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A KÄHLER EINSTEIN STRUCTURE ON THE TANGENT
BUNDLE OF A SPACE FORM
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Abstract. We obtain a Kähler Einstein structure on the tangent bundle of a Riemannian
manifold of constant negative curvature. Moreover, the holomorphic sectional curvature
of this Kähler Einstein structure is constant. Similar results are obtained for a tube around
zero section in the tangent bundle, in the case of the Riemannian manifolds of constant
positive curvature.
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1. Introduction. The tangent bundle TM of a Riemannian manifold (M,g) can be
organized as an almost Kählerian manifold (see [3, 10, 18]) by using the Sasaki metric
and an almost complex structure defined by the splitting of the tangent bundle to
TM into the vertical and horizontal distributions VTM andHTM—(the last one being
determined by the Levi Civita connection on M)—see also [8, 17, 19]. However, this
structure is Kähler only in the case where the base manifold is locally Euclidean. The
Sasaki metric is not a “good” metric in the sense of [1] since its Ricci curvature is not
constant, that is, the Sasaki metric is not, generally, Einstein.

In the present paper, we are interested in finding a Kähler Einstein structure on
the tangent bundle of a space form, following an idea from [2] (see also [1]). We have
changed the metric G on the tangent bundle (so that it is no longer a Sasaki metric) by
using a certain tensor field on TM obtained in the following way. Denote by τ : TM →
M the canonical projection of the tangent bundle on the base manifold. Let y be an
element of TM , denote by

t = 1
2
‖y‖2 = 1

2
gτ(y)(y,y)= 1

2
gik(x)yiyk (1.1)

the value of the energy density in y and let gy ∈ T∗TM be the cotangent vector
obtained from y by the “musical” isomorphism between TM and T∗M defined by g
(the “lowering” of indices). Identify the tensor field g with its pullback by τ on TM .
Then, we may consider the following symmetric tensor field of type (0,2) on TM ,

G̃ =u(t)g+v(t)gy⊗gy, (1.2)

where u,v : [0,∞) → R are smooth real-valued functions depending on t only. Of
course, we assume that the functions u and v fulfil the conditions under which the
bilinear form defined by G̃ is positive definite.

We tried to find expressions for the functions u,v in order to obtain an Einstein
metric on TM defined by using the tensor field G̃. During our work, we used also
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an almost complex structure J on TM , related to the considered metric, such that we
obtain, in fact, a Kähler Einstein structure on TM in the case where (M,g) has constant
(negative) curvature. As a matter of fact, we obtain the existence of a Kähler Einstein
structure even in the case where (M,g) has positive constant curvature, but only on
a tube around the zero section in TM (Theorem 4.2). The surprising fact was that
we have obtained on TM a structure of Kähler manifold with constant holomorphic
sectional curvature (Theorem 5.1).

The manifolds, tensor fields, and geometric objects we consider in this paper, are
assumed to be differentiable of class C∞ (i.e., smooth). We use the computations in
local coordinates in a fixed local chart, but many results from this paper may be ex-
pressed in an invariant form. The well-known summation convention is used through-
out this paper, the range for the indices i,j,k,l,h,s,r being always {1, . . . ,n} (see
[4, 5, 6, 7, 14, 15]). We denote by Γ(TM) the module of smooth vector fields on TM .

2. Almost Kähler structures on the tangent bundle. Let (M,g) be a smooth
n-dimensional Riemannian manifold and denote its tangent bundle by τ : TM �→M .
Recall that TM has a structure of 2n-dimensional smooth manifold induced from the
smooth manifold structure ofM . A local chart (U,ϕ)= (U,x1, . . . ,xn) onM induces a
local chart (τ−1(U),Φ)= (τ−1(U),x1, . . . ,xn,y1, . . . ,yn) on TM , where the local coor-
dinates xi,yi, i= 1, . . . ,n are defined as follows. The first n local coordinates are the
local coordinates in the local chart (U,ϕ) of the base point of a tangent vector from
τ−1(U), that is, xi = xi◦τ, i= 1, . . . ,n, by an abuse of notation. The last n local coor-
dinates yi, i = 1, . . . ,n are the vector space coordinates of the same tangent vector,
with respect to the natural local basis in the corresponding tangent space, defined by
the local chart (U,ϕ).

