B)Q) i Ack(s)z ds i Achemk(SerZ ds (
4.2)
(v+yo<.o<)p)
=Hb|z,c-Re .
Q( y‘(qwﬁ,m

4.2. Reflection property. We have

P l (pao‘)P>_ P o (p:_‘x)P)
HQ(f“"(q,B)Q = b = C‘(q,—ﬁ)g ' @-3)
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This follows easily from the fact that

L_ k(s)z'ds = L k(—s)z 5ds. (4.4)
2771 JA, 271 JA_,

4.3. The Mellin transform. Let ¢ be a real number such that:

(@) Re(—p;/ ;) > c, whenever Rej < 0, and Re(—-p;/x;) < c, whenever Re x; > 0.

If IM| < (1r/2)N, and the parameters and variable z satisfy the conditions of
Theorem 3.2, then

- 11 T(p: .
J 1y (xyc‘(p’(x)P>XS1dX_ w. (4.5)
0 (a,B)a 1721 T(a; +Bjs)

Indeed, condition (a) guarantees that the contour A. in formula (1.4) can be taken
as a vertical line. Therefore, Hg (x,c‘ EZ:E‘;S) is the inverse Mellin transform of the
function k(s) along A.. Since k(s) is differentiable on A, and by the conditions of
Theorem 3.2, k(s) € L1 (A,), it follows from [17] that k(s) is the Mellin transform of

P (p,00)
HQ<X’C’ (q,mé)-

5. Examples. (a) It is clear from the definition that the Meijer G-function and Fox
H-function are special cases of the H-function with complex parameters (1.4).

(b) In the formula 6.421.2 of [6],

© eTTitX

—o L(a+x)T(b—x)T(c+Bx)I'(d-Bx)

dx =0, Re(a+b+c+d)>2,|t|>|B|l+1,

(5.1)
and £, f are real; put x = —is, then
0 eTritx
Lo @+ x)T(b—x)T(c+ Bx)T(d—px) ¥
. ico ents
_lJ—iw T(a-—is)[(b+is)['(c—iBs)T(d+1ifs) ds. (5:2)
Thus,
0 —T1rt _
Hj (e ,0 (a,—i),(b,i),(c,—i,B),(d,iB)) =0, Re(a+b+c+d)>2, |t]|>I|Bl+1,

(5.3)
and t, B are real.
Note that this is a particular value of an H-function with complex parameters which
is not a special case of the classical Fox H-function.
(c) Using formulae 6.414.1-6.414.6, 6.421.1, 6.421.3, and 6.421.4 of [6] along with
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the substitution x = —is, we get particular values of H-functions with complex pa-
rameters:

1 (a! - l)
Hi{1,0 (b.1) =0, Ima=+0, Re(a—b) < -1,

2a+h—3

(a,—i),(b,i)) S mTarp-D Re@rh>1L

(a,-1),(b,~1)
H§<1,0 ((Z,_;’(d’_;))=0, Re(c+d-a—b) > 1; Ima, Imb > 0,
210 (a,-1),(b,~1)\ _ mr(signim(c —d)]T(c+d—a—Db)
2\ (e, -1),(d,—1) ) [sinm(a-b)|T(c—a)l(c-b)[(d-a)(d-b)’

Re(c+d—-a—-b) > 1; Ima, Imb <0,

H1<1,0 (a-b-c+1,-1) ) exp[(mm(f —c)i/2) signIm f ]

(a,—1i),(b,i),(c,—1))  2T(b+c— DI ((a+b)/2)T((c—f+1)/2)’

Re(b+c)>1, f=a-b—-c+1, Imf =0,
H() 1.0 _ (1/2")r(a+b+c+d—3)
N\ (a,-1),(b,i),(c,-1),(d,i)) T(a+b-DI(b+c-DI(c+d-DI(d+a-1)"
Re(a+b+c+d) > 3,

H3 (e 2m+0 0| (a,—1i),(b,i)) =T(a+b)(2cos0)* " (exp ((b—-a)ib))

