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H-FUNCTION WITH COMPLEX PARAMETERS I: EXISTENCE
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Abstract. AnH-function with complex parameters is defined by aMellin-Barnes type inte-
gral. Necessary and sufficient conditions under which the integral defining the H-function
converges absolutely are established. Some properties, special cases, and an application
to integral transforms are given.
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1. Introduction. Let

k(s)=
∏P
j=1 Γ

(
pj+αjs

)
∏Q
j=1 Γ

(
qj+βjs

) . (1.1)

Here, P and Q are nonnegative integers, pj (1 ≤ j ≤ P), qj (1 ≤ j ≤ Q) are com-
plex numbers, and αj (1 ≤ j ≤ P), βj (1 ≤ j ≤ Q) are nonzero complex numbers.
Throughout the paper, an empty product is interpreted as unity and an empty sum
as zero.

Let c be a real number such that

c ≠ Re
(
− pj
αj

)
, ∀j with Reαj = 0, (1.2)

and let Λc denote a contour from c− i∞ to c+ i∞ not passing through any pole of
k(s) and satisfies the following.

(1) If Reαj > 0, then all the points

s =−m
αj
− pj
αj
, m= 0,1,2, . . . , (1.3)

are to the left of Λc .
(2) If Reαj < 0 then all the points (1.3) are to the right of Λc .
(3) If Reαj = 0 and Re(−pj/αj) < c, then all the points (1.3) are to the left of Λc .
(4) If Reαj = 0, and Re(−pj/αj) > c, then all the points (1.3) are to the right of Λc .
We remark that such a contour Λc always exists. Geometrically, the poles of each

gamma function in the numerator of k(s) lie on a half-line, and the conditions on Λc
ensure that the contour does not cut any of these half-lines.

We define theH-function with complex parameters as a Mellin-Barnes type integral,
(see [2]), as

HPQ

(
z,c

∣∣∣∣(p,α)P(q,β)Q

)
= 1

2πi

∫
Λc
k(s)z−s ds, (1.4)
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where k(s) is as in (1.1). Here, and elsewhere in this paper, (p,α)P = (p1,α1),
(p2,α2), . . . ,(pP ,αP), and similarly for (q,β)Q. The conditions put on Λc ensure that
the H-function, if it exists, is independent of the contour Λc .

The integral in (1.4) with complex pj (1≤ j ≤ P), qj (1≤ j ≤Q), but the parameters
αj (1≤ j ≤ P) and βj (1≤ j ≤Q) are all real, was introduced in [13] and its theory was
developed in [2, 12]. The conditions for its existence which are indicated in [4, Section
1.19] were first proved in [3]. Different conditions for the existence of the integral in
(1.4), with real αj (1≤ j ≤ P ) and βj (1≤ j ≤Q), for two contours other than Λc, were
given in [14, Section 8.3.1] and [15].

In a series of papers, Meijer [11] studied the properties of the function defined by
(1.4) when αj = ±1, (1 ≤ j ≤ P), and βj = ±1, (1 ≤ j ≤ Q). This function turned
out to be a generalization of the generalized hypergeometric function pFq(z) (see
[1, 4]) and is called the Meijer G-function. In 1961, Fox [5] considered the integral
(1.4) for real αj (1≤ j ≤ P) and βj (1≤ j ≤Q) as an example of a symmetric Fourier
kernel. Subsequently, when αj and βj are restricted to be real numbers, the function
defined by (1.4) was called the Fox H-function. It includes not only the G-function,
but also functions such as the Mittag-Leffler function. The Meijer G-function and Fox
H-function play an important role in applications and many works have been devoted
to the study of those functions [4, 7, 8, 9, 10, 14, 15, 16].

TheH-function (1.4), whereαj (1≤ j ≤ P) and βj (1≤ j ≤Q) are complex numbers,
is not considered in the literature. In this case the gamma functions in the numerator
of (1.4) have poles in many directions that are not necessarily horizontal. This case
is interesting and important since many functions can be expressed as H-functions
with complex parameters but not as H-functions in the classical sense.

We determine necessary and sufficient conditions (Theorem 3.2), intrinsically re-
lated to the parameters, under which the integral defining the H-function converges
absolutely. The conditions we derive, naturally, reduce to those of the classical case
where the αj ’s and βj ’s are real [4]. It is striking that the integral in (1.4) converges

only if
∑P
j=1 Im αj−

∑Q
j=1 Im βj = 0, or roughly speaking, if (α)P and (β)Q are almost

“real” vectors. The integral may, in general, converge conditionally under weaker con-
ditions. As examples of the H-function with complex parameters we list, in Section 5,
some well-known integrals that are not special cases of the classical Fox H-function.
In Section 6, we consider the H-function with complex parameters as a Fourier kernel
of some integral transform.

In what follows, we determine sufficient conditions that enable us to compute the
H-function as a sum of residues at the right or the left poles of k(s). There we compute
the H-function in particular cases and give applications to integral transforms.

2. Asymptotic expansion of the integrand k(s). We write f(z) � g(z), as |z| →∞,
α≤ argz ≤ β, if f(z)= g(z)[1+o(1)], as |z| →∞, within the sector α≤ argz ≤ β.