This special structure of TM allows us to introduce the notion of M-tensor field on
it (see [9] for detailed explanations). An M-tensor field of type (p,q) on TM is defined
by sets of functions

T i1,...,ip
j1,...,jq (x,y), i1, . . . , ip,j1, . . . ,jq = 1, . . . ,n (2.1)

assigned to induced local charts (τ−1(U),Φ) on TM , such that the change rule is that of
the components of a tensor field of type (p,q) on the base manifold, when a change of
local charts on the base manifold is performed. Remark that any ordinary tensor field
on the base manifold may be thought of as an M-tensor field on TM , having the same
type andwith the components in the induced local chart on TM (depending only on the
base point of the tangent vector), equal to the local coordinate components of the given
tensor field in the chosen local chart on the base manifold. In the case of a covariant
tensor field on the base manifold M , the corresponding M-tensor field on the tangent
bundle TM may be thought of as the pullback of the initial tensor field defined on the
base manifold, by the smooth submersion τ : TM →M . Thus, the components gik of
the metric g onM may be thought of as the components defining anM-tensor field of
type (0,2) on TM . The components yi define an M-tensor field of type (1,0) on TM .

The tangent bundle TM of a Riemannian manifold (M,g) can be organized as a
Riemannian or a pseudo-Riemannian manifold in many ways. The most known such
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structures are given by the Sasaki metric on TM defined by g (see [3, 17]) and the
complete lift type pseudo-Riemannian metric defined by g (see [11, 12, 18, 19]). Recall
that the Levi Civita connection ∇̇ of g defines a direct sum decomposition

TTM = VTM⊕HTM (2.2)

of the tangent bundle to TM into the vertical distribution VTM = kerτ∗ and the hor-
izontal distribution HTM . The set of vector fields (∂/∂y1, . . . ,∂/∂yn) defines a local
frame field for VTM and for HTM we have the local frame field (δ/δx1, . . . ,δ/δxn),
where

δ
δxi =

∂
∂xi −Γhi0

∂
∂yh , Γhi0 = Γhikyk (2.3)

and Γhik(x) are the Christoffel symbols defined by the Riemannian metric g.
The distributions VTM and HTM are isomorphic to each other and it is possible

to derive an almost complex structure on TM which, together with the Sasaki metric,
determines a structure of almost Kählerian manifold on TM (see [3]). Consider now
the energy density (kinetic energy)

t = 1
2
‖y‖2 = 1

2
gik(x)yiyk (2.4)

defined on TM by the Riemannianmetric g ofM , where gik are the components of g in
the local chart (U,ϕ). Let u,v : [0,∞)→R be two real smooth functions. Consider the
following symmetric M-tensor field of type (0,2) on TM , defined by the components,
(see [13, 16]),

Gij =u(t)gij+v(t)g0i g0j , (2.5)

where g0i = ghiyh. The matrix (Gij) is symmetric and its inverse (when it exists) has
the entries

Hkl = 1
u
gkl+wykyl, (2.6)

where gkl are the components of the inverse of the matrix (gij) and

w =w(t)=− v
u(u+2tv)

. (2.7)

The conditions under which the matrix (Gij) is positive definite, hence nondegener-
ate, can be obtained easily by studying the property of the expressionGijzizj, z1, . . .,zn

∈R to be positive. These conditions are

u> 0, u+2tv > 0, ∀t ≥ 0. (2.8)

The components Hkl(x,y) define a symmetric M-tensor field of type (2,0) on TM .
We use also the components Hij(x,y) of a symmetric M-tensor field of type (0,2)
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obtained from the components Hkl by “lowering” the indices

Hij = gikHklglj = 1
u
gij+wg0i g0j , (2.9)

as well as the following M-tensor fields on TM obtained by usual algebraic tensor
operations

Gkl = gkiGij gjl =ugkl+vykyl,

Gi
k =Gihghk =Gkhghi =uδi

k+vyig0k,

Hi
k =Hihghk =Hkhghi = 1

u
δi
k+wyig0k.