X (Nn(b) exp(2n1hi) —np(—a) exp(-2nmai)),

T T
Re(a+b) < 1; ~5 <0< o>

1@ ) (1] (3 )],

EZ:_E;) = %(1 —sign [(n+ %) Ima]) sign <n+ %)
(2cos@)b-a-l
I'(b—a)

Re(b—-a) > 0, —g <0< g, n is an integer.
(5.4)

Hll (eZ(TrnHTZQ),O

exp(—2mmn+m—0)ai+0i(b-1),

We remark that none of the above H-functions is a special case of the classical Fox
H-function.

6. H-function with complex parameters as a Fourier kernel. Let the conditions
of Theorem 3.2 be fulfilled, and moreover,

M=N=0, Ayp=-2. (6.1)
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Assume further that

Re(ﬂ)>—1, if Rect; > 0,
X 2
ﬁ) LT ,
Re((xj <=5 if Reatj <0, (6.2)
Re(ﬁ)qt—l, if Rexj = 0.
o 2

Conditions (6.2) guarantee that the vertical line ((1/2) —ioo, (1/2) +ic0) can be taken

as the contour A, of integration in the definition of H}) (z, (1/2) ‘ EZ”E())S )

THEOREM 6.1. The H-integral transform

2 )
e =32 g (xy,é ‘ EZ’;Y))Z)f(y)dy 6.3)

is a bounded integral transform from L% (R,) onto itself, and the inverse transform has
the form

d? 1{(@+B,-Bo, (1,-1), (0,1)

= x2 Q+2 1 Q

f)=x"7a HP“ ( 2 ‘(pm,—«x)p, 3,-1), (2,1))9>4y- 64
PROOF. Due to the assumptions (6.1), |k(s)| < 1/|s|?, and therefore, k(s) € L,

((1/2) —1ioco, (1/2)+1ico). Hence, HS (x (1/2)‘ (ZE‘))S exists for x > 0 and belongs to

L?(R,), since it is the inverse Mellin transform of k(s) [17]. Consequently, the integral

(6.3) converges absolutely if f € L2(R,). By the Mellin convolution theorem [17], we

obtain

k(s)f*(1-s)xSds, (6.5)

X2 42 ((/2)+ic
g(x)= L

211 dx? J(1/2)-i

where f* is the Mellin transform of f.
Due to the assumption on k(s), and the fact that f*(1 —5s) € L((1/2) — ioo,
(1/2) +1i00), it follows that s(s—1)k(s)f*(1—5) € L>((1/2) —ioco, (1/2)+1ic0). Hence,

1 (1/2)+ic0
J s(s+1Dk(s)f*(1-s)x ds, (6.6)

g(x)=-—
(

)—ico
where the integral is understood in the sense of Ly ((1/2) —ico,(1/2)+1ic0). Therefore,

g¥(s)=s(s+1)k(s)f*(1-3s), (6.7)

or

g*(1-ys) _ g*(1-ys) Hjl (a;+Bj—Bjs)
(1-5)2-9)k*(1-5) (1-5)(2=5) [T7_, T(pj+oj—ojs)

f*(s) = (6.8)
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Consequently,

1 (W2 rogr(s) 7 T(a+Bi - Bjs)

fx)=-— s(s+1)g*(1-s)xds

21ti Jay2)-ie TB =T (Q2+5) [T, T(p, + ) — ;8)

2 g2 (1/2)+ic _ Q T(g:+B;i—Bis
x2 d J r(1-s)r(s) Il;ZiT(a;+B;- B, )g*(lfs)x’sds
(

T 2midx? Jaie TB-S)I(2+5) [T, T(pj+ o — s)
dz (® 1|/(q+B,-B)q,(1,-1),(0,1)
A2 Q+2 - ) Q> ’ ; y
=X |, e (x ’2‘<p+o<,—o<>p,<3,—1>,(2,1> 9(y)dy.
(6.9)
This completes the proof of the theorem. O
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