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1. Preliminaries. By a transformation semigroup (X,S,p) (or simply (X,S)) we
mean a compact Hausdorff topological space X, a discrete topological semigroup S
with identity e, and a continuous map p : X XS — X (p(x,s) = xsVx € X,Vs € 5),
such that

(1) xe=x Vx € X,
(2) x(st)=(xs)t Vxe X, Vs,teS.

In the transformation semigroup (X, S), for each s € S define 115 : X - X by r5(x) =
xs (Vx € X). We assume the semigroup S acts effectively on X, that is, for each
s,t €S, s =tif and only if 7v° = 1r¢. The closure of {7 | s € §} in XX (with pointwise
convergence topology) is called the enveloping semigroup (or Ellis semigroup) of (X, S)
and is denoted by E(X,S) (or simply E(X)), E(X) has a semigroup structure [1]. A
nonempty subset I of E(X) is called a right ideal of E(X) if IE(X) < I, moreover, if the
right ideal I of E(X) does not have any proper subset which is a right ideal of E(X),
then I is called a minimal right ideal of E(X), the set of all minimal right ideals of
E(X) is denoted by Min(E(X)). An element u of E(X) is called idempotent if u? = u.
For p € E(X) and a € X the maps L, : E(X) — E(X) and 0, : E(X) — X defined by
Ly(q) = pq and 0,(q) = aq (q € E(X)), respectively, are continuous [2, Propositions
3.2 and 3.3]. Let I be a right ideal of E(X), B< E(X), C < X (B,C # &) and a € X.
Standing notations:

SI)={pellly,:1-1is surjective}, F(a,B)={peBlap=al},

I(I)={pelll,:I—Iis injective}, F(C,B) = ﬂ F(c,B),
ceC (1.1)
B(I) ={p €I|L,:I—Iis bijective}, F(C,B)={peB|Cp=C},
JB)={ueB|u®>=u}.

A nonempty subset Z of X is called invariant if ZS < Z, moreover, a closed invari-
ant subset Z of X is called minimal if it does not have any proper closed invariant
subset. Also a € X is called almost periodic if aS = aE(X) is a minimal subset of X
[3, Theorems 1.15 and 1.17]. Let K be a closed right ideal of E(X), then K is called
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an A-minimal set if for each b € A, bK = bE(X) and K does not contain any closed
right ideal L of E(X) such that K # L and for each b € A, bL = bE(X), also K is called
an A-minimal set if AK = AE(X) and K does not contain any closed right ideal L of
E(X) such that K = L and AL = AE(X); the collection of all A-minimal sets is denoted
by M(x.s)(A) or simply M(A) and the collection of all A-minimal sets is denoted by
ﬁ(x,g) (A) or simply M(A); we use Mx.s) (a) (or simply M(a)) instead of My s)({a})
and its elements are called a-minimal sets; in addition we introduce the following sets:

M(X,S)={DcX|D=+@, VK eM(D) J(F(D,K)) # @},
= — — (1.2)
M(X,S)={DcX|D=+, M(D) +#+ @, VK e M(D) J(F(D,K)) + @},

the transformation semigroup (X, S) is called A= distal (or simply A-distal) if for each
b e A E(X) € M(b),and itis called AM distal (respectively, A@distal) ifE(X) e M(A)
(respectively, E(X) € ﬁ(A)).

Let (X,S) and (Y,S) be transformation semigroups, then the continuous map @ :
(X,S) — (Y,S) is called a homomorphism if p(xs) = p(x)s (Vx € X, Vs €8),if @
is onto, then there exists a unique induced homomorphism ¢ : (E(X),S) — (E(Y),S)
which is onto and for each x € X, the following diagram commutes:

(E(X),S) —> (E(Y),S) (1.3)

G’Xl J/QX(X)

(X,5) — 2> (v,5)

moreover, ¢ is a semigroup homomorphism; if @ is onto and one-to-one, it is called
an isomorphism, and ¢ is an isomorphism too [2, Proposition 3.8]. An equivalence
relation R on X is called invariant if R is an invariant subset of the transformation
semigroup (X x X,S). Let R be an equivalence relation on X, then g : X — X/R
(e (x) = [x]x (Vx € X)) is the natural canonical map.

For the remainder of this paper (X,S) is a fixed transformation semigroup, with e
as the identity element of S and A4 = {(x,x) | x € A}.