(2.10)

Remark that the matrix (Hi
k) is the inverse of the matrix (Gi

k).
The following Riemannian metric may be considered on TM

G =Gij dxidxj+Hij∇̇yi∇̇yj, (2.11)

where ∇̇yi = dyi+ Γ ij0dxj is the absolute differential of yi with respect to the Levi

Civita connection ∇̇ of g. Equivalently, we have

G
(

δ
δxi ,

δ
δxj

)
=Gij, G

(
∂

∂yi ,
∂

∂yj

)
=Hij,

G
(

∂
∂yi ,

δ
δxj

)
=G

(
δ

δxj ,
∂

∂yi

)
= 0.

(2.12)

Remark that HTM and VTM are orthogonal to each other with respect to G but the
Riemannian metrics induced from G on HTM and VTM are not the same, so the
considered metric G on TM is no longer a metric of Sasaki type. Remark also that
the system of 1-forms (dx1, . . . ,dxn,∇̇y1, . . . ,∇̇yn) defines a local frame of T∗TM ,
dual to the local frame (δ/δx1, . . . ,δ/δxn,∂/∂y1, . . . ,∂/∂yn) adapted to the direct sum
decomposition (2.2).

An almost complex structure J may be defined on TM by

J
δ

δxi =Gk
i

∂
∂yk ; J

∂
∂yi =−Hk

i
δ

δxk . (2.13)

Then we obtain the following theorem.

Theorem 2.1. (TM,G,J) is an almost Kählerian manifold.

Proof. First of all, we may check easily that J2 =−I, by using the local expression
(2.13) of J, due to the property of the matrix (Hi

k) to be the inverse of the matrix (Gi
k).

Then, we have

G
(
J

δ
δxi ,J

δ
δxj

)
=GikgkaGjhghbG

(
∂

∂ya ,
∂

∂yb

)

=GikgkaGjhghb gacGcdgdb =Gij =G
(

δ
δxi ,

δ
δxj

)
.

(2.14)

The relations

G
(
J

∂
∂yi ,J

∂
∂yj

)
=G

(
∂

∂yi ,
∂

∂yj

)
, G

(
J

∂
∂yi ,J

δ
δxj

)
=G

( ∂
∂yi ,

δ
δxj

)
= 0 (2.15)
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may be obtained in a similar way, thus G is almost Hermitian with respect to J. The
associated 2-form Ω, defined by

Ω(X,Y)=G(X,JY), X,Y ∈ Γ(TM), (2.16)

is given by

Ω
(

δ
δxi ,

δ
δxj

)
=Ω

(
∂

∂yi ,
∂

∂yj

)
= 0, Ω

(
∂

∂yi ,
δ

δxj

)
= gij. (2.17)

Hence, we have
Ω = gij∇̇yi∧dxj (2.18)

and Ω is closed since it does coincide with the 2-form associated to the Sasaki metric
on TM (see [3]).

3. A Kähler structure on TM . In this section, we study the integrability of the
almost complex structure defined by J on TM . To do this, we need the following
well-known formulae for the brackets of the vector fields ∂/∂yi,δ/δxi, i= 1, . . . ,n,[

∂
∂yi ,

∂
∂yj

]
= 0;

[
∂

∂yi ,
δ

δxj

]
=−Γhij

∂
∂yh ;

[
δ

δxi ,
δ

δxj

]
=−Rh

0ij
∂

∂yh , (3.1)

where Rh
0ij = Rh

kijyk and Rh
kij are the local coordinate components of the curvature

tensor field of ∇̇ on M .

Theorem 3.1. The almost complex structure J on TM is integrable if (M,g) has
constant sectional curvature c and the function v is given by

v = c−uu′

2tu′ −u
. (3.2)

Of course we have to study the conditions under which u,v fulfil the conditions
u> 0, u+2tv > 0, for all t ≥ 0.

