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NEW INVERSION FORMULAS FOR THE KRATZEL
TRANSFORMATION
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ABSTRACT. We study in distributional sense by means of the kernel method an integral
transform introduced by Kratzel. It is well known that the cited transform generalizes to
the Laplace and Meijer transformation. Properties of analyticity, boundedness, and inver-
sion theorems are established for the generalized transformation.
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1. Introduction. In this paper, we study the following integral transform,

(KA = | Z3enfdy, x>0, (LD

where Z} (x) denotes the function
Zye0 = [ etetiay (12)
0

with p > 0, p € N, v € C. The K{ transform is reduced to the Meijer transform when
p =1 and to the Laplace transform when p = 1 and v = +1/2. Zemanian realized a
wide study of the Laplace and Meijer transformations, in distribution spaces (cf. [12,
13]). Later, Kratzel, introduced the K% transformation, which generalizes the Meijer
transform, and in a series of papers, investigated it in the classical sense (see [5,
6]). In [8], Rao and Debnath investigated the K¥ transformation on certain spaces of
distributions by means of the kernel method. Recently, the cited transformation is
studied in [1] by the adjoint method on the McBride’s spaces.

In [3], the study of Kratzel is continued obtaining Abelian, Tauberian theorems, and
some inversion formulas in the classical sense. Moreover, we can emphasize in [2] the
work developed by the authors studying the K¥ transform on weighted L? spaces,
improving a result of [4].

Motivated by the cited papers, we accomplish a study of the K¥ transform by means
of the kernel method on the space of distributions of compact support.

By €(I) we denote the infinitely differentiable functions ¢(t), t € I = (0, ), such
that for all compact K we have

< 0, (1.3)

dk
Yi(Ph) —Stlelg‘wcb(t)

for every k € N. By €’ (I) we denote the dual space of €(I). Moreover, by B(I), D' (I)
denote the spaces of functions and distributions that can be found in [9, 11].


http://ijmms.hindawi.com
http://ijmms.hindawi.com
http://www.hindawi.com

254 D. I. CRUZ-BAEZ AND J. RODRIGUEZ

Consider the following useful properties.

In [1] we see that
dk _
Tk L (X) = (-)*zy 7k (x). (1.4)
By (1.4) and the asymptotic behaviour of Z} (x), we deduce that for certain positive

constant «; and k € N, we have

k

A (zy(x)

_ Pl (p+1)
Ik <o «x(2v=p)/(2p+2) p=xPI1P* , (1.5)

for all x € K, K compact and v € C.
Moreover, by [5] we have that if p € N,

ApvZy(x) = (-1 Z)(x), (1.6)
where 4 4
A — _p L, yvp+tl 2 pfvil 1.7
Py pox dx X dxer -9
On the other hand, B,y x denotes By, x = C1 -y~ **"1Bk | where
d dr
_ A—VHp+1 P pt+v
Boy=x dx ™ dxe’
‘- (pk)Pk=@v=p)/2p+2)-1/(p+1)+1 (1.8)
r (pk— g;;g B ﬁ N 1) T (pk7(2vfp)/(2p+[;2)71/(p+1)+1+v)

The Mellin transform is defined by W { £} (s) = [,” x*~! f (x)dx and the Mellin trans-
form of the kernel is given by

S+v

M(Z)(x))(s) = Lrer () (1.9)
p p
if Res +min(0,Rev) > 0.

2. The generalized K{-transform on €’ (I). Let v € C and p € N. For every f €
£ (I) we define the generalized K¥ transform by the relation

F(x) = (KVf)(x) = (f(t),Z) (xt)). (2.1)

It is easy to see that Z;,’(xt) € €(I) for x fixed, x > 0. Furthermore, if f is a locally
absolutely integrable function, then the generalized transform of f is reduced to the
classic K¥ transform.

PROPOSITION 2.1. The operators A, and B,,, define a continuous linear mapping
from €(I) into itself.
PROOF. It is established without difficulty that

p+1 p+1

Yk(Apyd) <C- > yirj (), Yk(Bovd) <C- > yirj(eh), (2.2)

J=1 J=1

for every ¢p € €(I).
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We define the generalized operator A}, on €' (I) as the adjoint operator of Ap v,
that is,

(Apfod) = (f, Apyvb), (2.3)

with f € € (I) and ¢ € €(I). Moreover, by Proposition 2.1, Aj ., is a continuous linear

mapping from €’ (I) into itself. Note that the same occurs for the operator B,,. O

Next are established some properties of the generalized Kf transformation.