On the other hand, we write f(z)
 g(z), as |z| →∞, within the sectorα≤ argz ≤ β,
if there are positive constants W1 and W2 such that

W2
∣∣g(z)∣∣≤ ∣∣f(z)∣∣≤W1

∣∣g(z)∣∣, as |z| �→∞, α≤ argz ≤ β. (2.1)
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In what follows, we use Argw to denote the principal argument ofw, that is, −π <
Argw ≤π , and adapt the convention that Arg(0)= 0.

Lemma 2.1. If p and α≠ 0 are complex numbers, then for |s| →∞, Res ≥ 0,

∣∣Γ(p+αs)∣∣� (2π)1/2|α|−(1/2)+Rep e−[Arg(αS(α,s))+Args] Imp
×|s|−(1/2)+Rep e(ln|s|)(Res)Reα e−(ln|s|)(Ims) Imα

×e−(Res){[Arg(αS(α,s))+Args] Imα−(ln|α|−1)Reα}

×e−(Ims){[Arg(αS(α,s))+Args]Reα+(ln|α|−1) Imα}

×
∣∣∣∣12

(
1+S(α,s))+(1−S(α,s))sinπ(p+αs)

∣∣∣∣
−1
,

(2.2)

where

S(α,s)= signReα+[|signReα|−1
]
(signImα)signIms

=

−(signImα)signIms, Reα= 0,

signReα, Reα≠ 0.

(2.3)

Proof. We use the asymptotic expansion of the gamma function Γ(a + s) for
|s| →∞ and a being bounded, (see [4]),

Γ(a+s) � (2π)1/2ss+a−(1/2)e−s , ∣∣Arg(a+s)∣∣≤π−ε, ε > 0. (2.4)

Observe that if z ≠ 0 and w are complex numbers, then

∣∣zwe−z∣∣= |z|Rewe−(Argz) Imw−Rez. (2.5)

Suppose that Res ≥ 0, and |Argα|< (π/2) (Reα> 0). Then Arg(αs)=Argα+Args,
|Arg(p+αs)| ≤π−ε, ε > 0, and (2.4) along with (2.5) give

|Γ(p+αs)|� (2π)1/2
[(|α||s|)Re(αs−(1/2)+p)e−(Arg(αs)) Im(αs−(1/2)+p)]

×e−(Reα)Res+(Imα) Ims .
(2.6)

A computation shows that

∣∣Γ(p+αs)∣∣� (2π)1/2|α|−(1/2)+Rep e−(Argα+Args) Imp|s|−(1/2)+Rep
×e(ln|s|)(Res)Reα−(ln|s|)(Ims) Imα

×e−(Res){[Argα+Args] Imα−(ln|α|−1)Reα}

×e− Im(s){[Argα+Args]Reα+(ln|α|−1) Imα}.

(2.7)

If Res ≥ 0 and Reα< 0, then replacingα andp in (2.7) by−α and 1−p, respectively, we
obtain the asymptotic expansion of Γ(1−p−αs), and since by the reflection formula
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of the gamma function, (see [4]),

Γ(p+αs)= π
Γ(1−p−αs)sinπ(p+αs) , (2.8)

we obtain for Res ≥ 0 and Reα< 0,∣∣Γ(p+αs)∣∣� (2π)1/2|α|−(1/2)+Rep e−[Arg(−α)+Args] Imp |s|−(1/2)+Rep
×e(ln|s|)(Res)Reα e−(ln|s|)(Ims) Imα

×e−(Res){[Arg(−α)+Args] Imα−(ln|α|−1)Reα}

×e− Im(s){[Arg(−α)+Args]Reα+(ln|α|−1) Imα}

×∣∣2sinπ(p+αs)∣∣−1.

(2.9)

Now, suppose that Reα = 0 and Imα > 0. To study the asymptotic behaviour of
|Γ(p+αs)|, as |s| →∞, in the half-plane Res ≥ 0, we consider separately this behaviour
for s in the fourth and first quadrants.

(i) Ims < 0 (s is in the fourth quadrant).
In this case Arg(p+αs)≤π−ε, and the expansion is∣∣Γ(p+αs)∣∣� (2π)1/2[(|α||s|)Re(αs−(1/2)+p) e−Arg(αs) Im(αs−(1/2)+p)]e−(Reα)Res+(Imα) Ims

= (2π)1/2|α|−(1/2)+Rep e−[Argα+Args] Imp |s|−(1/2)+Rep

×e−(ln|s|)(Ims) Imα e−(Res)[Argα+Args] Imα e−(Ims)(ln|α|−1) Imα.
(2.10)

(ii) Ims ≥ 0 (s is in the first quadrant).
In this case the expansion is∣∣Γ(p+αs)∣∣� (2π)1/2|α|−(1/2)+Rep e−[Arg(−α)+Args] Imp |s|−(1/2)+Rep

×e−(ln|s|)(Ims) Imα e−(Res)[Arg(−α)+Args] Imα e−(Ims)(ln|α|−1) Imα

×∣∣2sinπ(p+αs)∣∣−1.
(2.11)

Combining (2.10) and (2.11) we obtain for Re α= 0 and Im α> 0;∣∣Γ(p+αs)∣∣� (2π)1/2|α|−(1/2)+Rep e−[Arg(−αsignIms)+Args] Imp |s|−(1/2)+Rep

×e−(ln|s|)(Ims) Imα e−(Res)[Arg(−αsignIms)+Args] Imα e−(Ims)(ln|α|−1) Imα

×
∣∣∣∣12 (1−signIms)+(1+signIms)sinπ(p+αs)

∣∣∣∣
−1
.