Proof. First of all, the following formulae can be checked by straightforward com-
putation:

∇̇iGjk = δ
δxi Gjk−ΓhijGhk−ΓhikGjh = 0,

∇̇iG
j
k =

δ
δxi G

j
k+Γ jihGh

k −ΓhikGj
h = 0.

(3.3)

In a similar way there are obtained the formulae ∇̇iHjk = 0, ∇̇iH
j
k = 0. Then, by using

the definition of the Nijenhuis tensor field NJ of J, that is,

NJ(X,Y)= [JX,JY]−J[JX,Y]−J[X,JY]−[X,Y], ∀X,Y ∈ Γ(TM), (3.4)

we have

NJ

(
δ

δxi ,
δ

δxj

)
=
(
Gh

i

∂Gk
j

∂yh −Gh
j
∂Gk

i
∂yh +Rk

0ij

)
∂

∂yk

−
(

δ
δxj G

k
i −

δ
δxi G

k
j +Gh

i Γ
k
hj−Gh

j Γ
k
ih

)
Hl

k
δ

δxl .

(3.5)
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The coefficient of Hl
k(δ/δxl) is just −∇̇jGk

i +∇̇iGk
j = 0 so, we have to study the van-

ishing of the coefficient of ∂/∂yk. By using the expression (2.10) of Gk
i , we get

Rh
0ij+Gk

i
∂

∂ykG
h
j −Gk

j
∂

∂ykG
h
i =

(
uu′ +2tu′v−uv

)(
g0iδh

j −g0jδh
i
)+Rh

0ij = 0. (3.6)

Differentiating with respect to yk, taking y = 0 and using Schur theorem, it follows
that the curvature tensor field of ∇̇ (in the case where M is connected and dim M > 2)
must have the expression

Rk
hij = c

(
δk
i ghj−δk

jghi
)
, (3.7)

where c is a constant. Then we obtain the expression (3.2) of v .
Next, it follows by a straightforward computation that NJ(∂/∂yi,δ/δxj) = 0,

NJ(∂/∂yi,∂/∂yj)= 0, whenever NJ(δ/δxi,δ/δxj)= 0.
Hence, (M,g)must have constant sectional curvature c, v is given by (3.2) and then

we obtain easily the expression of the function w,

w =w(t)= uu′ −c
u
(
2tc−u2

) . (3.8)

4. A Kähler Einstein structure on TM . In this section, we study the property of
(TM,G) to be Einstein. We find the expression of the Levi Civita connection ∇ of the
metricG on TM , then we get the expression of the curvature tensor field of∇. Then, by
computing the corresponding traces, we find the components of the Ricci tensor field
of ∇. Asking for the Ricci tensor field to be proportional with the metric G, we find a
second-order ordinary differential equation which must be fulfilled by the function u.
Fortunately, we have been able to find the general solution of this differential equation
by elementary methods. For a special value of one of the integration constants we
obtained the property of G to be Einstein. At the same time we have been able to
study the conditions under which u> 0, u+2tv > 0, for all t ≥ 0.

Recall that the Levi Civita connection∇ on a Riemannianmanifold (M,g) is obtained
from the formula

2g
(∇XY ,Z

)=X
(
g(Y ,Z)

)+Y
(
g(X,Z)

)−Z
(
g(X,Y)

)+g
(
[X,Y],Z

)
−g

(
[X,Z],Y

)−g
(
[Y ,Z],X

)
, ∀X,Y ,Z∈χ(M)

(4.1)

and is characterized by the conditions

∇G = 0, T = 0, (4.2)

where T is the torsion tensor of ∇ (see [4, 5, 6, 7]).