DEFINITION 1.1. Let A be a nonempty subset of X and let

g={R | R is a closed invariant equivalence relation on X such that
(X/R,S) is distal},
90 = {R | R is a closed invariant equivalence relation on X such that (X/R®,S)
is [A]x-distal},
91, = {R | R is a closed invariant equivalence relation on X such that (X/R%,S) (1.4)
is [A]x ™ distal},

9, = {R | R is a closed invariant equivalence relation on X such that (X/R,S)

is [Alx ™ distal],
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then Ngeg R, Nxegy Ry Nres, Ry and (xes, R are called, respectively, proximal struc-
ture relation, Aﬁproximal structure relation (or simply A-proximal structure rela-
tion), AMproximal structure relation, and AMproximal structure relation (on X),
for a € X, instead of “{a}-proximal structure relation” we simply use “a-proximal

structure relation”; and the sets

P(X,S) = {(x,y) € XxX | AT e Min(E(X)) Vp el xp = yp}
(or simply P(X) or P),
PA(X,S)={(x,¥)eXxX|Ibe AT eM(b) Vp el xp=yp}
(or simply P4 (X) or Pu),

PA(X,S) = {(x,¥) €XxX | €M(A) Vpelxp=yp) (1.5)

(or simply P4 (X) or P,),
PA(X,S) = {(x,y) € XxX|A €M(A) Vp el xp =yp}

(or simply PA(X) or fA),

are called, respectively, proximal relation, A@proximal relation (or simply A-proximal

relation), A@proximal relation, and A@proximal relation (on X), if a € X, then in-
stead of “{a}-proximal relation” (respectively, “P4; (X)”) we simply use “a-proximal
relation” (respectively, “P, (X)”).

THEOREM 1.2. Let A be a nonempty subset of X, then by Definition 1.1, we have
(@ () if {Ra}aer is a nonempty collection in 3, then (\yer R € J,
(ii) if {R«}wer is a nonempty collection in 3, then (\yer R € Jo,
(iii) if {R«}aer is a nonempty collection in 3, such that for Z = {([xXalry) aer |
X € X} € [ger X/Ra we have {([alx,)aer | a € A} € M(Z,S), then (\ger
‘P\a S 51,
(iv) if {R«}xer is a nonempty collection in 3, such that for Z = {([xXx]®y) aer |
x € X}  [Ter X/Ra we have {([alxy)ucr | @ € A} € M(Z,S), then Nuer
‘Ra S 52,
(b) () XXXeInJynTi Ny,
(i) NresR €I, Nregy R € Jo,
(c) () (X,S) isdistal if and only if Ax € 3,
(i) (X,S) is A-distal if and only if Ax € 3o,
(i) (X,S) is AM distal if and only if Ax € 51,

iv) (X,S) is A@distal if and only if Ax € J».

PROOF. (a) (ii) Let {Ry}aer be a nonempty collection in Jy, then for each x €T,
(X/Rq«,S) is [Aln,-distal, thus ([[xer X/Ra,S) is {([aln,)acr | a € A}-distal (since
{(lalr)aer | @ € A} € []aer[Alx,), but {([alx)aer | @ € A} € {([X]x)aer | X €
X} and {([x]x,)aer | X € X} is a closed invariant subset of []yer X/%R«, therefore
H(Ix]lr)aer | x € X},S8) is {([alry)xer | a € A}-distal [4, Theorem 1.23(c)]. On the
otherhand, @ : (X/NaerRa,S) — ({([x1x,)aer | X € X},S) defined by @ ([X]n,crre) =
([xIng)aer (VX € X) is an isomorphism and ({([x]n,)aer | X € X},S) is
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@ ([AlN,er o) -distal, therefore (X/MNyer Ra,S) is [A]nyer ro-distal and Nyer R € Jo.

(iii) Let {Rq}qer be a nonempty collection in J;, then for each x € T, (X/R,S)
is [A]M%distal, thus for each o € T, J(F([Alx,E(X/R«))) = {e}, therefore
JF({([alry)aer | a € ALE([Txer X/Ra))) = {e}, but {([x]x,)aer | x € X} is a closed
invariant subset of [[yer X/R«, and by the hypothesis {([alr,)acr | @ € A} €
M ([xTng) aer | x € X1,S), thus ({([X]xe)aer | X € X},S) is {([alrg)aer | a € A}
distal [4, Theorem 1.23(d)]. On the other hand, @ : (X/Nger R S) — ({([xTxy) er |
x € X},8) defined by @([x]n,cr2ra) = ([X]r)aer (VX € X) is an isomorphism, and
({([xX)xg)aer | X € X1,8) is @([Alcapeerny) M distal, therefore (X/Nyer Ra,S) is
[AlNaer 2o 2 distal and Nyer R € J1.