(2.12)

If Res ≥ 0, Reα= 0, and Imα< 0, then (2.12) with p and α replaced by 1−p and −α,
respectively, yields the asymptotic expansion of Γ(1−p−αs), and with the aid of the
reflection formula (2.8) we obtain for Reα= 0 and Imα< 0,∣∣Γ(p+αs)∣∣� (2π)1/2|α|−(1/2)+Rep e−[Arg(αsignIms)+Args] Imp |s|−(1/2)+Rep

×e−(ln|s|)(Ims) Imα e−(Res)[Arg(αsignIms)+Args] Imα e−(Ims)(ln|α|−1) Imα

×
∣∣∣∣12 (1+signIms)+(1−signIms)

∣∣sinπ(p+αs)∣∣
∣∣∣∣
−1
.

(2.13)

Combining (2.7), (2.9), (2.12), and (2.13) we obtain (2.2).
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Applying (2.2) gives, as |s| →∞ and Res ≥ 0,

∣∣∣∣∣
P∏
j=1
Γ
(
pj+αjs

)∣∣∣∣∣� (2π)P/2
P∏
j=1

∣∣αj∣∣−(1/2)+Repj

×e−
∑P
j=1[Arg(αjS(αj ,s))+Args] Impj |s|−(P/2)+

∑P
j=1 Repj

×e(ln|s|)(Res)
∑P
j=1 Reαj e−(ln|s|)(Ims)

∑P
j=1 Imαj

×e−(Res)
∑P
j=1{[Arg(αjS(αj ,s))+Args] Imαj−(ln|αj |−1)Reαj}

×e−(Ims)
∑P
j=1{[Arg(αjS(αj ,s))+Args]Reαj+(ln|αj |−1) Imαj}

×
P∏
j=1

∣∣∣∣12
(
1+S(αj,s))+(1−S(αj,s))sinπ(pj+αjs)

∣∣∣∣
−1
.

(2.14)

We obtain a similar expansion for |∏Q
j=1 Γ(qj+βjs)|, as |s| →∞ and Res ≥ 0.

Now, we are ready to obtain the asymptotic expansion of |k(s)|, but in order to
simplify the expression we first observe that

Arg
(
αS(α,s)

)=


−π

2
signIms, Reα= 0,

Arg(αsignReα), Reα≠ 0,
(2.15)

so

P∑
j=1

{[
Arg

(
αjS

(
αj,s

))+Args
]
Imαj−

(
ln
∣∣αj∣∣−1

)
Reαj

}

=−π
2
(signIms)

∑
Reαj=0

Imαj+
( P∑
j=1

Imαj

)
Args

+
∑

Reαj≠0

[
Arg

(
αj signReαj

)
Imαj−

(
ln
∣∣αj∣∣−1

)
Reαj

]
.

(2.16)

Since Arg(−α) = Arg α−π signImα, provided that Imα ≠ 0; we see that Arg(−α)
Imα= (Argα) Imα−π| Imα|, for all α. Moreover, (Argα) Im α= (π/2)| Imα|, when-
ever Reα= 0. Thus, a computation shows that

∑
Reαj≠0

[
Arg

(
αj signReαj

)
Imαj−

(
ln
∣∣αj∣∣−1

)
Reαj

]

=−π
2

∑
Reαj=0

∣∣ Imαj∣∣+
P∑
j=1

Reαj+
∑

Reαj≥0

[(
Argαj

)
Imαj−

(
ln
∣∣αj∣∣)Reαj]

+
∑

Reαj<0

[
Arg

(−αj) Imαj−( ln∣∣αj∣∣)Reαj]

=
P∑
j=1

[(
Argαj

)
Imαj−

(
ln
∣∣αj∣∣)Reαj]−π ∑

Reαj<0

∣∣ Imαj∣∣−π2
∑

Reαj=0

∣∣ Imαj∣∣+
P∑
j=1

Reαj.

(2.17)
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It is clear that Arg(αS(α,s)Reα)=Arg(αsignReα)Reα, for all α, and therefore

P∑
j=1

{[
Arg

(
αjS

(
αj,s

))+Args
]
Reαj+

(
ln
∣∣αj∣∣−1

)
Imαj

}

=
P∑
j=1

[
Arg

(
αj sign

(
Reαj

))
Reαj+

(
ln
∣∣αj∣∣) Imαj]−

P∑
j=1

Imαj+

 P∑
j=1

Reαj


Args.

