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SOME INEQUALITIES IN B(H)

C. DUYAR and H. SEFEROGLU
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ABSTRACT. Let H denote a separable Hilbert space and let B(H) be the space of bounded
and linear operators from H to H. We define a subspace A(A,B) of B(H), and prove two
inequalities between the distance to A(A,B) of each operator T in B(H), and the value
sup{||[A"TB"-T|:n=1,2,...}.

2000 Mathematics Subject Classification. Primary 43-XX.

1. Notations. Throughout this paper H denotes a separable Hilbert space and
{en}n—; an orthonormal basis. Let L4 and Rp be left and right translation operators
on B(H) for A,B € B(H), satisfying ||Al]l < 1 and ||B|| < 1. Then the set A(A,B) is
defined by

A(A,B)={T€B(H):ATB=T}={T€B(H):ST =T}, (1.1)

where S = LsRp.

An operator C € B(H) is called positive, if (Cx,x) = 0 for all x € H. Then for
any positive operator C € B(H) we define trC = >,7_; (en,Cey). The number trC is
called the trace of C and is independent of the orthonormal basis chosen. An operator
C € B(H) is called trace class if and only if tr|C| < o for |C| = (C*C)'/2, where C*
is adjoint of C. The family of all trace class operators is denoted by L; (H). The basic
properties of L, (H) and the functional tr(-) are the following:

(@i Let |l - [l; be defined in L, (H) by [ICll; = tr|C|. Then L, (H) is a Banach space
with the norm | - ||; and ||C|| < ||Cl|;.

(ii) L1(H) is *- ideal, that is,

(a) L(H) is a linear space,
(b) ifCeLi(H)and D e B(H),then CD € L, (H) and DC € L, (H),
(c) if CeLi(H), then C* € L, (H).

(iii) tr(-) is linear.

@iv) tr(CD) =tr(DC) if Ce L1 (H) and D € B(H).

(v) B(H) =L, (H)*, thatis, themap T — tr(T) is anisometric isomorphism of B(H)
onto L1 (H)*, (see [3]).
Let X be a Banach space. If M C X, then

M* ={x* e X*:(x,x*) =0, x e M} (1.2)
is called the annihilator of M. If N Cc X*, then

IN={xeX:(x,x*)=0, x* €N} (1.3)
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is called the preannihilator of N. Rudin [4] proved for these subspaces:
(i) +(M+*) is the norm closure of M in X.
(ii) (+N)* is the weak-* closure of N in X*.

2. Main results

LEMMA 2.1. Let X be a Banach space. If P is a continuous operator in the weak-*
topology on the dual space X*, then there exists an operator T on X such that P = T*.

PROOF. If P: X* — X*, then P* : X** — X**, We know that the continuous func-
tionals in the weak-* topology on X* are simply elements of X, (see [4]). Then we
must show that P*x is continuous in the weak-* topology on X* for all x € X. Let
(x;,) be a sequence in X* such that x;, — x’, x’ € X*. Then we have

(P*x,x7,) = {x,Px;,) — (x,Px') = (P*x,x"). (2.1)

Hence P*x is continuous in the weak-* topology on X* for all x € X, so P*x € X. If
T is the restriction to X of P*, then we have

(x,T*x") = (Tx,x") = (P*x,x") = (x,Px") (2.2)

for all x € X and x’ € X*. Hence P = T*. O

DEFINITION 2.2. If P, is the operator T in Lemma 2.1, then P, is called the pread-
joint operator of P.

The operator x ® y € B(H) for each x,y € H is defined by (x® y)z = (z,y)x for
all z € H. It is easy to see that this operator has the following properties:
i) Txey)=Tx®y.
(i) (xeoyY)T=x0T*y.
(iii) tr(x®y) = (y,x).
The following lemma is an easy application of some properties of the operator
x®y (x,y € H) and the functional tr(-).

LEMMA 2.3. (i) Suppose K is a closed subset in the weak-* topology of B(H). Then K
is closed in the weak-* topology of B(H).
(ii) S = LsRp is continuous in the weak-x topology of B(H) for all A,B € B(H),
satisfying ||A|l <1 and ||Bl| < 1.

LEMMA 2.4. There exists a linear subspace M of L, (H) such that A(H) = M+ and M
is closed linear span of {S« X —X : X € L1(H)}, where S, is the preadjoint operator of S.