(iv) The proof is similar to (iii).

(b) Let R = X X X, then X/R is singleton, thus it is clear that (X/R&,S) is distal,
[Alx-distal, [A]lx ™ distal, and [A]x ™ distal, thus X x X = R € 51 5N T, Ny, On
the other hand, by (a) ((i) and (ii)) we have (xeg R € J and (gey, R € Jo.

(c) (ii) Let R = Ay, then the canonical map 7ty : (X,S) — (X/R,S) is an isomorphism,
thus (X,S) is A-distal if and only if (X/R,S) is [A]x-distal if and only if Ay = R € J.

O

NOTE 1.3. Let A be a nonempty subset of X, then
(a) (1) P(X) is areflexive and symmetric relation on X,
(i) P4(X) is a reflexive and symmetric relation on X,
(iii) Pa(X) is a reflexive and symmetric relation on X,
(iv) if ﬁ(A) + &, then ﬁA(X ) is a reflexive and symmetric relation on X,
(b) if Sisabelian, then P(X),P4(X),P4(X), and E(X) (this latter case when ﬁ(A) +
) are invariant relations on X,
(¢) (i) foreachnonempty subsetB of AwehaveP4(X) € Pp(X) € Pp(X) S PAs(X) <
P(X),
(ii) Pa(X) = UgeaPa(X),
(iii) P4(X) = P(X),
(d) (i) if all of the points of A are almost periodic, then ﬁA(X) =PA(X) =P4(X) =
P(X),
(i) Po(X)=Ax & (Va€ AP,(X) =Ax),
(iii) PAo(X)=Ax = (VaecAVKeM(a) J(F(a,K))=J(S(K)) = {e}),
(iv) EA(X) =Ax = (VK EM(A) J(F(A,K)) € J(S(K)) < {e}),
(V) Pa(X) =Ax = (VK e M(A) J(F(A,K)) € J(S(K)) < {e}).

PROOF. (a) and (b) are clear.
(c) (i) Let B be a nonempty subset of A, then for each (x,y) € X x X we have

(x,¥) €Ps(X)
= 3IKeM(A) Vp eK, xp=yp
= 3K e M(A) ILeM(B) Vp €K, (xp = yp AL cK) (by [4, Corollary 1.3])
= 3JLEMB) VpeL, xp=yp
= (x,¥) € Pp(X)
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(x,>) € Pp(X)
= 3ILeMB) VpEL, xp=yp
= 3L eM(B) VbeB IKeM(b) VpeL
(xp =ypAKcL) (by[4, Corollary 1.3])
= VbeBIKeM(b) VpeK, xp=yp
= 3JdbeBIKeM(b) Vp K, xp=yp
= (x,¥) € Pp(X)
(x,¥) € Pp(X)
= 3dbeBIKeMb) VpeK, xp=yp
= 3JacAIKeM(a) VpeK, xp=yp
= (x,y) € Pa(X)
(x,7) €Pa(X)
= 3JdacAIKeM(a) Vp €K, xp =yp
= Jac€ AIJKeM(a) ILeMin(E(X)) Vp €K, (xp =ypAL<cK)
= JL eMin(E(X)) Vp €L, xp =yp
= (x,¥) € P(X). (1.6)

(ii) It is clear by Definition 1.1.

(iii) It is clear by Definition 1.1 and the fact that each closed right ideal of E(X)
contains at least one element of Min(E(X)).

(d) (i) If all of the points of A are almost periodic, then for each a € A, M(a) =
M(A) = M(A) = Min(E(X)) [4, Note 1.12], thus P (X) = P4(X) = P4(X) = P(X).

(ii) Since for each a € A, Ax € P,(X) € Po(X) = UpeaPp(X) (use (c) (ii)), thus
P4 (X) = Ay if and only if for each a € A, P, (X) = Ay.

(iv) LetP4(X) = Ax and K € M(A), then J(F(A,K)) < J(S(K)) [4, Corollary 1.5(Table
1.3)], if u € J(S(K)), then uK = K and for each x € X, (xu)u = xu, thus for each
p €K, (xu)up = xup, thatis, for each q € K, (xu)q = xq and (xu,x) € P4(X) = Ay,
therefore for each x € X, xu = x and u = e.

Considering (ii), (iii) is a special case of (iv). The proof of (v) has a similar argument.