PROPOSITION 2.2. Let f € € (I). IfF(x) denotes the generalized Kt transform of f,
then F(x) is infinitely differentiable on (0 o) and
d‘V
Aro=(fw, 27
PROOF. Consider h an arbitrary increment in x > 0. Assume, without loss of gen-
erality, that 0 < |h| < (x/2)?/(P+D),
It is easy to see that

(xt)> x>0, reN. (2.4)

F(x+h)-F(h) 1., v

-~ <f(t),E(Zp(t(x+h))—Zp(tx))>. (2.5)
We must see that

enrix,t) = %(ZZ(t(X'Fh)) ~Zy(tx)) - %Zg(xt) —0 (2.6)

as h — 0, in the sense of the convergence in €(I), since the result is obtained for k = 1,
by (2.5) and the continuity of f(t).

For every » € N we can write
u az < ar

x+h
Srontnn =1 | e 2o 2y(ty)) dy du

x+h ru aZ dar
hJ ay2< Aty ﬂ(ty))dyd”

o
ot

x+h o dar 1 dr+1 v
= EJ,X J;( (T(T—l)y d(t )7’ p(ty) +21’y tWZp(ty)

r+2

+yrt2W M (ty)> dydu.

(2.7)

By virtue of (1.5), given t € K, K compact, v > x/2, it follows that there exists a
positive constant C such that

dr+j
d(ty)r+i

Therefore

(Z)(ty)) | < Cyt)@r=p/@2o+2) o wx/2P100 1 for e N, (2.8)

‘an @n(x, t)‘ < C-t2voP@pH2) o (tx 2PN

x+h
_7] J (Y 243" 1t +y712)dy du (2.9)
h X X

- p/(p+1)
<C.e ® X

forallt €K and 0 < |h| < (x/2)P/®?*D being « a suitable constant.
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Then given € > 0, there exists to € K = [a,b] such that

‘ 3 @nl(x, t)‘ <€ (2.10)

for t > topand 0 < |h| < xP/(P+D) /2,
Furthermore, for each t € [a, ty] we have

x+h
’atVCPn(x t)‘ <C- ‘ J J "2y 1y ) dy du| . (2.11)

Then (0" /ot")pn(x,t) — 0 as h — 0 uniformly in t € [a,ty]. Therefore it is con-
cluded that y, (pn(x,t)) - 0as h — 0.
By proceeding inductively the result follows. O

PROPOSITION 2.3. Let f € € (I) and F(x) = (KY f)(x) for x > 0, then
\F(x) | <C _xr+(2vfp)/(20+2) . efo(xp/“’*l), x> 0’ (212)

being C and « suitable constants and v € N.

PROOF. We know by [13, Theorem 1.8-1, pages 18-19] that there exists ¥ € N such
that
|F(x)] sComkax yr(Z)(xt)) Vx>0. (2.13)
<k<r

By the asymptotic behaviour we have for every K compact,

k

d
k
|F(x)| < C max sup |x XD

O<k<r tek

(zg(xn)‘

Jp+D)
< C max sup‘x (xt)@V=p)/2p+2) o= (xt)P 10T ‘

O<k<r tek (2.14)
< C-x"t@v=p)/2p+2) | may sup 't (2v=p)/(2p+2) 5~ (xt)P/p+1)
O<k=<r tek
<C- X1’+(2vfp)/(2p+2)efo<x"/(p”) . 0

With the following proposition we obtain an operational formula for the generalized
K% transform, that includes the operator Ap P EN.

PROPOSITION 2.4. Let P be a polynomial, if f € € (I), then
(KVP(A},)f)(x) = P((=x)°) (KY ) (x) (2.15)

for x >0 and p € N.