Theorem 4.1 (see [16]). The Levi Civita connection ∇ of G has the following expres-
sion in the local adapted frame (∂/∂y1, . . . ,∂/∂yn,δ/δx1, . . . ,δ/δxn),

∇∂/∂yi
∂

∂yj =Qh
ij

∂
∂yh , ∇δ/δxi

∂
∂yj = Γhij

∂
∂yh +Ph

ji
δ

δxh ,

∇∂/∂yi
δ

δxj = Ph
ij

δ
δxh , ∇δ/δxi

δ
δxj = Γhij

δ
δxh +Sh

ij
∂

∂yh ,
(4.3)
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where the M-tensor fields Ph
ij,Q

h
ij,S

h
ij are given by

Ph
ij =

1
2

(
∂Gjk

∂yi +HilRl
0jk

)
Hkh,

Qh
ij =

1
2
Ghk

(
∂Hjk

∂yi +
∂Hik

∂yj −
∂Hij

∂yk

)
,

Sh
ij =

1
2

(
−Rh

0ij−
∂Gij

∂yk G
kh

)
.

(4.4)

Taking into account the expressions (2.5), (2.9) of Gij and Hij and by using the
formulae (3.2), (3.8), and (2.7) we may obtain the following expressions:

Ph
ij =

u′

2u
δh
j g0i+ uv−c

2u2
δh
i g0j− (c+uv)w

2v
gijyh

+ vw(uv−c)+uw
(
u′v−uv′

)
2uv

g0ig0jyh,

Qh
ij =−

u′

2u
(
δh
j g0i+δh

i g0j
)− v

(
u′ +2u2w

)
2u3w

gijyh− v
(
2u′w+uw′)

2u2w
g0ig0jyh,

Sh
ij =

c−uv
2

δh
j g0i− c+uv

2
δh
i g0j+ u′v

2uw
gijyh+ v

(
v′ −2uvw

)
2uw

g0ig0jyh.

(4.5)

Remark that in the obtained formulae we have used the formulae (2.7) in order
to replace the energy density t, such that it is not involved explicitly. Of course, we
can replace v,v′,w,w′ as functions of u,u′,u′′, and t but we obtain much more
complicated expressions for Ph

ij,Q
h
ij,S

h
ij .

The curvature tensor field K of the connection ∇ is defined by the well-known
formula

K(X,Y)Z =∇X∇YZ−∇Y∇XZ−∇[X,Y]Z, X,Y ,Z ∈ Γ(TM). (4.6)

By using the local frame (δ/δxi,∂/∂yi), i = 1, . . . ,n, we obtain, after a standard
straightforward computation,

K
(

δ
δxi ,

δ
δxj

)
δ

δxk =XXXh
kij

δ
δxj , K

(
δ

δxi ,
δ

δxj

)
∂

∂yk =XXYh
kij

∂
∂yh ,

K
(

∂
∂yi ,

∂
∂yj

)
δ

δxk = YYXh
kij

δ
δxh , K

(
∂

∂yi ,
∂

∂yj

)
∂

∂yk = YYYh
kij

∂
∂yh ,

K
(

∂
∂yi ,

δ
δxj

)
δ

δxk = YXXh
kij

∂
∂yh , K

(
∂

∂yi ,
δ

δxj

)
∂

∂yk = YXYh
kij

δ
δxh ,

(4.7)



190 VASILE OPROIU

where

XXXh
kij = Rh

kij+Ph
lkR

l
0ij+Ph

liS
l
jk−Ph

ljS
l
ik,

XXYh
kij = Rh

kij+Qh
lkR

l
0ij+Sh

ilP
l
kj−Sh

jlP
l
ki,

YYXh
kij =

∂
∂yi P

h
jk−

∂
∂yj P

h
ik+Ph

ilP
l
jk−Ph

jlP
l
ik,

YYYh
kij =

∂
∂yiQ

h
jk−

∂
∂yj Q

h
ik+Qh

ilQ
l
jk−Qh

jlQ
l
ik,

YXXh
kij =

∂
∂yi S

h
jk+Qh

ilS
l
jk−Sh

jlP
l
ik,

YXYh
kij =

∂
∂yi P

h
kj+Ph

ilP
l
kj−Ph

ljQ
l
ik.