O

THEOREM 1.4. Let A be a nonempty subset of X, then:
(a) () (X,S) isdistal if and only if P(X) = Ay,
(i) (X,S) is A-distal if and only if P5(X) = Ax,
(i) ifAeM(X,S), then (X,S) is AM distal if and only if Pa(X) = Ay,
(iv) if A €A(X,S), then (X,S) is AM distal if and only if P4(X) = Ax,
(b) if (x,y) € X x X, then:
(i) the following statements are equivalent:
1) (x,») € P(X),
(2) Ju e JEWX)), xu =yu,
(3) Ip €E(X), xp =yp,
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(ii) the following statements are equivalent:
(1) (x,y) € Pa(X),
(2) da€ A3JueJ(F(a,E(X))), xu=yu,
(3) dac A Ip € F(a,E(X)), xp =yp,
(iil) if A € M(X,S), then the following statements are equivalent:
(1) (x,¥) €PA(X),
(2) FJu e J(F(AEX))), xu =yu,
(3) Ip € F(AE(X)), xp = yp.

PROOE. In each case for the sake of brevity we prove (iii).

(a) (i) If (X,S) if A distal, then M(A) = {E(X)}, and if (x,y) € P4(X), then for
each p € E(X), xp = yp, thus x = xe = ye = y and P, (X) < Ay, therefore P,(X) =
Ax. On the other hand, let A € M(X,S) and P4(X) = Ay, take K € M(A) and u €
J(F(A,K)) (#+ @), then uK = K and for each x € X and p € K, xp = x(up) = (xu)p,
so (x,xu) € P4(X) = Ay, that is, for each x € X, xu = x and u = e so K = E(X),
therefore (X,S) is AM gistal.

(b) (iii) We have

(1) = 3K eM(A) Vp €K, xp = yp
= 3K € M(A) Ju € J(F(A,K)), xu = yu (since A € M(X,S))
= (2),

(3) = 3p € F(A,E(X)) Vq € pE(X), xq =yq

= 3p €F(A,E(X)) 3L € M(A) Vq € pE(X), (1.7)
(xq=yqAL cpE(X)) (by [4, Corollary 1.3])

= 3JLeM(A) Vg €L, xq=vyq

= (1). O

THEOREM 1.5. Let A be a nonempty subset of X, then
(a) () the following statements are equivalent:
(1) Min(E(X)) is singleton,
(2) P(X) is a transitive relation on X,
(3) P(X) is an equivalence relation on X,
(i) if A€ M(X,S), then the following statements are equivalent:
(1) M(A) is singleton,
(2) Pa(X) is a transitive relation on X,
(3) P4(X) is an equivalence relation on X,
(iii) ifAe ﬁ(X,S), then the following statements are equivalent:
(1) ﬁ(A) is singleton,
) EA(X) is a transitive relation on X,
3) E(X) is an equivalence relation on X,
(b) if S is an abelian semigroup, then:
(i) ifP(X) is a closed relation on X, then P(X) is an equivalence relation on X,
(i) ifAeM(X,S) andP4(X) is a closed relation on X, then P4(X) is an equiva-
lence relation on X, B
(iil) if A€ M(X,S) andP4(X) is a closed relation on X, then P4 (X) is an equiva-
lence relation on X.
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PROOF. (a) (ii) By Note 1.3(a), it is enough to show that (3) implies (1). Let P4(X)
be an equivalence relation on X, K,L € M(A) and u € J(F(A,K)), there exists v €
J(F(A,L)) such that uv = u and vu = v [4, Theorem 7.1(a)], moreover, uE(X) = uk =
K, VE(X) =vL =L [4, Corollary 1.5(Table 3)], and for each x € X, p € K and q € L we
have: (xu)p = x(up) = xp and (xv)q = x(vq) = xq. Therefore (xu,x),(x,xv) €
P4(X) and by the transitivity of P4 (X), (xu,xv) € P4(X), thus there exists N € M(A)
such that for each | € N, xul = xvl. We know there exists w € J(F(A,N)), such that
uw =u and vw = (vu)w = v(uw) = vu = v [4, Theorem 1.7(a)] thus xu = xuw =
xvw = xv (for each x € X), so u = v and K = uE(X) = vE(X) = L. Therefore M(A)
is singleton.