PROOF. By (1.6) and according to Proposition 2.1 it follows that

(KYP (A} ) f)(x) = (P(A},) f(t),Z) (xt))
<f(t) P(Apv)ZV(xn)
= (f(1),P((—x)")Z} (xt))

= P((=x)°) (KV.f) (x). O

(2.16)
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Now we establish an inversion theorem for the K- transform using a similar pro-
cedure to employ by Malgonde and Saxena [7].

LEMMA 2.5. Let f € € (I). Then

J:x’s(f(t),zﬁ‘,’(xt))dx = <f(t),J:x’SZX(xt)dx>. (2.17)
PROOF. Let N € N. First, we prove that

N N

JO x(f (), Z) (xt))dx = <f(t),'[0 x‘SZZ(xt)dx>. (2.18)

We take {xr,l}lr:o a partition of the interval [0,N] such that d; = x,; — x,-1, for
eachr =1,2,...,1. Then we can write

N l
J X F(0, 25 (x0)dx = lim di Y (£, 23 (x00)),

0 r=0

(2.19)
1 1
div Y X3 0,25 (onat)) = (O, dr Y %525 (erat)).
r=0 r=0
Then (2.18) is established if we demonstrated
L N
%imdl Z X, 1 Zy (xpit) = J x~*Zy(xt)dx (2.20)
T =0 0
in the sense of the convergence in €(I).
Then, since the function
—s+k ZY(xt)) if x € [0,N],
gtx) =X dpepE G (X)X E[0N] 2.21)
0 if x =0,

with t € [a,b], 0 < a < b < », is uniformly continuous on (t,x) € [a,b] x[0,N], we
have that if € > 0 and m € N, there exists [y € N such that

sup <€ 2.22)
tek

Ak L N
sl K Zx;iz;)’(xr,lt)fj X Z)(xt)dx
dt r=0 ' 0

for I > ly. Therefore we obtain (2.20).
Using (1.5), for m,k € N, we have that

‘ ik Jw xSZV(xt)dx| < C-t@v-p)1@2p+2) Jw XfReS+(2vfp)/(2p+2)ef(xt)"”““dx —0
dtk Jn p N
(2.23)
uniformly in t € K, as N — oo.
Moreover, by Proposition 2.3 we have
’ J:Xﬂ <f(t),Z;; (xt))dx‘ < CJ:x*5+7’+(2vfp)/(20+2)eftxx"/(p*”dx’ (2.24)

being « a suitable constant.
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Then
lim | x~*(f(t),Z) (xt))dx = 0. (2.25)
N-oo JN

Hence by (2.18), (2.23), and (2.25) we obtain (2.17). O

The following lemma is obtained from [7, Lemmas 2 and 3] with a slight modifica-
tion.

LEMMA 2.6. Let ¢ € D(I), we denote

w(s) = JO Y= (y) dy. (2.26)

Then
() [Ff (), usv-Lyy(o+iw)dw = (f (u), [Suov-Ly(o+iw)dw) witho > 0
and R>0,
(i) (1/m) fy d(y)(u/y)? (sin(Rlog(u/y))/ulog(u/y))dy — ¢(u) as R — o, in
the sense of the convergence in €(I), with o > 0.

Now we demonstrate the first inversion theorem.

THEOREM 2.7. Let f € € (I), p € D), v € C and o < 1 +min(0,Rev). Then

. 1 o +iR S B
}%lglo <2mL " K(s) J F(x)dxds,¢(y)> = (f(t), (1)), (2.27)
where F(x) = (K¢ f) (x), for x > 0, and
K(s) = 11"(1—S)1"<1_5+v). (2.28)
p p

PROOF. Given f € £ (I), we denote F(x) = (f(t),Z}) (xt)), for x > 0. It is easy to
see that the function

1 O+iR
Qr(Y) = i L . K(s) J SF(x)dxds (2.29)

is continuous for y > 0, R > 0. Therefore, Qg (y) defines a regular distribution in
B’ (I) being

o+iR

(Pr(V), () = ij by )J iR K(s)

—y J x*F(x)dxdsdy (2.30)

for all ¢p € D).
By the Fubini’s theorem we can interchange the order of integration and we can
write

1
2mi

JW-R S wwzyaax] [Ty eonavas

(@r(), () = o ir K(5)
(2.31)
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By Lemma 2.5, we get

1 o+iR 1 o1 . © .
(@) = 5 | s (Pt | wozpaan) [y g dys
B 1 o+iR 1 s
o [0 [y grdyas
(2.32)
Then Lemma 2.6(i) permits us to obtain
o +iR 71 0 B
(@r ) ) = (FO g [ e [y dyds). @3y

Finally, interchanging the order of integration and using Lemma 2.6(ii) we achieve

_ 1 u\’ sin (Rlog(u/vy)) .
(PR, $() = <f<t>,nj0 (3) oo™ oty dy> (0, b0) )
(2.34)

as R — oo. With this, Theorem 2.7 is demonstrated. O
By Theorem 2.7 the following uniqueness theorem is deduced.