(2.18)

Let

∆0 =−1
2
(P−Q)+

P∑
j=1

Repj−
Q∑
j=1

Reqj,

L=
P∑
j=1

[(
Argαj

)
Imαj−

(
ln
∣∣αj∣∣)Reαj]−

Q∑
j=1

[(
Argβj

)
Imβj−

(
ln
∣∣βj∣∣)Reβj],

M =
P∑
j=1

[
Arg

(
αj signReαj

)
Reαj+

(
ln
∣∣αj∣∣) Imαj] (2.19)

−
Q∑
j=1

[
Arg

(
βj signReβj

)
Reβj+

(
ln
∣∣βj∣∣) Imβj],

X =π
( ∑

Reαj<0

∣∣ Imαj∣∣− ∑
Reβj<0

∣∣ Imβj∣∣
)
+ π

2

( ∑
Reαj=0

∣∣ Imαj∣∣− ∑
Reβj=0

∣∣ Imβj∣∣
)
,

µ =
P∑
j=1

Imαj−
Q∑
j=1

Imβj, T =
P∑
j=1

Reαj−
Q∑
j=1

Reβj. (2.20)

Define

m(s)=
P∑
j=1

[
Arg

(
αjS

(
αj,s

))+Args
]
Impj−

Q∑
j=1

[
Arg

(
βjS

(
βj,s

))+Args
]
Imqj

=−π
2
(signIms)

( ∑
Reαj=0

Impj−
∑

Reβj=0
Imqj

)
+
( P∑
j=1

Impj−
Q∑
j=1

Imqj

)
Args

+
∑

Reαj≠0
Arg

(
αj signReαj

)
Impj−

∑
Reβj≠0

Arg
(
βj signReβj

)
Imqj,

(2.21)

and finally, let

Y(s)= (2π)(P−Q)/2
∏P
j=1

∣∣αj∣∣−(1/2)+Repj∏Q
j=1

∣∣βj∣∣−(1/2)+Reqj e
−m(s). (2.22)

With the above notation in mind, we get from (2.14), and a similar expansion for
|∏Q

j=1 Γ(qj +βjs)|, the asymptotic expansion of |k(s)|, as |s| → ∞ and Re s ≥ 0. We
state this in the following lemma.



H-FUNCTION WITH COMPLEX PARAMETERS I: EXISTENCE 577

Lemma 2.2. We have

∣∣∣∣∣
∏P
j=1 Γ

(
pj+αjs

)
∏Q
j=1 Γ

(
qj+βjs

)
∣∣∣∣∣� Y(s)|s|∆0 eT(ln|s|)Res e−µ(ln|s|) Ims e−(Ims)(M−µ+T Args)

×e−(Res)[L+T−X+µArgs−(π/2)(signIms)(
∑

Reαj=0 Imαj−
∑

Reβj=0 Imβj)]

×
∏Q
j=1

∣∣(1/2)(1+S(βj,s))+(1−S(βj,s))sinπ(qj+βjs)∣∣∏P
j=1

∣∣(1/2)(1+S(αj,s))+(1−S(αj,s))sinπ(pj+αjs)∣∣ , Res≥0.

(2.23)

3. Existence of the H-function with complex parameters

Lemma 3.1. Let bj be a nonzero real number, qj be a complex number, j = 1,2, . . . ,n,
and

g(t)=
n∏
j=1

∣∣∣∣12
(
1+S(bji,it))+(1−S(bji,it))sinπ(qj−bjt)

∣∣∣∣. (3.1)

Then, the integral

I =
∫∞
−∞
g(t)

(|t|+1
)pe−αt ln|t|−β|t|−γt dt (3.2)

converges if and only if
(i) α= 0 and |γ|< β, or
(ii) α= 0, |γ| = β, and p <−1.

Proof. Let

ϕ(t)= (p+1) ln
(|t|+1

)−αt ln|t|−β|t|−γt, t ≠ 0. (3.3)

If α< 0, then limt→∞ϕ(t)=∞ and therefore, there is an X > 0 such thatϕ(t) > 0, for
t > X. Hence,

eϕ(t) = (|t|+1
)p+1e−αt ln|t|−β|t|−γt > 1 for t > X. (3.4)

Since S(bji,it)=−(signbj)signt, it follows that I = I1+I2, where

I1 =
∫ 0

−∞

( ∏
bj<0

∣∣2sinπ(qj−bjt)∣∣
)(|t|+1

)pe−αt ln|t|−β|t|−γt dt,

I2 =
∫∞
0

( ∏
bj>0

∣∣2sinπ(qj−bjt)∣∣
)(|t|+1

)pe−αt ln|t|−β|t|−γt dt.
(3.5)

Thus, (3.4) implies that

I ≥ I2 ≥
∫∞
X

( ∏
bj>0

∣∣2sinπ(qj−bjt)∣∣
)(|t|+1

)pe−αt ln|t|−β|t|−γt dt

>
∫∞
X

1
|t|+1

∏
bj>0

∣∣2sinπ(qj−bjt)∣∣dt.
(3.6)

Since
∫∞
X (1/(|t|+1))

∏
bj>0 |2sinπ(qj−bjt)|dt =∞, the integral (3.2) is divergent.
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Similarly, since limt→−∞ϕ(t) =∞, if α > 0 and I ≥ I1, we see that the integral (3.2)
is divergent if α> 0. We have shown that (3.2) is divergent if α≠ 0.