(b) (i) Let Ac M (X,S) and P4 (X) be a closed relation on X, then for each (x, ), (y,z)
€ P4(X), there exists K € M(A) such that for each p € K, xp = yp.Letu € J(F(A,K))
(# @), then xu = yu. Now by Note 1.3(b), we have (yu,zu) € P4(X). Choose L €
M(A) such that for each g € L, yuq = zugq. There exists v € J(F(A,L)), such that
uv = u [4, Theorem 1.7(a)] thus xu = yu = yuv = zuv = zu, by Theorem 1.4(iii),
(x,z) € Pa(X) and P4(X) is a transitive relation on X, thus by (a (ii)) P4(X) is an
equivalence relation on X. O

NOTE 1.6. Let A be anonempty subset of X,let : (X,S) — (Y,S) be an onto homo-
morphism. Define p X @ : XXX - YXY by o x@(x,y) = (@(x),p(»)) (V(x,y) €
X x X), using Definition 1.1, we have

(a) if K € M(A), then there exists L € M(@(A)) such that L € ¢ (K),
() () ex@P(X)) cP(Y),

(i) @Xx@Pa(X)) SPyp(Y),

(iii) @X@Ps(X)) S Pypa)(Y),
(© (@) PX)<sNxes R,

(i) Pa(X) < xeg, R

(i) Pa(X) S Nnes, R

PROOF. (a)IfK € M(A), then @ (K) is a closed rightideal of E(Y). On the other hand,
for each a € A, aK = aE(X) thus ¢ (a)P(K) = p(aK) = p(aE(X)) = p(a)P(E(X)) =
@ (a)E(Y), therefore there exists L € M(@(A)) such that L < ¢ (K) [4, Corollary 1.3(b)].

(b) Let (x,y) € X x X.

(ii) If (x,y) € P5(X), then there exists a € A and K € M(a) such that for each p € K,
xp=ypand (x)P(p) = p(y)P(p), by (a) there exists L. € M(p(a)) such that L
@(K), so for each g € L, p(x)q = (¥)q, therefore, p x p(x,y) = (p(x),p(y)) €
Py (a) (Y).

(iii) If (x,y) € P4(X), then there exists K € M(A) such that for each p € K, xp = yp
and @ (xX)P(p) = ()P (p), by (a) there exists L € M(@(A)) such that L < ¢ (K), so

for each g € L, @ (x)q = @(¥)q, therefore, @ x @ (x,y) = (@ (x),P())) € Pya)(Y).
(c) (ii) Let R € Iy, then

R e Ty — (%,s) is [A]x-distal

X
= Py (g) =Ax/n
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X X
= g X TTr (PA (X)) < Prm(A)(g) = P[A]g(%) =Ax/x

= 1 X TTr (P4 (X)) = Ax/»

= V(x,¥) € Pa(X), [x]x = [¥]x

= V(x,y) ePsa(X), (x,¥)€eR

=Ps(X) =R (1.8)

SO PA (X) < ﬂ‘RESO ?\ D

DEFINITION 1.7. lLet @ : (X,S) — (Y,S) be an onto homomorphism, R(p) =
{(x,¥) e XXX | ¢(x) = p(y)}, and let A be a nonempty subset of X, and let B
be a nonempty subset of Y, then

(a)
(b)

(0)
(d)
(e)
()

(g)
(h)
(@)’
(b)

(c)
(d)y
(e)
)

(g)
(hy’

(Y,S) is a distal factor of (X,S) (under @) if R(p) NP(X) = Ay,

(Y,S) is an A2 distal (or simply A-distal) factor of (X,S) (under @) if R(p) N
PAa(X) =Ax,

(Y,S) is an AM gjstal factor of (X,S) (under @) if R(p) NPA(X) = Ay,

(Y,S) is an A ™ distal factor of (X,S) (under @) if R(p) mfA(X) = Ay,

(X,S) is a distal extension of (Y,S) (under @) if R(p) NP(X) = Ay,

(X,S)isa B distal (or simply B-distal) extension of (Y,S) (under )if R(p)n
Py-105)(X) :éx,

(X,S) is a B™ distal extension of (Y,S) (under @) if R(¢) NPy-1(5) (X) = Ax,

(X,S)isa B@distal extension of (Y,S) (under @) if R(p) mﬁp_l(B) (X) = Ay,
(Y,S) is a proximal factor of (X,S) (under @) if R(p) = P(X),

(Y,S) is an A(;)proximal (or simply A-proximal) factor of (X,S) (under ) if
R(@) = PA(X),

(Y,S) is an A@proximal factor of (X,S) (under @) if R(@) = PA(X),

(Y,S) is an A@proximal factor of (X,S) (under @) if R(p) < fA(X),

(X,S) is a proximal extension of (Y,S) (under @) if R(@) € P(X),

(X,S)isa B@proximal (or simply B-proximal) extension of (Y,S) (under @) if
R(p) ¢ P(pfl(g) (X),

(X,S)isa Bmproximal extension of (Y,S) (under @) if R(p) Pq,q(g) (X),

(X,S)isa B@proximal extension of (Y,S) (under @) if R(p) = ﬁp_l(B) (X).

