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DETERMINANT INEQUALITIES FOR SIEVED
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ABSTRACT. Paul Turan first observed that the Legendre polynomials satisfy the inequality
P2(x) —Pn-1(x)Pn(x) >0, -1 < x < 1. Inequalities of this type have since been proved
for both classical and nonclassical orthogonal polynomials. In this paper, we prove such
an inequality for sieved orthogonal polynomials of the second kind.
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1. Introduction. It was observed by Paul Turan [9] that the Legendre polynomials
satisfy the determinant inequality

P2(x)=Ppi1(X)Pp 1(x)>0, —1<x<1,n=0,1,.... (1.1)

G. Szego [8] gave two very beautiful proofs of Turan’s inequality. In the years since
Szegd’s paper appeared, it has been proved by various authors [5, 6, 7] that inequality
(1.1) is satisfied by the classical orthogonal polynomials. In general, let {P,,(x)} be a
sequence of polynomials orthogonal in an interval [a, b]. Then the polynomials must
satisfy a recursion

Ppi1(x) = (ApX +Bp)Pp(x) = CpPr_1(x), n=0,1,..., (1.2)

where we define P_;(x) = 0.
We begin with a very simple result shows that, inequalities of Turan type are satis-
fied by any sequence of orthogonal polynomials.

THEOREM 1.1. If the polynomials {P,(x)} are orthogonal on a < x < b, then for
each n there exists ¢, a < ¢, < b, such that

Pi(X)  Pu(x) Pni(x)
Pi(cn)  Prsi(cn) Put(on) = 00 45X =D (1.3)

PROOF. Consider the quotient

Ppi1 (x)Pp1 (x)

(1.4)
Obviously, the roots of P, (x) are singularities and apart from these points f;, (x) is
continuous. Also, for each root xi, of P,(x), k =1,2,...,n, there is an open interval
I, centered at xk, in which P, .1 (x)Py,_1(x) < 0. This follows from the recursion (1.2).
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Consequently, f, (x) is bounded above and must take on a positive maximum value
at a point ¢, € [a,b]. Thus

Ppi1 (Cn)Pn—l (Cn) - Ppi1(x)Pp_1(x)

P%(cn) > P2 (x) , a<x<bh. (1.5)

This proves the theorem. O

Although Theorem 1.1 asserts that Turan’s inequality is a simple consequence of
orthogonality, it is generally quite difficult to determine the point c,, referred to in
Theorem 1.1. In the case of the classical orthogonal polynomials of Jacobi and their
special case, the Gegenbauer polynomials, the point ¢, = 1 is an endpoint of the in-
terval of orthogonality [—1,1]. Turan’s inequality for these classical polynomials is
established by using differential identities that are characteristic of classical polyno-
mials. This seems to be the only case that lends itself to that technique.

Obviously, if
Ppi1(x)Pp_1(x)

On > o P2 (x) ’ (1.6)
then
OnP2(x) = Ppi1(X)Py_1(x)>0, a<x<b. (1.7)

Inequalities of the form (1.7) will be called weak Turan inequalities to distinguish them
from (1.3) which will simply be referred to as Turan inequalities.

2. A weak Turan inequality for sieved ultraspherical polynomials of the second
kind. The sieved ultraspherical polynomials were discovered by Al-Salam et al. [1].
Ismail [2, 4] investigated them at great length. If k > 2 is an integer, then the sieved
ultraspherical polynomials of the second kind, B} (x; k), satisfy

BA.,(x;k) = 2xB)(x;k) =B, (x;k), m+1+#mk,
(2.1)
mB, (x;k) = 2x(m+A)BN,_ (x;k) — (m+2A)B), ,(x;k), m >0,

where B{)‘(x;k) =1, B{‘(x;k) =2x,k=>2.
Charris and Ismail [4] proved the following remarkable formula that is critical in
deriving a weak Turan inequality for these polynomials,

Bl j (k) = U () i (T (X)) + Uk 2 () O (Tre (%)),

. 2.2)
j=0,1,...,k—1; m=0,1,2,....

In (2.2), Uj(x) and Ti(x) are the Chebychev polynomials of the second kind and the
first kind, respectively, and CA, (x) are the ultraspherical polynomials. We recall that

if x = cos 0, then
_sin(j+1)0

sin @ (2:3)

Ty (x) = coskO, Uj(x)

We note that U_;(x) =0 and U_j(x) = —(sin(j—1)0/sin@) = -Uj_2(x), j # 1. First,
we remark that the sieved ultraspherical polynomials do not in general satisfy A, (x) =
(Bn(x;k))% — Bypy1(x;k)Byn_1(x;k) > 0. The inequality fails when n = mk + k — 1
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because a lengthy calculation, which we omit, shows that

(RA+2);-1(2A+1) 41 (2A =2k + 1)
(m+1)m!

