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ABSTRACT. We show that for certain bounded cylinder functions of the form F(x) =
a((hy,x)~,...,(hn,x)~), x € B,where {1 : R" — C is the Fourier-transform of the complex-
valued Borel measure p on B(R"), the Borel o-algebra of R™ with ||u|| < o, the analytic
Feynman integral of F exists, although the analytic Feynman integral, lim,_._;; I*"(F;z) =
lim,_._jq(z/210)™M? [n £ (U) exp{—(2/2)|2 1%} dU, do not always exist for bounded cylin-
der functions F(x) = f((h1,x)™,...,(hn,x)~), x € B. We prove a change of scale formula
for Wiener integrals of F on the abstract Wiener space.
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1. Introduction. In [3], Kim showed that for F € ¥(n;p), 1 < p < o, the ana-
lytic Wiener integral exists and for F € %(n;1), the analytic Feynman integral ex-
ists and can be expressed as the limit of Wiener integrals and later he proved the
change of scale formula for Wiener integrals for F € ¥(n;p), 1 < p < o, where
for 1 < p < o, F(n;p) is the class of cylinder functions F of the form F(x) =
f((hy,x)~,...,(hp,x)7) and f:R™ — Risin L, (R"), and F(n; ) is the class of such
cylinder functions F, where f : R" — R is in Cy(R"), the space of bounded continu-
ous functions on R™ that vanish at infinity. But for 1 < p < o, the analytic Feynman
integral of F € %(n;p) do not always exist even if F(x) = f((hy,x)™,...,(hy,x)~)
is a bounded cylinder function, as we cannot apply the Lebesgue dominated con-
vergence theorem to the limit whenever z — —iq through C,; lim,__;; I*™(F;z) =
lim,_._iq(z/210)"? [n f(U) exp{—(2/2) U]’} dU.

In this paper, we show that the analytic Feynman integral of F exists for certain
bounded cylinder functions of the form F(x) = fi((hi,x)~,...,(hy,x)~), x € B, where
[i:R" — C is the Fourier-transform of the complex-valued Borel measure p on %(R"),
the Borel o-algebra of R™ with ||u|| < co. We establish the relationships between ana-
lytic Wiener integrals, and analytic Feynman integrals, and we show that the analytic
Feynman integral of F can be expressed as the limit of a sequence of Wiener integrals.
Later, we prove a change of scale formula for Wiener integrals of F on the abstract
Wiener space.

2. Definitions. Let H be a real separable infinite-dimensional Hilbert space with
inner product (-,-) and norm || - || = +/{-,-). Let || - ||o be a measurable norm on H with
respect to the Gauss measure u. Let B denote the completion of H with respect to
Il - llo. Let i denote the natural injection from H into B. The adjoint operator i* of i is
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one-to-one and maps B* continuously onto a dense subset of H*, where H* and B*
are topological duals of H and B, respectively. By identifying H with H* and B* with
i*B*, we have a triplet (B*,H,B) such that B* C H* = H C Band (h,x) = (h,x) for all
h in B* and x in H, where (-,-) denotes the natural dual pairing between B* and B.
By a well-known result of Gross [3], p-i~! has a unique countably additive extension
m to the Borel o-algebra %(B) on B. The triplet (B,H,m) is called an abstract Wiener
space and m is called a Wiener measure. We denote the Wiener integral of a functional
F by [ F(x)dm(x). For more details see [1, 3].

Let {e;}7, denote a complete orthonormal system in H such that e;’s are in B*.
For each h € H and x € B, we define a stochastic inner product (-,-)~ between H and
B as follows:

n
lim » (h,e;)(e;,x), if the limit exists,
(h,x)~ =m0 2.1)

0, otherwise.

It is well known [2] that for every h € H, (h,x)™~ exists for m-a.e. x in B and it has
a Gaussian distribution with mean zero and variance |h|?. Furthermore, it is easy to
show that (h,x)~ = (h,x) for m-a.e. x inBif h € B*, (h,x)™ is essentially independent
of the complete orthonormal set used in its definition, and finally we show that if
{hq,...,hy} is an orthonormal set of elements in H, then (hy,x)~,...,(hg,x)~ are
independent Gaussian functionals with mean zero and variance one. Note that if both
h and x are in H, then (h,x)~ = (h,x).

Throughout this paper, let R" denote the n-dimensional Euclidean space and let
C, C4, and C; denote the complex numbers, the complex numbers with positive real
part, and the nonzero complex numbers with nonnegative real part, respectively.