THEOREM 1.8. Let @ : (X,S) — (Y,S) be an onto homomorphism, let A be a nonempty
subset of X, let B be a nonempty subset of Y, and consider the following statements:

(tr1) (Y,S) is a distal factor of (X,S) under @,

(12) (Y,S) is an A-distal factor of (X,S) under @,

(rr3) (Y,S) isan AM gistal factor of (X,S) under @,

(rr4) (Y,S) isan AM gistal factor of (X,S) under @ (by the assumption ﬁ(A) + D),
(p1) (X,S) is a distal extension of (Y,S) under @,

(p2) (X,S) is a B-distal extension of (Y,S) under @,

(p3) (X,S)isa BM™ distal extension of (Y,S) under @,

(pg) (X,S)is aB@distal extension of (Y, S) under @ (by the assumptionﬁ(qo’l (B))

+ D),
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(rr1) (Y,S) is a proximal factor of (X,S) under @,

(1ry) (Y,S) is an A-proximal factor of (X,S) under @,

(rr3) (Y,S) isan A@pmximal factor of (X,S) under @,

(rty) (Y,S) isan A@proximal factor of (X,S) under @ (by the assumption M(A) =
D),

(p1) (X,S) is a proximal extension of (Y,S) under @,

(p3) (X,S) is a B-proximal extension of (Y,S) under @,

(p3) (X,S)isa B@proximal extension of (Y,S) under @,

(py) (X,S) is a B@pmximal extension of (Y,S) under @ (by the assumption
M(@~1(B)) + @),

then we have the following tables:

TABLE 1.1. The mark “./” indicates that for the corresponding case we have:
“(rty = 1) A (pi = pj)”

%1234
1|V v v V
2| v
3 Vv
4 J

TABLE 1.2. The mark “./” indicates that for the corresponding case we have:
“(m > Tr}) Alp; = P})”

»BUJF\J»—*H\&
SRS S
<

PROOF. We have the following conditional statements:
(m) = R(@)NP(X) = Ax
= (R(@)NPA(X) SR(@) NPA(X) SR(P) NP(X) = Ay
AR(@) NPA(X) SR(@)NP(X) = Ax) (by Note 1.3(c))
= (R(@) NP4(X) =R(Q) NP4(X) = Ax AR(@) NP4(X) € Ay)
= (T ATT3 ATTy),
(p1) = R(@) NP(X) = Ay
= (R(@) NPg-1(5)(X) SR(P) NPg-1(5) (X) SR(P) NP(X) = Ay
AR(p) mﬁ(p—l(B) (X) cR(@)NnP(X) = Ax) (by Note 1.3(c))
= (R(Q) NPg-1(5) (X) = R(®) NPg-1(5,(X) = Ax
AR(@) ﬁﬁ(p’l(B) (X) € Ax)
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= (P2 AP3APs),
(r2) = R(@) NPA(X) = Ay
= R(@)NP4(X) cR(®p)NP4s(X) = Ax (by Note 1.3(c))
= R(@)NPa(X) = Ay
= (m3),

(p2) = R(@) NP1 (X) = Ax

= R(@) NPg-1(3)(X) SR(@) NPy-1(3(X) = Ay (by Note 1.3(c))

= R(@) NPg-1(3)(X) = Ax
= (p3)
these complete the proof of Table 1.1, also

(15) = R(@) € Pa(X)
= R(@p) € P4(X) € P4s(X) (by Note 1.3(c))
= (113)
= R(@) € P4(X) € P(X) (by Note 1.3(c))
= (1),

(p3) = R(@) = Pg15)(X)
= R(p) € Py, 15 (X) € Py135 (X) (by Note 1.3(c))
= (p2)
= R(@) € Pyp-1(5(X) € P(X) (by Note 1.3(c))
= (p1),

(113) = R(@) € P4(X)
= R(@) € Pa(X) < P(X) (by Note 1.3(c))
= (1),

(py) = R(@) S Pgo1(5)(X)
= R(®) € Py,1(5) (X) = P(X) (by Note 1.3(c))
= (p1),

these complete the proof of Table 1.2.