(4.8)

Remark that, as a first step, the formulae for the local expressions of K also con-
tained some other terms involving the Christoffel symbols Γ kij . However, after some
computations similar to that made for obtaining the formulae (3.3) we have been able
to show that those other terms are zero.

Now, we have to replace the expressions (4.5) of theM-tensor fields Ph
ij,Q

h
ij, S

h
ij and

the expressions (3.2), (3.8), and (2.7) of the functions v,w and of their derivatives
in order to obtain the components from (4.8) as functions of u,u′,u′′,u(3) only. The
obtained expressions are quite complicated and, at this stage, we decided to use the
mathematica package RICCI in order to do the necessary tensor calculations. It has
been useful to consider c,t,u,v,w,u′,v′,w′,u′′,v′′,w′′,u(3) as constants, the tan-
gent vector y as a first-order tensor, the components Gij,Hij as second-order tensors
and so on, on the Riemannian manifold M , the associated indices being h,i,j,k,l,r ,s.
It was not convenient to think of u,v,w as functions of t since RICCI did not make
some useful factorizations after the command TensorSimplify.

The components of the Ricci tensor field of the connection∇, defined as Ric(Y ,Z)=
trace(X →K(X,Y)Z), X,Y ,Z ∈ Γ(TM) are obtained as follows:

Ric
(

δ
δxj ,

δ
δxk

)
= RicXXjk =XXXh

khj+YXXh
khj,

Ric
(

∂
∂yj ,

∂
∂yj

)
= RicYYjk = YYYh

khj−YXYh
kjh,

Ric
(

∂
∂yj ,

δ
δxk

)
= Ric

(
δ

δxk ,
∂

∂yj

)
= 0.

(4.9)

The expressions of RicXXjk, RicYYjk are quite complicated. In order to present a
summary description of these expressions, we introduce the function

a=n
(
u−2tu′

)(
2cu−2ctu′ −u2u′

)+2
(
2ct−u2)(tuu′′ +uu′ −tu′2

)
. (4.10)

Then

RicXXjk = a
2
(
u−2tu′

)2gjk+α
(
t,u,u′,u′′,u(3))g0j g0k,

RicYYjk = a
2u2

(
u−2tu′

)2gjk+β
(
t,u,u′,u′′,u(3))g0j g0k,

(4.11)

where α,β are rational expressions in t,u,u′,u′′,u(3).
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To study the conditions under which (TM,G) is Einstein, we consider the differ-
ences

DiffXXjk = RicXXjk− a
2u
(
u−2tu′

)2Gjk,

DiffYYjk = RicYYjk− a
2u
(
u−2tu′

)2Hjk.
(4.12)

Then, we obtain

DiffXXjk = 1

2u2
(
u−2tu′

)4
×[n(u2−2ct

)(
2tu′ −u

)(
u2u′′ −2tu′3+2uu′2

)
−8c2tu3u′ +4cu5u′ +16c2t2u2u′2+4ctu4u′2−6u6u′2−24c2t3uu′3

−8ct2u3u′3+10tu5u′3+16c2t4u′4−4t2u4u′4−24c2t2u3u′′

+20ctu5u′′ −4u7u′′ +16c2t3u2u′u′′ −4tu6u′u′′ −16ct3u3u′2u′′

+8t2u5u′2u′′ −32c2t4u2u′′2+32ct3u4u′′2−8t2u6u′′2−8c2t3u3u(3)

+8ct2u5u(3)−2tu7u(3)+16c2t4u2u′u(3)−16ct3u4u′u(3)

+4t2u6u′u(3)]g0jg0k,

DiffYYjk = 1

2u2
(
u2−2ct

)(
u−2tu′

)2
×[n(u2−2ct

)(
2tu′ −u

)(
u2u′′ −2tu′3+2uu′2

)
+4cu3u′ −8ctu2u′2−6u4u′2+12ct2uu′3+10tu3u′3−8ct3u′4

−4t2u2u′4+12ctu3u′′−4u5u′′−8ct2u2u′u′′−4tu4u′u′′+8t2u3u′2u′′

+16ct3u2u′′2−8t2u4u′′2+4ct2u3u(3)−2tu5u(3)−8ct3u2u′u(3)

