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GENERALIZATION OF SOME ABSOLUTE
SUMMABILITY METHODS

W. T. SULAIMAN

(Received 6 January 1999)

ABSTRACT. Mazhar (1971) gave the characterization for the series >’ ay €5, to be summable
IN, pn| whenever > a,, is summable |C, x|k, « = 0, k > 1. Here we prove two theorems, the
first concerns the sufficient conditions and the second the necessary conditions satisfied
by {€n} in order to have > a, €, summable |N,py, | whenever > a, is summable |C, x|y,

k=>1.
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Let > a,, be a given infinite series with partial sums s,,. Let U,‘f and r;f denote the nth
Cesaro mean of order 6 (6 > —1) of the sequences {s,} and {na,}, respectively. The

series > a, is said to be summable |C,6|k, k = 1 if

n ool ] <,

Me

n=1

or equivalently

Zn’1|rﬁ|k<oo.
n=1

Let {P,,} be a sequence of positive real constants such that

Pp=po+pi+-- +pn, Pp— oasn—oo, (P =p_1=0).

A series Y a, is said to be summable |N,p, |k, k = 1, (see [1]), if
© P k-1
Z(i) |tn_tn71|k<°°y
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For p, = 1/(n+1), the summability |N, p,, | reduces to the well-known summability
IR,logn,1|x. In general, the two summabilities |N,p,|x and |C, |y are independent
of each other, but for p,, = 1 and « = 1 they are equivalent. For any real « and integer
n > 0, we define

A%n = > A % ey, (6)

v=n

whenever the series is convergent.

THEOREM A (see [2]). The necessary and sufficient conditions for the series > an€y
to be summable |N,p, | whenever 3 a,, is summable |C,x|y,x =0,k =1 are

(i) netl-UKIAX (e, /m) e X, 1/k+1/k' =1;

() n Ve, e bk, 0<a<1;
(iii) n* %) (p,/Pe, € ¥, x> 1;
where (@) pn = O(pn+1), ) (M + 1)py = O(Py), and (¢) P, = O(npy) (x > 1).
Theorem A includes as special cases k = 1 and p,, = 1, the result of Mohapatra [4]
and Mehdi 3], respectively.

We need the following lemmas.

LEMMA 1 (see [5]). If o > 6 > 0, then

g _y)0-1
2. Q%%szoqu_ W)
n=v+l1

LEMMA 2. If o > 6 = 0, then

0o

6-1
. %§1=Ow*ﬂ. 8)

n=v+1

PROOF. If § > 0, then by Lemma 1,

S AS-L S (n—-v)¥l 5o
—=r =0(1) ————=0(Ww°7). 9)
nggil fq% nggil ne
If 6 =0, then by Lemma 1,
- Ayl 1 <
> =07 > AL =0(m). (10)
An An

n=v+l n=v+1 O
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LEMMA 3 (see [6]). Letk>1,P, =po+p1+---+pn— 0 asn — o, py > 0. Then
forallv =1,

00

1 Pn 1
< < —. (11)
kP{_, ,gganPﬁfl Py,

We prove the following theorems.

THEOREM 4. Let {€,} be monotonic nonincreasing sequence of constants. Suppose
that {P,€,,/n} is nonincreasing, and

npn =0 (Py). (12)

Then the following are sufficient conditions for Y. a,€, to be summable |N,p, |, when-
ever > ay is summable |C, x|k, 0 < x < ok < 1:

(i) €n=0Mnpn/Pn),

(i) Aen =0(pn/Pn).