(1.9

(1.10)

THEOREM 1.9. Letp : (X,S) — (Y,S) be an onto homomorphismand & + Cc Ac X,

and @ +D cBcY, then

(@) if (Y,S) is an A-distal factor of (X,S), then (Y,S) is a C-distal factor of (X,S),
(b) if (Y,S) is a C™distal factor of (X,S), then (Y,S) is an A distal factor of

(X,S),

(c) if (X,S) is a B-distal extension of (Y,S), then (X,S) is a D-distal extension of

(Y,S)I

d) if(X,S)isa DM gistal extension of (Y,S), then (X,S) isa BM distal extension

of (Y,S),
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(e) if (Y,S) is a C-proximal factor of (X,S), then (Y,S) is an A-proximal factor of
(X,8), B B

(f) if(Y,S) isan A@proximal factor of (X,S), then (Y,S) isa Cmproximal factor
of (X,S)

(g) if (X,S) is a D-proximal extension of (Y,S), then (X,S) is a B-proximal extension
of (Y,S), B B

(h) if (X,S) isa B@proximal extension of (Y,S), then (X,S) is a DMproximal
extension of (Y,S),

the factors and extensions are under .

PROOF. (a) (Y,S) is an A-distal factor of (X,S)

= R(p) NPA(X) =Ax
= R(p) NPc(X) cR(@) NP4 (X) = Ax (by Note 1.3(c))

1.11
= R(@)NPc(X) = Ax ( )
= (Y,S) is a C-distal factor of (X,S),
(b) (Y,S)is a ™ gistal factor of (X,S8)
= R(@)NPc(X) = Ax
= R(@) NP4 (X) < R(@) NPc(X) = Ax (by Note 1.3(c))
(1.12)

= R(@)NPa(X) = Ax
= (Y,S) is an A@ distal factor of (X,S),

(e) (Y,S) is a C-proximal factor of (X,S)

= R(@) € Pc(X)
= R(@) € Pc(X) € P4(X) (by Note 1.3(c)) (1.13)
= (Y,S) is an A-proximal factor of (X,S),

f) (Y,S) is an A@proximal factor of (X,S)

= R(p) € PA(X)
= R(@) €PA(X) € Pc(X) (by Note 1.3(c)) (1.14)

= (Y,S)isa C@ proximal factor of (X,S). O

THEOREM 1.10 (associative and inheritance laws). Let ¢ : (X,S) — (Y,S) and ¢ :
(Y,S) — (Z,S) be two onto homomorphisms, and let A be a nonempty subset of X, and
B be a nonempty subset of Y, then we have

(a) ASSOCIATIVE LAWS.

(i) (((zZ,S) is a distal factor of (Y,S) (under @)) A ((Y,S) is a distal factor of (X,S)
(under @))) = ((Z,S) is a distal factor of (X,S) (under @ o @)),

(i) ((Z,S) is a (A)-distal factor of (Y,S) (under @)) A ((Y,S) is an A-distal factor
of (X,S) (under @))) = ((Z,S) is an A-distal factor of (X,S) (under @ o @)),
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(iif)

@

(i)’

(iii)’
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(((Z,8) isa (p(A)@distal factor of (Y,S) (under p)) A ((Y,S) is an AM gistal
factor of (X,S) (under @))) = ((Z,S) is an AM gistal factor of (X,S) (under
Yo))

(((X,S) is a distal extension of (Y,S) (under @)) A ((Y,S) is a distal extension of
(Z,S) (under @) = ((X,S) is a distal extension of (Z,S) (under @ o @)),

((X,S) is a w1 (B)-distal extension of (Y,S)(under @) A (Y,S) is a B-distal
extension of (Z,S) (under )) = ((X,S) is a B-distal extension of (Z,S) (under
Yo)),

((X,S) isaLp’l(B)@diStalextension of (Y,S) (underp)) A ((Y,S) isaB™ distal
extension of (Z,S) (under p))) = ((X,S) isa B distal extension of (Z,S) (under
Yo)),

(b) INHERITANCE LAWS.

)
(ii)
(iii)
(iv)
W)
(vi)
(vii)
(vii)
@@
(i)’
(i)’
(iv)’
\2d
(vi)’

(vii)’

((Z,S) is a distal factor of (X,S) (under @ o @)) = ((Y,S) is a distal factor of
(X,S) (under @)),

((Z,S) is an A-distal factor of (X,S) (under o)) = ((Y,S) is an A-distal factor
of (X,S) (under @)),

((Z,S) is an AM gistal factor of (X,S) (under ¢ o)) = ((Y,S) is an A gistal
factor of (X,S) (under )),

((Z,S) is an AM gistal factor of (X,S) (under y o)) = ((Y,S) is an AM gistal
factor of (X,S) (under @)),