Suppose now that α = 0 and β < |γ|. If γ ≥ 0, then β− γ < 0, and therefore,
limt→−∞ϕ(t) = ∞. If γ < 0, then β+γ < 0, and therefore, limt→∞ϕ(t) = ∞. Hence,
as before, the integral (3.2) is divergent.

Suppose that α= 0, |γ| ≤ β, and p ≥−1. In this case,

(|t|+1
)pe−αt ln|t|−β|t|−γt =



(|t|+1

)p, if γ ≤ 0, t > 0,(|t|+1
)p, if γ > 0, t < 0,

≥


(|t|+1

)−1, if γ ≤ 0, t > 0,(|t|+1
)−1, if γ > 0, t < 0,

(3.7)

and hence, the integral (3.2) is divergent since

I ≥
∫∞
0

1
|t|+1

∏
bj>0

∣∣2sinπ(qj−bjt)∣∣dt =∞, when γ ≤ 0,

I ≥
∫ 0

−∞
1

|t|+1

∏
bj<0

∣∣2sinπ(qj−bjt)∣∣dt =∞, when γ > 0.
(3.8)

If α= 0 and |γ|< β, then there is an A> 0 such that

e
β|t|+γt ≥ e(β−|γ|)|t| >A(1+|t|)p+2, ∀t. (3.9)

Since |sinπ(qj−bjt)| ≤
√
1+sinh2π Imqj , then (3.9) shows that

I = I1+I2 ≤ CA
∫∞
−∞

(
1+|t|)−2dt <∞, where C =

n∏
j=1

2
√
1+sinh2π Imqj. (3.10)

If α= 0, β= |γ|, and p <−1, then β|t|+γt = |γ||t|+γt ≥ 0 for all t and

I ≤ C
∫∞
−∞

(|t|+1
)pe−(|γ||t|+γt) dt ≤ C

∫∞
−∞

(|t|+1
)p dt <∞. (3.11)

The proof of Lemma 3.1 is now complete.

Theorem 3.2. Let k(s) be as in (1.1). Let c be an arbitrary real number satisfying
(1.2), and let Ωc denote a contour from c−i∞ to c+i∞ not passing through any pole
of the function k(s). If M and µ are as defined in (2.19) and (2.20), and if

N =
P∑
j=1

∣∣Reαj∣∣−
Q∑
j=1

∣∣Reβj∣∣,

∆c =−1
2
(P−Q)+

P∑
j=1

Repj−
Q∑
j=1

Reqj+cT =∆0+cT ,
(3.12)

then the integral ∫
Ωc
k(s)z−s ds (3.13)



H-FUNCTION WITH COMPLEX PARAMETERS I: EXISTENCE 579

converges absolutely if and only if
(1) µ = 0, N > 0, and for |argz−M|< (π/2)N , or
(2) µ = 0, N ≥ 0, argz =M±(π/2)N , and ∆c =∆0+cT <−1.

Proof. Making the change of variable s → s−c we see that

∫
Ωc
k(s)z−s ds = z−c

∫
Ω0

kc(s)z−s ds, kc(s)=
∏P
j=1 Γ

(
pj+cαj+αjs

)
∏Q
j=1 Γ

(
qj+cβj+βjs

) , (3.14)

where the path of integrationΩ0 is the horizontal shifting of the contourΩc by c units.
Hence,

∫
Ωc k(s)z

−s ds converges absolutely if and only if
∫
Ω0
kc(s)z−s ds converges

absolutely. Observe that the asymptotic expansion of kc(s) is given by Lemma 2.2
where only∆0 is replaced by∆c, and the parameters pj and qj are replaced by pj+cαj
and qj+cβj , respectively, while all other constants involved in the expansion remain
unchanged. Thus, without loss of generality, we may assume that c = 0. Furthermore,
because the path of integration coincideswith the imaginary axis at infinity, we assume
for the rest of the proof that s = it, t ∈R, so Res = 0. Since

∏
Reβj<0

∣∣2sinπ(qj+βjs)∣∣∏
Reαj<0

∣∣2sinπ(pj+αjs)∣∣ �
eπ

∑
Reβj<0 | Imqj+tReβj |

eπ
∑

Reαj<0 | Impj+tReαj |
,

e−π
∑

Reαj<0 |Repj |+π|t|
∑

Reαj<0 |Reαj | ≤ eπ
∑

Reαj<0 | Impj+tReαj |

≤ eπ
∑

Reαj<0 | Impj |+π|t|
∑

Reαj<0 |Reαj |,

(3.15)

and similarly

e−π
∑

Reβj<0 |Reqj |+π|t|
∑

Reβj<0 |Reβj | ≤ eπ
∑

Reβj<0 | Imqj+tReβj |

≤ eπ
∑

Reβj<0 | Imqj |+π|t|
∑

Reβj<0 |Reβj |,
(3.16)

it follows that

∏
Reβj<0

∣∣2sinπ(qj+βjs)∣∣∏
Reαj<0

∣∣2sinπ(pj+αjs)∣∣ 
 e
π|t|(∑Reαj<0 |Reβj |−

∑
Reβj<0 |Reαj |). (3.17)