PROOF OF THEOREM 4. Define

1/k n

7. _ (Pn/Pn) p ja_ 1 z Ao
n= T Z v-1avEv, n= 7% Z n-vV &y,
- v=1 v=1
1/k n n
/P P, i€ e
T, = (pnP n) z Vvl v ZAVE(ylAg(tﬁ(
n-1 v=1 r=1
1/k n n
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k _
_ (pn/Pn)ll iAato(nZ:r PvfrflevH’A_D(_l
Py =TT &E ver TV
k n n-r-1 %
(pn/Pn)l/ —x—-1 Py 1€vir
= AXtX AX Ay ———
Ppy Z‘ o Z Z H Y\ v+r
r=1 v=0 u=0

n-r
P, _€
—x—1 n-1€n
+( Aua )n:l
u=0

_ (pn/Pn) ZA‘Xto‘ niiilA,a Pyiy 1€v4y _ Pvir€vir
e Vi Iiv+r)(v+r+1) v+r+l

P, Ave o Pn-
+ v+r2vEy4r +A”E(Y r;/Llen’

v+r+1
= Tn,l + Tn,Z + Tn‘3 + Tny4. (13)

In order to prove sufficiency, by Minkowski’s inequality, it is sufficient to show that

| Tpr|¥ <0, r=1,2,3,4. (14)
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THEOREM 5. The necessary conditions for Y. a, €y, to be summable |N, p,, |, whenever
> ay is summable |C, x|k, k > 1, are

(i) €n=O0{(Py/pp)t/kvi-o-ib},

(i) Aen =0 (vi-a-(W/ky,

PROOF OF THEOREM 5. For k > 1, we define

= {{ai} : > a; is summable IC,(ka},
(19)
B= {{ai} : > a;€; is summable | N, pn|k}.
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These are BK-spaces, if normed by

0 1 1/k 0 1/k
|m1={Z1Jmﬁ} : umu:{Z\nﬁ} : (20)

n=1 n=1

respectively. Since > (1/n)|t,|¥ < 00 = 3 |T, |¥ < o by the hypothesis of Theorem 5,
then
lally < 0 = [laz|| < co. (21)

Consider the inclusionmap i: A — B defined by i(x) = x, i is continuous which follows
as A and B are BK-spaces. Therefore, there exists a constant M such that

lallz < Mllall. (22)

Applying the values of t,, and T, stated in Theorem 5, to a = e, — e, .1 (Where e, is
the vth coordinate vector), we have

0, ifn<v,
v .

tn =1 AT ifn=v, 23)
A, (A%ZL)
VT%W’ ifn>v,

0, ifn<vy,
1/k

Pv ; _
T, = (P—v> , ifn=yv, (24)
(pn/Pn)"*

A(Py_1€y), ifn>v.
Pn—l

Equalities (20) give

0 1/k
1/ vk 1A A,H )"<
=41—|-—=) + —x
llall {V(A$‘> ‘ ,

n= v+1

p © 1/k (25)
wu—{”klh»z |Apleﬂﬂ :
Py Y n:v+1PnPrIL< 1 Y Y
By inequality (22),

s k R oa—1 k
pv’ k f1(V 1]A,(vAXZL)
e T+ D {AP1€)|<M<<)+Z .
p, n:v+1Pan’L< 1 VV AV 4 AR

(26)
Since A(VAXZL) = —A%ZL + vA, A%ZL| then by Minkowski’s inequality

k Ll oa-1Y) 1k fd _ ok—k
Mk(]. ( % ) i Z l’AV(VAnfv) >_O(Ukakl)+0{1 Z (1’1 Vo()k }

AV 2\ % A‘}Q(L n=v+l1

n=v+l
k © _ ok—2k
+O{vz “lv>}

nok

(vk-ek-1y L Oo(v*)+0(v¥), by Lemma 1

(27)
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As each part of the left-hand side of (26) is O (vk~*k=1) we have

1/k
€ = O(iﬂ) yla k),
bv

K ow Pn k—-oak—1
A(Py_1€ =0(v ,
APae)t ¥ B -0k

n=v+1

which, by Lemma 3, implies

|A(Py_1€y) ’k = O(PY vk,
Now, as A(P,_1€y) = —pyv€y + Py A€y,

1
A€, = %“:ev + P—VA(PV,leV)

_Pv ﬁ)l/k TRy N 1-a—(1/k)
_ on{(pv v +PVO(PHV )

1-(1/k)
Py 1-x—(1/k) 1 1-a—(1/k)
{(Pv> % }+P O(Pv,lv )

v

(vl—a—(llk))_

This completes the proof of the theorem.
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