((Z,S) is a proximal factor of (X,S) (under o)) = ((Y,S) is a proximal factor
of (X,S) (under @)),

((Z,S) is an A-proximal factor of (X,S) (under Yy o)) = ((Y,S) is an A-proximal
factor of (X,S) (under @)),

((Z,S) is an A@pmximal factor of (X,S) (under @ o)) = (Y,S) is an ALD
proximal factor of (X,S) (under @)),

((Z,S) is an A@proximal factor of (X,S) (under o)) = ((Y,S) is an A
proximal factor of (X,S) (under @)),

((X,S) is a distal extension of (Z,S) (under o)) = ((X,S) is a distal extension
of (Y,S) (under @)),

((X,S) is a B-distal extension of (Z,S) (under yo@)) = ((X,S) is a y~1(B)-distal
extension of (Y,S) (under @)),

(X,S)isa BM™ gistal extension of (Z,8) (under wo@)) = ((X,S) isa py~1(B) )
distal extension of (Y,S) (under @)),

(X,S) is a B distal extension of (Z,S) (under yo@)) = (X,S) isa y~' (B) X
distal extension of (Y,S) (under @)),

((X,S) is a proximal extension of (Z,S) (under @ o @)) = ((X,S) is a proximal
extension of (Y,S) (under @)),

((X,S) is a B-proximal extension of (Z,S) (under o)) = ((X,S) isa ¢~ 1(B)-
proximal extension of (Y,S) (under @)),

((X,S) is a B@proximal extension of (Z,S) (under @ o @)) = ((X,S) is a
w1l (B)@proximal extension of (Y,S) (under @)),
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(viii)” ((X,S) is a B@proximal extension of (Z,S) (under @ o @)) = ((X,S) is a
pl (B)@proximal extension of (Y,S) (under @)).

PROOF. (a)(ii) Let (Z,S) be a @ (A)-distal factor of (Y,S) under y, and let (Y,S) be
an A-distal factor of (X,S) under @, then R(¢) NPy 4)(Y) = Ay and R(@) NPA(X) =
Ax. Moreover, using the symbols of Note 1.6, we have @ X @ (R( o )) < R(y) so
PXPRWPop)NPA(X)) SR(Y) NPy (Y) = Ay, thus  Xp(R(@o@)NPa(X)) = Ay,
that is, R( o @) NP4 (X) < R(@), thus R(y o @) NP4 (X) € R(p) NP4(X), therefore
R(yo@)nPs(X) =Ax and (Z,S) is an A-distal factor of (X,S) (under o @).

(b) Use R(@) = R(y o). O

THEOREM 1.11. Let B be a nonempty subset of X, letX = {py | x €T} be a nonempty
collection of the extensions of (X,S), o € I, XsXy = {(Xa)aer € [laerXa | VX €
I' 9u(xXa) = Qoy(xay)}, for each y €T let 1y : XsX« — X, be the projection map
on the yth coordinate, and @ : xs X« — X be such that @ ((Xa)xer) = oo (Xa,), then

(@) for each y €T, the following diagram commutes:

(XZXOUS) i) (XY’S)

q;l / (1.15)
Py

(X,S)

(b) (i) if for each x €T, (X,S) is a distal extension of (X,S) (under @), then
(XsX«,S) is a distal extension of (X,S) (under @),
(i) if for each x €T, (Xq,S) is a B-distal extension of (X,S) (under @), then
(XsX«,S) is a B-distal extension of (X,S) (under @),
(ili) if for each x €T, (Xa,S) is a B™ distal extension of (X,S) (under @), then

(XsXx,S) isa BM™ gistal extension of (X,S) (under ).

PROOF. (b) (ii) By the definition of xsX,, we have

R(@) = {((Xa) wers (Vo) wer) € (X5 Xa) X (X2 Xo) | VX €T (Xa, Vo) € R(Pa)}

= {((xa) ger» (V) wer) € (XsXa) X (XsXg) | Fx €T (X, Vo) €ER(P«)}, (1.16)

moreover, for each ((Xu)aer, (Vo) aer) € Pp-1(5)(XzXy) and y €T, we have (x,,)y) €
P 1(s) (Xy), 801f ((Xa) wers (Va) wer) € R(P) NPy 1) (X2 Xo),then (xy, vy) € R(@y) N
Pwl(B)(Xy), this will give the desired result, that is, if for each @ € T, R(py) N
P15 (Xa) = Ax,, then R(@) NPg-1(5) (XsXo) = (AXs Xa). O
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