Now, we deal with the term

∏
Reβj=0

∣∣(1/2)(1+S(βj,s))+(1−S(βj,s))sinπ(qj+βjs)∣∣∏
Reαj=0

∣∣(1/2)(1+S(αj,s))+(1−S(αj,s))sinπ(pj+αjs)∣∣ . (3.18)

Since the path of integration coincides with the imaginary axis at infinity and does
not pass through any singular point of the integrand, it follows that Im(pj) ≠ 0 for
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all j such that Reαj = 0. Observe that

min
{
1,2

∣∣sinπ(pj+αjs)∣∣}≤
∣∣∣∣12

(
1+S(αj,s))+(1−S(αj,s))sinπ(pj+αjs)

∣∣∣∣
≤max

{
1,2|sinπ(pj+αjs)∣∣},

(3.19)

and since

0<
∣∣sinh(π Impj

)∣∣≤ ∣∣sinπ(pj+αjs)∣∣≤
√
1+sinh2 (π Impj

)
, (3.20)

it follows that

∏
Reαj=0

√
2
(
1+sinh2 (π Impj

))≥ ∏
Reαj=0

∣∣∣∣12
(
1+S(αj,s))+(1−S(αj,s))sinπ(pj+αjs)

∣∣∣∣
≥

∏
Reαj=0

min
{
1,2sinh

(
π Imqj

)}
> 0,

(3.21)

that is,
∏

Reαj=0 |(1/2)(1+S(αj,s))+(1−S(αj,s))sinπ(pj+αjs)| 
 1. Hence,

∏
Reβj=0

∣∣(1/2)(1+S(βj,s))+(1−S(βj,s))sinπ(qj+βjs)∣∣∏
Reαj=0

∣∣(1/2)(1+S(αj,s))+(1−S(αj,s))sinπ(pj+αjs)∣∣ 
 g(t), (3.22)

where

g(t)=
∏

Reβj=0

∣∣∣∣12
(
1+S(βj,it))+(1−S(βj,it))sinπ(qj−( Imβj)t)

∣∣∣∣. (3.23)

It, therefore, follows from (3.17) and (3.22) that

∏Q
j=1 |(1/2)

(
1+S(βj,s))+(1−S(βj,s))sinπ(qj+βjs)∣∣∏P

j=1
∣∣(1/2)(1+S(αj,s))+(1−S(αj,s))sinπ(pj+αjs)∣∣


 g(t)eπ|t|
(∑

Reαj<0 |Reαj |−
∑

Reβj<0 |Reβj |
)
.

(3.24)

It is evident that Y(s) 
 1. Therefore, if s = it, t is a real number, then Lemma 2.2,
formula (3.24), and the fact that (Ims)Arg s = (π/2)|t| show that, as |t| →∞,

∣∣k(s)∣∣
 g(t)|t|∆0 e−µt(ln|t|) e−tM−(π/2)|t|T eπ|t|
(∑

Reαj<0 |Reβj |−
∑

Reβj<0 |Reαj |
)
. (3.25)

Since

T +2

( ∑
Reαj<0

∣∣Reαj∣∣− ∑
Reβj<0

∣∣Reβj∣∣
)
=N, (3.26)

and since |t| 
 (1+|t|), as |t| →∞, we obtain

∣∣k(s)∣∣
 g(t)(1+|t|)∆0 e−µt(ln|t|) e−tM−(π/2)|t|N, as |t| �→∞. (3.27)

Now, if s = it, t is a real number, and z ≠ 0, and argz is an argument of z, then
∣∣k(s)z−s∣∣= ∣∣k(s)∣∣|z|−Rese(argz) Ims = ∣∣k(s)∣∣etargz. (3.28)
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Therefore, if z ≠ 0, then

∣∣k(s)z−s∣∣
 g(t)(1+|t|)∆0 e−µt(ln|t|)−t(M−argz)−(π/2)|t|N as |t| �→∞. (3.29)

Applying Lemma 3.1 gives the conclusion of Theorem 3.2.

Remark 3.3. If |M| ≤ (π/2)N and the integral
∫
Ωc k(s)z

−s ds converges absolutely
for some, real or complex, number z0, then it converges absolutely for all positive real
z. For if either of the conditions (1) or (2) of Theorem 3.2 is satisfied for some z0, then
it is satisfied for any z with argz = 0 (the point z = 0 is tacitly excluded).

If |M| > (π/2)N , then the integral
∫
Ωc k(s)z

−s ds may converge for some complex
z0, but diverges for all real z. This is a striking difference with the Mellin-Barnes
integral with real (α)P and (β)Q, where the convergence domain always contains some
real number.

Because Λc is a special case of the contour Ωc we have the following theorem.

Theorem 3.4. The H-function (1.4) exists if
(1) µ = 0, N > 0, and for |M−argz|< (π/2)N , or
(2) µ = 0, N ≥ 0, argz =M±(π/2)N , and ∆c =∆0+cT <−1.

Remark 3.5. A close look at the asymptotics of k(s) shows that theH-function (1.4)
exists only if µ = 0. Hence, in general, the H-function is not analytic with respect to
the parameters αj , j = 1, . . . ,P , and βj , j = 1, . . . ,Q, although it is analytic with respect
to the parameters pj , j = 1, . . . ,P , and qj, j = 1, . . . ,Q.