+4t2u2u′u(3)]g0jg0k.
(4.13)

Our task is to find a positive function u(t) such that DiffXXjk = DiffYYjk = 0.
It was hopeless to try to find directly a general common solution of the system of
the third-order ordinary differential equations obtained by imposing the conditions
DiffXXjk = DiffYYjk = 0. First, it was quite obvious that the function u = constant
is a solution of the obtained system. The case where u = 1 has been discussed by
the author in [13]. The obtained Kähler Einstein structure on TM in the case where
c < 0 or on a tube around the zero section in TM in the case where c > 0 is even
locally symmetric. Another case which can be considered is that where u2 = 2ct.
Remark that in this case we have also u−2tu′ = 0. It is a singular case and it has
been studied separately by the author and N. Papaghiuc in [16]. It has been obtained
when we tried (inspired by an idea of Calabi) to get a Kähler structure on TM starting
with a Lagrangian depending on t only. The main result in [16] is that the bundle
T0M of the nonzero tangent vectors of a Riemannian manifold (M,g) of constant
positive curvature has a Kähler structure. This structure is neither Einstein nor locally
symmetric.



192 VASILE OPROIU

If we try to find another function u for which DiffXXjk = DiffYYjk = 0 and which
does not depend on the dimension n ofM , then we have to find the positive solutions
of the second-order differential equation

u2u′′ −2tu′3+2uu′2 = 0, (4.14)

obtained from the vanishing of the coefficients of n in DiffXXjk,DiffYYjk. Remark
that if u is a solution of this equation, then −u is a solution too. We have got the
general solution of the (4.14) by transforming it in a second-order differential equation
fulfilled by the inverse function t = t(u) of the function u. We have obtained a second
order Euler differential equation with the general solution

t = C1u2+C2u, (4.15)

where C1 and C2 are constants. Then the general solution of (4.14) may be written as

u=
√
A2+Bt+A, (4.16)

where A and B are constants. The solution u = −√A2+Bt + A has the property
u(0) = 0 and should be excluded. However, the corresponding case can be treated
as a singular case. We can take B ≠ 0 since in the contrary case we obtain the solu-
tion = constant and this situation is discussed elsewhere. If B > 0, then we have the
positive solution u = A+√A2+Bt for every A ∈ R. If B < 0, then u is real only if
0 ≤ t < −A2/B and we must have A > 0. If we replace the expression (4.16) of u in
DiffXXjk and DiffYYjk we obtain quite complicate expressions but it is quite obvious
that we have DiffXXjk =DiffYYjk = 0 if and only if B =−2c. Then u=√A2−2ct+A
and, by using the formulae (3.2) and (3.8), we obtain

v(t)= 1
2t

(
A− 4ct

A
−
√
A2−2ct

)
, w(t)= −A

3+3Act+(A2−2ct
)3/2

4ct2
(
A2−2ct

) . (4.17)

Remark that v(0) is defined and we must have A≠ 0. From the found expressions
of u and v , we arrived at the following situations when the symmetric matrix (Gjk)
is positive.

(1) c < 0, A > 0 and we have

u=A+
√
A2−2ct > 0, v = 1

2t

(
A− 4ct

A
−
√
A2−2ct

)
> 0, t ≥ 0. (4.18)

(2) c > 0, A > 0 and we have

u=A+
√
A2−2ct, v = 1

2t

(
A− 4ct

A
−
√
A2−2ct

)
, 0≤ t <

A2

2c
. (4.19)

Hence, we may state our main result.

Theorem 4.2. (1) Assume that (M,g) has constant negative curvature c. Then (TM,
G,J), with u,v given by (4.18), where A> 0, is a Kähler Einstein manifold.