DEFINITION 2.1. Let (B,H,m) be an abstract Wiener space. A function F is called
a cylinder function on B if there exists a finite subset {g1,...,gx} of H such that

F(X):W((glix)N""l(gksx)N)! XGB’ (22)

where  is a complex-valued Borel measurable function on RX. It is easy to show
that there exists a linearly independent set {h,...,h,} of H such that every cylinder
function F of the form (2.2) is expressed as

F(x)=f((h,x)",....,(hn,x)"), x€B, (2.3)

where f is a complex-valued Borel measurable function on R". Thus we lose no gen-
erality in assuming that every cylinder function on B is of the form (2.3).

DEFINITION 2.2. Let F be a complex-valued measurable function on B such that the
integral

J(F;A) = JBF(A’l/Zx)dm(x) (2.4)

exists for all real A > 0. If there exists a function J*(F;z) analytic on C, such that
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J*(F;A) = J(F;A) for all real A > 0, then we define J* (F;z) to be the analytic Wiener
integral of F over B with parameter z, and for each z € C,, we write

I*™(F;z) = J*(F;2). (2.5)

Let g be a nonzero real number and let F be a function on B whose analytic Wiener
integral exists for each z in C,.. If the following limit exists, then we call it the analytic
Feynman integral of F over B with parameter g, and we write

I*(F;q) = lim I™(F;z), (2.6)

z—-iq

where z approaches —ig through C, and i = —1.

DEFINITION 2.3. Let J/(L(R™) denote the space of complex-valued Borel measures
on B(R™), the Borel o-algebra of R™. It is well known that a complex-valued Borel
measure u necessarily has a finite total variation ||u||, and A((R™) is a Banach algebra
under the norm || - || and with convolution as multiplication.

Let pu be in M(R"™). Then the Fourier transformation [i of u is a complex-valued
function defined on R™ by the formula

(i) =J[Rnexp{i(17t,17)}u(d17), W eR", @2.7)

where U = (u1,...,uy) and U = (vy,...,v,) are in R", and (4, v) = X7, u;jv;.

We will close this section by mentioning the following useful theorem which is called
the Wiener integration formula.

THEOREM 2.4. Let (B,H,m) be an abstract Wiener space and let {h,...,hy,} be an
orthonormal set of elements in H. Let F : B — C be a function defined by the formula

F(x)=f((hy,x)",....,(hn,x)"), x€B, (2.8)

where f :R" — C is a Lebesgue measurable function. Then

[ #0020y amenr = () [ pen - L1 Fla, o

where U = (U1,...,Uy) ERM, |U|% = Z;Lluﬁ, anddu =du, - - - du,.

In the next section, we use several times the following well-known integration for-

mula
J exp{—au2+ibu}du:1/Eexp{—b—2} (2.10)
R a 4a )’

where a is a complex number with Rea > 0, b is a real number, and i2 = —1.

3. The main results. In this paper, we give a class of a certain bounded cylinder
functions of the form F(x) = f((h1,x)~,...,(hy,Xx)~), x € B, such that f : R" — C
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is bounded, whose analytic Wiener and analytic Feynman integral of F exist and we
show that the analytic Feynman integral of such cylinder functions can be expressed
as the limit of Wiener integrals. Later, we prove a change of scale formula for Wiener
integrals of such cylinder functions on the abstract Wiener space.

Define the function F : B — C by

F(x)=pg((h1,x)",...,(hy,x)"), x€B, (3.1)

where [i is the Fourier transform of complex-valued Borel measures u in JA((R™) and
M(R™) is as in Definition 2.3. Then F : B — C is a bounded cylinder function, as
()] < [lull < co.

First, we show that the analytic Wiener and the analytic Feynman integrals of the
function F exist.

THEOREM 3.1. Let (B,H,m) be an abstract Wiener space and let {h,,...,hy,} be an
orthonormal set of elements in H. Let F : B — C be given by (3.1). Then the analytic
Wiener and the analytic Feynman integrals of F exist, and for every z € C,,

IaW(F;z):JRneXpSL —|v|} (dv) (3.2)

and for every nonzero real number q,
Iaf(F;q):J exp{—ilﬁlz}u(dﬂ), (3.3)
R™ 2q

where U = (v1,...,Un) ER" and |V |% = 2}1:11)72-.