THEOREM 2.8. Let f,g €€ (I) and v € C. If (KL f)(x) = (K£g) (x), for x > 0, then
f = g in the sense of an equality in ' (I).

PROOF. It is sufficient to see that for each ¢ € D), (f(t) —g(t),P(t)) =0
This fact is established immediately since,

(f(t)—g(t),())

R—o 2TT1 Jo—iR K(s)

1 o+iR
<hmJ - J S((KEf) (x) = (KV g) (x)) dxds, ¢(3’)>
(2.35)

where o and K(s) are as in Theorem 2.7. O

In the following theorem we obtain another inversion formula, in which appears a
generalization of an operator of Post-Widder type, being obtained as a particular case
an inversion formula for the Laplace and Meijer transformation.

THEOREM 2.9. Let f € € (I) andRev = p/2—1. IfF(x) denotes the K{ generalized
transform of f, then

lim <B*ka( ) ¢><y)> = (f(t), (1)) (2.36)

for each ¢ € D(I), where B}, is the adjoint operator of B,y k-

p,Vv,k

PROOF. Let f €€ (I) and F(x) = (f(t),Z) (xt)), for x > 0.
By Proposition 2.1 and (1.6) we have

N pk ok pkt
Bp,v,kF <y) =Gy Pkt <f(t) va p (y>>
— Gy ekt <f<t>,p’<<pkt>“<zpv (pykt» ,

C1 being introduced in Section 1.

(2.37)
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Moreover, B;‘v‘kF (pk/y) defines a regular distribution in ®' (I) by

<B*VkF< ) ¢>(y)> :JO B, ka< )<l>(y)dy, Ve eD(). (2.38)

We must see that

<B*ka( ) qb(y)> <f(t) Clt""J yoPke lZv<p§t)qb(y)dy> (2.39)

for every ¢p € D(I).

Consider 0 < a < b < o such that ¢(x) =0, x & [a,b], ¢ € D).

We denote by {J’m,l}in:o a partition of [a,b] with d; = Ym1— Ymi-1, m = 1,2,...,1,
then we achieve

j prkF( )qb(y)dy
- fimd; 3 Z BY, (F (ypkl) b (Xm,1) (2.40)

= hm <f(t) tPkCy pk(pk)Pra, Z yml “'zy ( pkt ) d)(xm,l)>-

m=0 Ym,

Therefore we must see that

b
lim d, 2 vl zy (ﬁ) & (Vm.1) :J yeklzy (pkt> b dy (241

in the sense of the convergence in €(I).

Consider K € (0,o) compact and r € N.
Then we have

dr - kt b kt
T (dl > vt 1ZV<p)¢>(ym,z)—Lyﬂ“Z; (”y)gb(y)dy)

=0 Ym,i

_ dar kt b ar kt
=d; Z Ym pk 1dtV (Z[‘)’ (;ml>)¢(ym,z)—L J’fpk*lw (Zp (p ))¢>( yay.

(2.42)

Hence, since the function y—*-1(d" /dt") (zy (pkt/y))¢(y) is uniformly continuous
for (x,vy) € [a,b] XK, then

b
limd, z i 12”(5kt>¢(xml)—J yorkizy (’f)cb(ymy (2.43)

uniformly in v € K. Thus (2.39) is demonstrated.
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On the other hand, making a change of variables we obtain
—pk-1 kv Pk”
B ovikE | — | P dy = (g(t),Cit™° T Z) y(u)du (2.44)
0

with g(¢) = (1/8)f(1/t) and @ (u) = (1/u)p(1/u).
To complete the demonstration we see that