Remark 3.6. If N > 0, then the H-function is analytic in the sector |M −argz| <
(π/2)N .

4. Properties

4.1. Power multiplier. We have

zγHPQ

(
z,c

∣∣∣∣∣(p,α)P(q,β)Q

)
=HPQ

(
z,c−Reγ

∣∣∣∣∣(p+γα,α)P(q+γβ,β)Q

)
. (4.1)

The change of variables s → s−γ gives

zγHPQ

(
z,c

∣∣∣∣∣(p,α)P(q,β)Q

)
= 1

2πi

∫
Λc
k(s)z−s+γ ds = 1

2πi

∫
Λc−Re(γ)

k(s+γ)z−s ds

=HPQ
(
z,c−Reγ

∣∣∣∣∣(p+γα,α)P(q+γβ,β)Q

)
.

(4.2)

4.2. Reflection property. We have

HPQ

(
1
z
,c

∣∣∣∣∣(p,α)P(q,β)Q

)
=HPQ

(
z,−c

∣∣∣∣(p,−α)P(q,−β)Q

)
. (4.3)
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This follows easily from the fact that

1
2πi

∫
Λc
k(s)zs ds = 1

2πi

∫
Λ−c
k(−s)z−s ds. (4.4)

4.3. The Mellin transform. Let c be a real number such that:
(a) Re(−pj/αj) > c, whenever Reαj < 0, and Re(−pj/αj) < c, whenever Reαj > 0.
If |M| ≤ (π/2)N , and the parameters and variable z satisfy the conditions of

Theorem 3.2, then

∫∞
0
HPQ

(
x,c

∣∣∣∣∣(p,α)P(q,β)Q

)
xs−1dx =

∏P
j=1 Γ

(
pj+αjs

)
∏Q
j=1 Γ

(
qj+βjs

) . (4.5)

Indeed, condition (a) guarantees that the contour Λc in formula (1.4) can be taken
as a vertical line. Therefore, HPQ

(
x,c

∣∣∣ (p,α)P(q,β)Q

)
is the inverse Mellin transform of the

function k(s) along Λc . Since k(s) is differentiable on Λc and by the conditions of
Theorem 3.2, k(s) ∈ L1(Λc), it follows from [17] that k(s) is the Mellin transform of

HPQ
(
x,c

∣∣∣ (p,α)P(q,β)Q

)
.

5. Examples. (a) It is clear from the definition that the Meijer G-function and Fox
H-function are special cases of the H-function with complex parameters (1.4).

(b) In the formula 6.421.2 of [6],

∫∞
−∞

eπitx

Γ(a+x)Γ(b−x)Γ(c+βx)Γ(d−βx) dx = 0, Re(a+b+c+d) > 2, |t|> |β|+1,

(5.1)
and t, β are real; put x =−is, then

∫∞
−∞

eπitx

Γ(a+x)Γ(b−x)Γ(c+βx)Γ(d−βx) dx

=−i
∫ i∞
−i∞

eπts

Γ(a−is)Γ(b+is)Γ(c−iβs)Γ(d+iβs) ds. (5.2)

Thus,

H0
4

(
e−πt,0

∣∣∣∣∣(a,−i),(b,i),(c,−iβ),(d,iβ)
)
= 0, Re(a+b+c+d) > 2, |t|> |β|+1,

(5.3)
and t, β are real.

Note that this is a particular value of anH-function with complex parameters which
is not a special case of the classical Fox H-function.

(c) Using formulae 6.414.1–6.414.6, 6.421.1, 6.421.3, and 6.421.4 of [6] along with
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the substitution x = −is, we get particular values of H-functions with complex pa-
rameters:

H1
1

(
1,0

∣∣∣∣∣(a,−i)(b,i)

)
= 0, Ima≠ 0, Re(a−b) <−1,

H0
2

(
1,0

∣∣∣∣∣(a,−i),(b,i)
)
= 2a+b−3

πΓ(a+b−1)
, Re(a+b) > 1,

H2
2

(
1,0

∣∣∣∣∣(a,−i),(b,−i)(c,−i),(d,−i)
)
= 0, Re(c+d−a−b) > 1; Ima, Imb > 0,

H2
2

(
1,0

∣∣∣∣∣(a,−i),(b,−i)(c,−i),(d,−i)

)
= π[signIm(c−d)]Γ(c+d−a−b)[

sinπ(a−b)]Γ(c−a)Γ(c−b)Γ(d−a)Γ(d−b) ,
Re(c+d−a−b) > 1; Ima, Imb < 0,

H1
3

(
1,0

∣∣∣∣∣ (a−b−c+1,−i)
(a,−i),(b,i),(c,−i)

)
= exp

[(
π(f −c)i/2)signImf ]

2Γ(b+c−1)Γ
(
(a+b)/2)Γ((c−f +1)/2

) ,
Re(b+c) > 1, f = a−b−c+1, Imf ≠0,

H0
4

(
1,0

∣∣∣∣∣(a,−i),(b,i),(c,−i),(d,i)
)
= (1/2π)Γ(a+b+c+d−3)
Γ(a+b−1)Γ(b+c−1)Γ(c+d−1)Γ(d+a−1)