PROOF. Note that
YA(AB)={Ue L (H):{UU*)=0, U* € A(A,B)}. (2.3)

It is known that (*A(A,B)*) is the weak-* closure of A(A,B) (see [4]). Then we can
write (+A(A,B))*+ = A(A,B), since A(A,B) is a closed set in the weak-* topology of
B(H).Wesay tA(A,B) = M.Now we show that M is the closed linear span of {S,.U—-U :
U € Li(H)}. For this, it is sufficient to prove that (S, U—-U,T) =0 for all T € A(A,B).
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Indeed since ST = T, we have

(S4X =X, T) = (S« —DNX,T) = (X, (S« =1)"T) = (X,(S-D)T) = 0. (2.4)
O

LEMMA 2.5. Let K(T) be the closed convex hull of {S"T : n = 1,2,...} in the weak
operator topology, for a fixed T € B(H). Then we have

K(T)NnA(A,B) #0. (2.5)

PROOF. Assume K(T)NA(A,B) = 0. By Lemma 2.3, K(T) is closed in the weak-x*
topology. It is easy to see that K(T) is bounded. Then K(T) is compact in the
weak-x topology by Alaoglu, [1]. Since S is continuous in the weak-* topology, if
Uy — U for (Uy)xer € A(A,B), then SU4 = Uy — SU. Hence A(A,B) is closed in the
weak-x topology. This shows that U € A(A,B).

Since K(T) is compact and convex in the weak-* topology, and A(A,B) is closed
in the weak-* topology, and K(T) N A(A,B) = 0, there exist some Uy € M and o > 0
such that

|tr (TUo) | =0 (2.6)

for all T € A(A,B), (see [2]). Now we define the operators T, Z’,::I SKT for all positive
integer n. These operators are clearly in K(T). It is easy to show that the operators
T, is bounded. Also by Lemma 2.4, thereis a U € L, (H) such that Uy = S,.U —U. Then
we have

| (Tn,Uo) | = [{Tn,SxU-U)| = [{(STn,U) — (T, U) |

18 1<
= < > +1TB’<+1,U> - < > AkTBk,U> (2.7)
n n
= k=1
= % | (AL TB" 1 — ATB,U) |
1
< =2(|T|- U]
n
This implies that |[(T,, Xo)| — 0, which is a glaring contradiction to (2.6). O
THEOREM 2.6. Let H be separable Hilbert space and T € B(H). Then we have
(i) d(T,A(A,B)) = (1/2)sup, IS"T-TIl,
(i) d(T,A(A,B)) <sup, [IS"T-T|l.
PROOE. (i) We can write
S"T*T=S"(T7T0)7(T7T())+S"T07T() (2.8)

for each Ty € A(A, B). Hence we have

lis*T =Tl < [IS"|llIT = Tol| +[|T - To|| < 2||T - To||. (2.9)
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This shows that

Lowplisnr=1l| < int ||T-To|. (2.10)
2 n To€A(A,B)
The inequality (2.10) gives that
A(T,A(A,B)) = %supHS"TfTH. @.11)
n

(ii) Let K(T) be as Lemma 2.5. Then we can write
K(T)=co{S"T:n=1,2,...}. (2.12)

Now take any element U = >}_; AkS¥T in the set co{S"T : n = 1,2,...}, where
Sio1Ar =1, A; = 0. Then

n

n n
IU-TI = || > ASET =T < || D AeSET = > AT
k=1 k=1 k=1 2.13)
n n
< D MISKT =T = D Ao (T) = o (T),
k=1 k=1
where ¢ (T) = sup,, IS"T —T||. That is, for all U € co{S"T:n =1,2,...} is
IU-TI <sup||S"T-T]|. (2.14)
n

Since there is a sequence (U,) in co{S"T :n =1,2,...} such that U, — V forall V €
K(T), then we write
IV =TIl < ||V =T+ || T~ T|. (2.15)

If we use the inequalities (2.14) and (2.15), we easily see that

IlV-TI <sup||S"T-T||. (2.16)
n

Also since K(T) NnA(A,B) # 0 by Lemma 2.5, then we obtain

1T - To|| < supl|S"T - 7| 2.17)
n

fora Ty € K(T) nA(A,B). Hence we can write

A(T,AAB) = inf IT-Ull < IT —To|| < sup||S"T —T||. (2.18)
3 n

T UeAa

This completes the proof. O
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