Ami+k-1(1) = (2.4)

This last quantity may become negative depending on k and A. Note that (a), is
defined by (a), =a(a+1)---(a+n—-1).

THEOREM 2.1. Let A, =8,[B2(x;k)12—B2,, (x;k)B)_,(x;k), where k=2 and 6, =1
ifn=mk+j,j=0,1,....k—-2,m=0,1,..., and Sppi+k-1 = (m+A+1)/(m+1). Then
Ap,>0for-1<x=<1,n=0,1,....

PROOF. First, we prove that A,, > 0 for n = mk+j, j=0,1,...,k—2. Using elemen-
tary trigonometric identities, we can show that

Uf=UjaUjer =1, 2UjUk-j2 =UjsaUk-jo1 =Uj-1Uk-jo3 = =2T. 2.5)
Using (2.2), we have
Amicr (%) = (U;CH Y (Tr) + Usj 2 CN L (Ti) ) = (U O (Ti) + Us -3 CN L (Tw)
(U1 Gy (Ti)) + Up—j 1 o (T))
= (Ui -Uj Uj+1)(C;\n“(Tk))2+(U;§,j,2—Uk_j_3Uk_j_])(CA+1 (T)?

+(2UjUk-j-2 = Ujr1Us—j1 = Uj1Ux—j-3) Co (Ti) Cy (T
(2.6)

From (2.5), the above equation yields
Amics j(x) = (CRH(TH))* = 2Tk Oy (T) C7 (Ti) + (C)7L (Ta))°
= (O M) = TeC (T)* + (1= TR) (G4 (Ti))? 2.7)
= (CMY(Ty) = TCM Y (Ti) ) +sin? kO (CAFL (Ti) ) > 0.
For the case n = mk+k—1, we need the recursion for ultraspherical polynomials
M+1)Ch, 1 (x) =2(n+A)xCH(x) - M+2A-1)CA_1(x), n=1, (2.8)

where C) =1, C} = 2Ax.
Using elementary trigonometric identities, we obtain

Up =Up_2+2Ty, (2.9)
(Up-1)* = (Un—2)* = 2T Up_» = 1. (2.10)
Using (2.2), we get the following formulawhen j = k—1, writing 0 = (m+A+1)/(m+1)
for simplicity,
Amicrk1(6) = 0Bk 1)° = Bhutco o Bk
= 0 (U1 G (Ti))* = (U2 O™ (Ti) + Coy (Ti) (G (Ti) + U2 G (i)
= 0(Ui-1)* (Ch M (T))* = Ur2 G (T) G (Ti) = (Uk-2) i (Ti)

— CAL (Ti) CAEL (Tk) = U2 O (Ti) Co (T
(2.11)
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From (2.8), the above equation yields

Amkak-1(x) = {Q(qu)z - (kaz)z} (CH(Ty))? = U2 CM (T

2(m+A+1) A+l m+2A+1 }
(R e () - 2 L e (1)

—CML(Ty) - {%quﬁ;l (T) - %j‘lﬂc&tﬂ (Tk)}
—Ur—2Ch™ (Ti) G (Tie) (2.12)
= {Q(Uk—l)z —(Up-2)* - %HWQ}(Q\JI(H))Z
# (2, - 2D ) e ) et ()
ML (e (m)

Multiplying by (m + 1) on both sides and using (2.10), we now have

(M +1)Apmisk—1(x)

= {M+A+1) +AUZ L} (CHH(TR)) +2{AUk 2 — (m+ A+ 1) Ty}

RN TICK, (T) + (m+22+ 1) (C) (T2)

m-1

AUk_o—(m+A+1) Ty 2
_ 2 A+l A+l
7{(m+)\+1)+2\Uk_2}[Cm* (Ty) + (m+A+ 1) +AUZ, Cmt1(7k)]

+[{m+A+ D) +AUE  Fm+ 20 +1) = {AU 2 — (m+ A+ D T} [ (C (Ti)
(2.13)