PROOF. By Fubini’s theorem and by Theorem 2.4 and by (2.10), we have that for all
positive real number A,

JF:A) = J(BF(N”ZX)dm(X) = J(Bl:l((hl,/\’l/zx)w,...,(hn,A’l/Zx)N) dm(x)
:J J exp [i/\“2 Zvj(hj,x)”} dm(x)du(v)
rn JB =
a 1 n/2 i n . 1 n , i
B (E) J;gn J%n €xp |:l)\ g-leuJ exp _Ejgluj duy - - dundu(v)
1 & )
:JWQXP[—MZ :|dll v)

Now let J*(F : z) = [gnexp{— (1/22)2}1:11/;}61;1(13), z € C,. Then J*(F: A) =
J(F:A) for all real A > 0. By dominated convergence theorem, J* (F : z) is continuous
on C,. Since exp{—(1/2z) Z;‘zlvf} is analytic on C, for each v = (vy,...,V,) € R",
we have that frexp { - (1/2z) X}, vjz} dz = 0 for all rectifiable simple closed curve
I lying C, by Cauchy integral theorem. As |exp{—(1/2z) 37 v?}| <1forall z €
C,, we can apply Fubini’s theorem to the integral [ J*(F : z)dz and then we have
JrJ*(F :z)dz = 0. By Morera’s theorem, J*(F : z) is an analytic function of z in C,.

(3.4)
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Therefore the analytic Wiener integral I?V(F : z) exist and we have (3.2). To prove
(3.3), let £ (V) = exp{—(1/zn)|V|?}, z4 € C* and let z,, — —ig whenever n — c. Then
fn(V) — f(¥) =exp—{(i/2q)V?%}, whenever z, — —iq and | f,,(¥)| < 1,forall z,, € C*.
By the bounded convergence theorem, we have (3.3), as [|[u(R™)]| < oco. O

In order to obtain our main results, we need the following lemma.

LEMMA 3.2. Let (B,H,m) be an abstract Wiener space and let {hi,...,h,} be an
orthonormal set of elementsin H. Let F : B — C be given by (3.1). Then for every z € C,,
the functional

exp{ }F(X) 3.5)

J:l
is Wiener integrable on B.

PROOF. By Theorem 2.4, we have that for every z € C,,

JBeXp{ S }F(x)dm(x) ( )n/zj a(u exp{ 2\ |2}dﬁ,

j:1

(3.6)
where U = (uy,...,uy) € R", |Ul? = Z;‘:lu§, and du = du, - - - du,. Because the
absolute value of the last integral is less than |||l - z="/2, the proof of this lemma is
complete. 0O

THEOREM 3.3. Let (B,H,m) be an abstract Wiener space and let {h,...,h,} be as
in Definition 2.3. Let F : B — C be given by (3.1). Then for every z € C., the analytic
Wiener integral I*" (F;z) of F is expressed as follows:

1 (F:2) = z"/ZJBexp{ ”;Z) > [(hj,x)N]Z}F(x)dm(x). 3.7)

j=1

PROOF. By Lemma 3.2, the right-hand side of (3.7) has a finite value. Now let us
calculate the following Wiener integral:

Lexp{“f) s [(hj,x)N]Z}Hx)dm(x)

Jj=1

Here, the first equality comes from Theorem 2.4, the second equality comes from
the definition of Fourier transform [ of u € A (R"), the third equality follows from
Fubini’s theorem, and the last equality follows from the formula (2.10). From (3.2) and
(3.8), we have the desired result (3.7). O
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Now we express the analytic Feynman integral I*f (F; q) of F as the limit of a sequence
of Wiener integrals on the abstract Wiener space.

THEOREM 3.4. Let (B,H,m) be an abstract Wiener space and let {h,,...,h,} be an
orthonormal set of elements in H. Let F : B — C be given by (3.1). If {zx };_, is a sequence
of complex numbers from C, such that zy approaches —iq through C,, where q is a
nonzero real number and i = —1, then the analytic Feynman integral I*{ (F;q) of F is
expressed as follows:

A (F;q) = lim (zk)"/ZJB exp{ i }F(x)dm(x). (3.9)

PROOF. We can obtain from (3.8) that

zf/ZJBexp{ (1=24) Z (hj,x) }F(x)dm(x) Jux exp{—2—|v|} (dv).

(3.10)
Letting k — oo in (3.10) and using the dominated convergence theorem, we have

lim (zk)"/zj exp{ 1-
k— o0 B

n

)] }F(x)dm(x)

J!

—hmJ exp{ ZL|_’| } (dv) (3.11)
=J ep{—*Ivl} (dv).
R
From (3.2) and (3.11), (3.9) follows immediately. O

Finally, we obtain a change of scale formula for Wiener integrals for F : B — C which
was given by (3.1).

THEOREM 3.5. Let (B,H,m) be an abstract Wiener space. Let p > 0 be given and
let {hi,...,hy} be an orthonormal set of elements in H. Then for F : B — C which was
given by (3.1),

n

I F(px)dm(x)=p™" exp{
B B

}F(x)dm(x) (3.12)

PROOE. First, we know that for all real z > 0, I™(F;z) = [ F(z""?x)dm(x) by
Definition 2.2. Using Theorem 3.3 and taking z = p~2 in the above equality, we have
the desired result. O
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