(2) Assume that (M,g) has constant positive curvature c. Then the tube around the
zero section in TM , defined by the condition

‖y‖2 = gjkyj yk = 2t <
A2

c
, (4.20)

has a structure of Kähler Einstein manifold, if the functions u,v are given by (4.19).
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Remark 4.3. Another singular case is obtained when C1 = 0 in the general solution
of the Euler equation. In this case we have u=At, A > 0, hence u−tu′ = 0. This case
can be discussed separately.

5. The holomorphic sectional curvature of (TM,G,J). In this section, we obtain
the components of the curvature tensor field K of ∇ in the case where u,v are given
by (4.18), with c < 0, A > 0. Similar computations may be done in the remaining
cases. Replacing Ph

ij,Q
h
ij,S

h
ij in formulae (4.8) with their expressions in (4.5), where

u,u′,u′′,u(3),v,v′,v′′,w,w′, w′′ are computed by using (4.18), we obtain the follow-
ing quite simple expressions of the components (of course, we have used RICCI to do
the corresponding tensor calculations)

XXXh
kij =

c
2A

(
δh
i Gjk−δh

j Gik
)
, XXYh

kij =
c
2A

(
gjkGh

i −gikGh
j
)
,

YYXh
kij =

c
2A

(
gjkHh

i −gikHh
j
)
, YYYh

kij =
c
2A

(
δh
i Hjk−δh

j Hik
)
,

YXXh
kij =

c
2A

(
δh
i Gjk+gikGh

j +2gijGH
k
)
,

YXYh
kij =−

c
2A

(
δh
j Hik+gjkHh

i +2gijHh
k
)
.

(5.1)

Recall that a Kähler manifold (M,g,J) has holomorphic constant sectional curva-
ture k if its curvature tensor field R is given by

R(X,Y)Z

= k
4

{
g(Y ,Z)X−g(X,Z)Y+g(JY ,Z)JX−g(JX,Z)JY+2g(X,JY)JZ

}
, X,Y ,Z∈χ(M).

(5.2)

Comparing expressions (5.1) of the components ofK with those obtained from (5.2),
when we take M → TM, g → G and for the vector fields X,Y ,Z involved in (5.2) we
take the elements of the local frame (δ/δxi,∂/∂yi), i = 1, . . . ,n, we obtain a quite
interesting result.

Theorem 5.1. If A > 0, c < 0, and (TM,G,J) has the Kähler Einstein structure
defined by the expressions (4.18) of u and v , then (TM,G,J) is a complex space form
with negative constant holomorphic curvature 2c/A.

Similar results are obtained in the cases where u,v are given by (4.19).
The components of the Ricci tensor field Ric of ∇ are

RicXXjk = (n+1)c
A

Gjk, RicYYjk = (n+1)c
A

Hjk, RicXYjk = RicYXjk = 0,
(5.3)

thus

Ric= (n+1)c
A

G. (5.4)

Acknowledgements. Some components of the curvature tensor field of the
found Riemannianmetric have quite complicated expressions. We have used themath-
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der to work with such complicate expressions. Thus, some of these expressions are



194 VASILE OPROIU

not written down in this paper but it is indicated how they can be obtained by using
RICCI. The author is grateful to Victor Fecioru from Brisbane, Australia, for helping
him with some advice, software and hardware, necessary in the computations made
by using RICCI.

This work was partially supported by the Grant 34/64/1998, Ministerul Educa̧tiei
Na̧tionale, România.

References

[1] A. L. Besse, Einstein Manifolds, Ergebnisse der Mathematik und ihrer Grenzgebiete (3)
[Results in Mathematics and Related Areas (3)], vol. 10, Springer-Verlag, Berlin,
New York, 1987. MR 88f:53087. Zbl 613.53001.

[2] E. Calabi, Métriques kählériennes et fibrés holomorphes [Kahler metrics and holomorphic
vector bundles], Ann. Sci. École Norm. Sup. (4) 12 (1979), no. 2, 269–294 (French).
MR 83m:32033. Zbl 431.53056.

[3] P. Dombrowski, On the geometry of the tangent bundle, J. Reine Angew. Math. 210 (1962),
73–88. MR 25#4463. Zbl 105.16002.
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