To complete the proof, we show that the last coefficient of (C,ﬁ‘j}l (Tk))2 must be pos-
itive.
We have
{(m+/\+ 1) +A(Uk_2)2}(m+22\+ 1) —{AUg2—(m+A+ 1)Tk}2
=(M+A+1)(M+2A+1) +A(m+2A+ 1) (Ur_2)*
“A2(Uko2)? +2A(m + A+ DUk 2 T — (m+ A+ 1)2(Ty)*
(2.14)
=Mm+A+1D)2(1—(T)) +A(m+A+1)
FAM+AA+1) (Ukoa)® +2A(m + A+ 1) Up_o Ti

= (m+A+1D)2(1- (T)°) +Am+ A+ D {1+ (Ur2)° + 22Uk 2 Tie}.
By using (2.10), the above equation yields

(M+A+1)2(1=x2) (Ug-1)* +A(m+A+1) (Ur1)°
=(Mm+A+ D) (U {m+A+1)(1-x2)+A} >0 (2.15)

(in view of 1 — (Tx)%2 = (1 — x2)(Ux-1)?). This completes the proof of Theorem 2.1.
O
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REMARK 2.2. The factor (m + A +1)/(m + 1) that appears in the statement of
Theorem 2.1 cannot be improved with a smaller number. This is because of the as-
ymptotic relation
lim B1/}nk+k—2(x)B£\nk+k(x) _ m+2\+1. (2.16)
Xl (Bl () m+1

3. A further determinant of sieved ultraspherical polynomials. In [3], Bustoz and
Savage proved an inequality for ultraspherical polynomials of the form

Ce(x)CE . (x)-CY%, (x)Ch(x) >0, 0<x<1,0<B-x<1. 3.1)

This inequality was used to answer a conjecture of Askey and Gasper regarding a
trigonometric kernel. The question arises if a similar inequality might hold for sieved
ultraspherical polynomials. Here, we prove that the analogous inequality does not
hold and we determine the location of sign changes for the corresponding sieved
expression. We begin with some lemmas.

LEMMA 3.1. Define A, (x) = C)(x)Cat1(x) —Ch, (x)CA*1(x), where {C)(x)} are
the ultraspherical polynomials. Then

An(xX) = anx[Cx) P +DpAp_2(x), n=2, (3.2)

where a, = 2(n+A)/A(n+1)), by=((n+2A-1)(n+2A-2)/n(n+1)).

PROOF. Each side of (3.2) is a polynomial of degree 2n + 1. Thus, identity holds in
(3.2) if both sides are equal at 21 + 1 points. We prove equality at the roots CA(x) =
0, C),,(x) = 0. First, note that (3.2) holds when x = 0. Thus, we may focus on the
nonzero roots of Cﬁ(x) and CQH (x).Let C,’{(a) = 0. The left-hand side of (3.2) reduces
to Ay(a) = fP,i‘H(a)Pﬁ” (a). We show that the right-hand side of (3.2) has the same
value. From the recursion (2.8), it follows that

m+1)Ch,,(a) 2(m+A-1)(n+1)aCy,,(a)

A __ A = 3.3
Cna(@) niza-1 ' 2@ (n+2A—-2)(n+2A—1) -3
From the relation
M+A)CA(x) = A[CA (x) =ML (0], (3.4)
it follows that
Chii(a) =it (a), (3.5)
and from the recursion (2.8) we get
A+1
cMl(a) = G (@) (3.6)

Then it follows that the right-hand side of (3.2) reduces to —C},;(a)CA*!(a). Thus,
(3.2) holds at the n roots of C,ﬁ(x). In a very similar fashion, it can be shown that (3.2)
holds at the 1 + 1 roots of C} ., (x). This proves the lemma. O

By iterating (3.2) we get the following corollary.
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COROLLARY 3.2.

[n/2]

An(x) = anx[CY O] +x D di[C) 5 (0)]°, A>0,n=2, (3.7)
k=1
where a, = 2(n+A)/A(n+1)),
k-1
(M+2A—1)(n+2A-2)
dx = An-2k an—Z': b, = (3.8)
io nm+1)

LEMMA 3.3. Let {U,(x)} denote the sequence of Chebychev polynomials of the sec-
ond kind. Then

Uj(x)Ui—j-1(x) =Uj_1(x)Ux—j—2(x) = Ug—1(x). (3.9)

PROOF. We write x = cos 0 so that U, (x) = (sin(n+1)8/sin0) and apply trigono-
metric identities. O

THEOREM 3.4. Let D+ (X) = By i1 (X)Bpik () = Bpyy i (X)BpRL 1 (%), k = 2,
m=>3,and j=0,1,....,k—1.IfA > 0, then