,

Re(a+b+c+d) > 3,

H2
0

(
e−2(πn+θ),0

∣∣(a,−i),(b,i))= Γ(a+b)(2cosθ)a−b(exp((b−a)iθ))
×(ηn(b)exp(2nπbi)−ηn(−a)exp(−2nπai)),

Re(a+b) < 1; −π
2
< θ <

π
2
;

ηn(ζ)= 1
2
sign

(
1
2
−n

)(
1−sign

[(
1
2
−n

)
Imζ

])
,

H1
1

(
e−2(πn+π−2θ),0

∣∣∣∣∣(a,−i)(b,−i)

)
= 1

2

(
1−sign

[(
n+ 1

2

)
Ima

])
sign

(
n+ 1

2

)

× (2cosθ)
b−a−1

Γ(b−a) exp(−2πn+π−θ)ai+θi(b−1),

Re(b−a) > 0, −π
2
< θ <

π
2
, n is an integer.

(5.4)

We remark that none of the above H-functions is a special case of the classical Fox
H-function.

6. H-function with complex parameters as a Fourier kernel. Let the conditions
of Theorem 3.2 be fulfilled, and moreover,

M =N = 0, ∆1/2 =−2. (6.1)
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Assume further that

Re
(pj
αj

)
>−1

2
, if Reαj > 0,

Re
(pj
αj

)
<−1

2
, if Reαj < 0,

Re
(pj
αj

)
≠−1

2
, if Reαj = 0.

(6.2)

Conditions (6.2) guarantee that the vertical line ((1/2)−i∞,(1/2)+i∞) can be taken
as the contour Λ1/2 of integration in the definition of HPQ

(
z,(1/2)

∣∣∣ (p,α)P(q,β)Q

)
.

Theorem 6.1. The H-integral transform

g(x)= x2 d2

dx2

∫∞
0
HPQ

(
xy,

1
2

∣∣∣∣∣(p,α)P(q,β)Q

)
f(y)dy (6.3)

is a bounded integral transform from L2(R+) onto itself, and the inverse transform has
the form

f(x)= x2 d2

dx2

∫∞
0
HQ+2P+2

(
xy,

1
2

∣∣∣∣∣(q+β,−β)Q, (1,−1), (0,1)(p+α,−α)P , (3,−1), (2,1)

)
g(y)dy. (6.4)

Proof. Due to the assumptions (6.1), |k(s)| 
 1/|s|2, and therefore, k(s) ∈ L2
((1/2)− i∞, (1/2)+ i∞). Hence, HPQ

(
x,(1/2)

∣∣∣ (p,α)P(q,β)Q

)
exists for x > 0 and belongs to

L2(R+), since it is the inverse Mellin transform of k(s) [17]. Consequently, the integral
(6.3) converges absolutely if f ∈ L2(R+). By the Mellin convolution theorem [17], we
obtain

g(x)= x2

2πi
d2

dx2

∫ (1/2)+i∞
(1/2)−i∞

k(s)f∗(1−s)x−s ds, (6.5)

where f∗ is the Mellin transform of f .
Due to the assumption on k(s), and the fact that f∗(1 − s) ∈ L2((1/2) − i∞,

(1/2)+i∞), it follows that s(s−1)k(s)f∗(1−s)∈ L2((1/2)−i∞, (1/2)+i∞). Hence,

g(x)= 1
2πi

∫ (1/2)+i∞
(1/2)−i∞

s(s+1)k(s)f∗(1−s)x−s ds, (6.6)

where the integral is understood in the sense of L2((1/2)−i∞,(1/2)+i∞). Therefore,

g∗(s)= s(s+1)k(s)f∗(1−s), (6.7)

or

f∗(s)= g∗(1−s)
(1−s)(2−s)k∗(1−s) =

g∗(1−s)
(1−s)(2−s)

∏Q
j=1 Γ

(
qj+βj−βjs

)
∏P
j=1 Γ

(
pj+αj−αjs

) . (6.8)
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Consequently,

f(x)= 1
2πi

∫ (1/2)+i∞
(1/2)−i∞

Γ(1−s)Γ(s)
Γ(3−s)Γ(2+s)

∏Q
j=1 Γ

(
qj+βj−βjs

)
∏P
j=1 Γ

(
pj+αj−αjs

)s(s+1)g∗(1−s)x−s ds

= x2

2πi
d2

dx2

∫ (1/2)+i∞
(1/2)−i∞

Γ(1−s)Γ(s)
Γ(3−s)Γ(2+s)

∏Q
j=1 Γ

(
qj+βj−βjs

)
∏P
j=1 Γ

(
pj+αj−αjs

)g∗(1−s)x−s ds

= x2 d2

dx2

∫∞
0
HQ+2P+2

(
xy,

1
2

∣∣∣∣∣(q+β,−β)Q,(1,−1),(0,1)(p+α,−α)P ,(3,−1),(2,1)

)
g(y)dy.

(6.9)

This completes the proof of the theorem.
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