lim €, ¢=#47! f u*zy (pk”) W) du=y(t) (2.45)
— 00 0

in the sense of the convergence in €(I).
Now, according to (1.9) we have

J uPk=(2v=p)1(20+2)=(1/(p+10) 7v (P’;”> du
0

t (p+D)k—=((2v—p)/(2p+2))—(1/(p+1))+1 2v—p 1
== Irlpk-—t - ——+1
(pk) p (pk 2p+2 p+lJr ) (2.46)

r(pk—(<2v—p>/<2p+2))—(1/<p+1>)+1+v)
p

Then, we can deduce that

dr (C £Pk- 1J:upkzg<pku>w(u)du w(t))

dtr
o . pku
e t‘”"‘IJ WPk (2v=p)/(2p+2)~(1/(p+1) 7V ( )
0 PNt
v
(u(@v=p)/@2p+2)+(1/(p+1)) <E da ) w(u)_t((Zv—p)/(2p+2))+(l/(P+l)) ar Yt)] du
t du datr

(2.47)

for every r € N.
Therefore by (1.5) we have that for all t € K, K C (0,0), K compact, there exists a
constant C > 0 such that

‘ ar (C-t(p+l)kl Jo p <pjlj )Z(p+1)qu(Z)dZ qj(t)) ‘

atr
k—k+1-1/(p+1) o
(pk)”* " —pk—p/(p+1) _P Jz(p+1)ke—az(pkz/t> (2.48)
((p+1)k)! p+1
. Z(vap)/(ZerZ)(Ei)yw(z)_t(va‘o)/(Zpﬁ —y(t)|d
tdz datr

We divided the last integral in this way

o[, -af
0

(p+ )P (1—n)P+DIPE(pk)~1 ((p+ DY (1+n)P+D1P(pk)~T
) gl
(

0 (p+D)IVP (1= (P+DIPt(pk)~1

(2.49)

00

+| ) LK) + I (6, K) + T (£ )
((p+1)K)1/P (1+n) P+ /Pt (pk)—1

with n > 0 and C; = C((pk)P*kk+1=1/(+1) 1 ((p + 1) k)t Pk=P/ 0D p 1 (p +1).
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For each t € K, we obtain

|1, (t,k) |
< C(pk)pk_k+l_l/(p+l) —pk—p/(p+1) _P
B ((p+1Dk)! p+1

(p+Dk)P (1) P+ DPt (pky =1 r
(I uﬁk+(2V—ﬁ)/(20+2)e—(pku/t)l’/(ﬂﬂ) '(ud) W)

du
0

(p+DI)YP (1—n)P+DIPE(pk) =1
+J upk—l/(p+1)e—(pku/t)p/(p+1)

0

Lt v=p)/2p+2)+1/(p+1)

dV
ﬁ(ﬂ(t) ’ du)
(2.50)

and making an appropriate change of variables, we obtain

((p+ l)k)(pﬂ)k+1 o (p+1)k ,—(p+1)kx
|L(t,k)| <C (p+ D! JO x e dx, (2.51)
C being a suitable constant and Rev > p/2—1.

Now, using [10, Theorem (5b), page 288] we achieve

L (t,k) — 0, (2.52)

as k — o uniformly in t € K.
Proceeding in a similar way we obtain that

I3(t,k) — 0, (2.53)

as k — oo uniformly in £ € K.
Then, it remains I»(t, k), for this, using the mean value theorem we can write

w2v=p)/(2p+2)+1/(p+1) Ei Tw(u)_t(vap)/(Zp+2>+1/(p+1)ﬂw(t) <G lt—ul
t du dt e

(2.54)
for u,t € (0,~) and C, a suitable constant.
Then if u € (((p+1DK)VP (1—) @Vt (pk)~t, (p+1)k)VP(1+n) PP (pk)~T)
we have

((p+ 1)k)(P+1)k+1 1+n
((p+1)k)! J

applying [10, Theorem (5b), page 287] we obtain the desired result.
Therefore we can deduce that

|I(t,k)| < C3 x (PHDkg=(p+DkX g5 (2.55)

1-n

lim <CZ,V,kF (pyk> ,¢(y)> =(g(), ) = (f(),p(t)) VPebU). (2.56)
O
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