[(m-1)/2]
Dmk+j(x)=Uk-l(X)Tk(X){am—l[CVA”+11(T1<(X))]2+ z yk[Ci‘,fllzk(Tk(X))]z},

k=1
(3.10)

where Ty (x), Ux_1(x) are Chebychev polynomials of the first and second kind,

L 2m+d) . ’ﬁb , p o (mr2))(m+22-1)
mfl—m(A_i_l)y Yk = m72kfljz0 m-2j—1s m-1~= m(m—l)

(3.11)
PROOF. From Lemma 3.3 after reducing, we get
D+ j(x) = U1 () [y (Tie (%)) €2 (Tae () = Co H(Tie (%)) Co 4 (Tae(x)) | (3.12)

Now, apply Corollary 3.2. This gives the statement of the theorem.
It is clear from Theorem 3.4 that the determinants D+ j(x) change sign at the
roots of the Chebychev polynomials Ti (x), Ug_1(x). O

REFERENCES

[1] W. Al-Salam, W. R. Allaway, and R. Askey, Sieved ultraspherical polynomials, Trans. Amer.
Math. Soc. 284 (1984), no. 1, 39-55. MR 85j:33005. Zbl 547.33005.

[2] J. Bustoz, M. E. H. Ismail, and J. Wimp, On sieved orthogonal polynomials. VI. Differential
equations, Differential Integral Equations 3 (1990), no. 4, 757-766. MR 91a:33005.
Zbl 719.33005.

[3] J. Bustoz and N. Savage, Inequalities for ultraspherical and Laguerre polynomials, SIAM ]J.
Math. Anal. 10 (1979), no. 5, 902-912. MR 80k:33009. Zbl 412.33010.

[4] J. Charris and M. E. H. Ismail, On sieved orthogonal polynomials. II. Random walk polyno-
mials, Canad. J. Math. 38 (1986), no. 2, 397-415. MR 87j:33014a. Zbl 585.33009.


http://www.ams.org/mathscinet-getitem?mr=85j:33005
http://www.emis.de/cgi-bin/MATH-item?547.33005
http://www.ams.org/mathscinet-getitem?mr=91a:33005
http://www.emis.de/cgi-bin/MATH-item?719.33005
http://www.ams.org/mathscinet-getitem?mr=80k:33009
http://www.emis.de/cgi-bin/MATH-item?412.33010
http://www.ams.org/mathscinet-getitem?mr=87j:33014a
http://www.emis.de/cgi-bin/MATH-item?585.33009

DETERMINANT INEQUALITIES FOR SIEVED ULTRASPHERICAL POLYNOMIALS 751

[S]  G. Gasper, On the extension of Turdn’s inequality to Jacobi polynomials, Duke Math. J. 38

(1971), 415-428. MR 43#2258. Zbl 214.31401.

, An inequality of Turdn type for Jacobi polynomials, Proc. Amer. Math. Soc. 32

(1972), 435-439. MR 44#7013. Zbl 237.33009.

[71  O. Szasz, Identities and inequalities concerning orthogonal polynomials and Bessel func-
tions, J. Analyse Math. 1 (1951), 116-134. MR 13,232f. Zbl 045.34403.

[8] G.Szego, On an inequality of P. Turdn concerning Legendre polynomials, Bull. Amer. Math.
Soc. 54 (1948), 401-405. MR 9,429d. Zbl 032.27502.

[9] P. Turan, On the zeros of the polynomials of Legendre, Casopis Pést. Mat. Fys. 75 (1950),
113-122. MR 12,824¢g. Zbl 040.32303.

(6]

JOAQUIN BUSTOZ: DEPARTMENT OF MATHEMATICS, ARIZONA STATE UNIVERSITY, TEMPE,
AZ 85287, USA
E-mail address: bustoz@asu.edu

I. S. PYUNG: KOREAN NAVAL ACADEMY, CHIN-HAE, KYUNG-NAM, 645-797, KOREA


http://www.ams.org/mathscinet-getitem?mr=43:2258
http://www.emis.de/cgi-bin/MATH-item?214.31401
http://www.ams.org/mathscinet-getitem?mr=44:7013
http://www.emis.de/cgi-bin/MATH-item?237.33009
http://www.ams.org/mathscinet-getitem?mr=13:232f
http://www.emis.de/cgi-bin/MATH-item?045.34403
http://www.ams.org/mathscinet-getitem?mr=9:429d
http://www.emis.de/cgi-bin/MATH-item?032.27502
http://www.ams.org/mathscinet-getitem?mr=12:824g
http://www.emis.de/cgi-bin/MATH-item?040.32303
mailto:bustoz@asu.edu

