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Abstract. We deal with a-minimal sets instead of minimal right ideals of the enveloping
semigroup and obtain a partition of disjoint isomorphic subgroups of some of its subsets.
We also give some generalizations of almost periodicity and distality in the transformation
semigroups and obtain similar results.
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1. Preliminaries. By a transformation semigroup (X,S,ρ) (or simply (X,S)) we
mean a compact Hausdorff topological space X, a discrete topological semigroup S
with identity e, and a continuous map ρ : X ×S → X (ρ(x,s) = xs∀x ∈ X,∀s ∈ S),
such that
(1) xe= x∀x ∈X;
(2) x(st)= (xs)t∀x ∈X, ∀s,t ∈ S.
In the transformation semigroup (X,S), for each s ∈ S defineπs :X →X byπs(x)=

xs (∀x ∈ X). We assume the semigroup S acts effectively on X, that is, for each
s,t ∈ S, s ≠ t if and only if πs ≠πt . The closure of {πs | s ∈ S} in XX (with pointwise
convergence topology) is called the enveloping semigroup (or Ellis semigroup) of (X,S)
and is denoted by E(X,S) (or simply E(X)). The enveloping semigroup E(X) has a
semigroup structure [1]. A nonempty subset I of E(X) is called a right ideal of E(X),
if IE(X) ⊆ I, moreover, if the right ideal I of E(X) does not have any proper subset
which is a right ideal of E(X), then I is called a minimal right ideal of E(X), the set
of all minimal right ideals of E(X) is denoted by Min(E(X)). An element u of E(X)
is called idempotent if u2 = u. For p ∈ E(X) and a ∈ X, the maps Lp : E(X) → E(X)
and θa : E(X)→X defined by Lp(q)= pq and θa(q)= aq (q ∈ E(X)), respectively, are
continuous [2, Proposition 3.2]
Dealing with a-minimal sets (see Definition 1.1) where a ∈ X, it turns out that if

K is an a-minimal set functions Lp : K → K, Lp(q) = pq (p,q ∈ K) that are bijective,
play an important role in this area. In fact Ellis [2, Proposition 3.5] showed that for
minimal right ideal I of E(X), {Iv | v ∈ J(I)} is a partition of subgroups of I and
Lv = idI (v ∈ J(I)). Now if we want to have similar results for some of the subsets of
a-minimal set K, we need to deal with elements p ∈ K such that Lp is bijective. Let I
be a right ideal in E(X), B ⊆ E(X), C ⊆X (B,C ≠∅) and a∈X. Standing notations:

S(I)= {p ∈ I | Lp : I �→ I is surjective}, F(a,B)= {p ∈ B | ap = a},
I(I)= {p ∈ I | Lp : I �→ I is injective}, F(C,B)=

⋂
c∈C

F(c,B),
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B(I)= {p ∈ I | Lp : I �→ I is bijective}, F(C,B)= {p ∈ B | Cp = C},
J(B)= {u∈ B |u2 =u}. (1.1)

A nonempty subset Z of X is called invariant if ZS ⊆ Z , moreover, a closed invariant
subset Z of X is called minimal if it does not have any proper closed invariant subset.
An element a ∈ X is called almost periodic if aS = aE(X) is a minimal subset of X
[3, Theorems 1.15 and 1.17], and (X,S) is called distal if for each x,y ∈ X and each
p ∈ E(X), xp =yp implies x =y . For an arbitrary map g, the restriction of g to A is
denoted by g|A.
For the remainder of this paper (X,S) is a fixed transformation semigroup, with e

as the identity element of S.

Definition 1.1. Let A be a nonempty subset of X, a0 ∈ X, and let K be a closed
right ideal of E(X).
(a) K is called an a0-minimal set if

(i) a0K = a0E(X),
(ii) K is minimal among all closed right ideals of E(X) with property (i).

The set of all a0-minimal sets is denoted by M(X,S)(a0) (or simply M(a0)).
(b) K is called an A-minimal set if

(i) ∀a∈A, aK = aE(X),
(ii) K is minimal among all closed right ideals of E(X) with property (i).

The set of all A-minimal sets is denoted by M(X,S)(A) (or simply M(A)).
(c) K is called an A-minimal set if

(i) AK =AE(X),
(ii) K is minimal among all closed right ideals of E(X) with property (i).

The set of all A-minimal sets is denoted by M(X,S)(A) (or simply M(A)).

For more information about a-minimal sets we refer the reader to [5].

Theorem 1.2. Let a0 ∈X and let A be a nonempty subset of X, we have
(a) M(a0)=M({a0})=M({a0}),
(b) M(A)≠∅,
(c) if for each b ∈AE(X), ⋃a∈Aθ−1a (b) is a closed subset of E(X), then M(A)≠∅.

Proof. (b) Let

�= {K |K is a closed right ideal of E(X) and for each a∈A, aK = aE(X)}, (1.2)

then E(X)∈� and for each chain such as (Kα)α∈Γ in the ordered set (�,⊆),
⋂
α∈Γ Kα

is a closed right ideal of E(X), moreover, for each a∈A, b ∈ aE(X), and α∈ Γ define

Kα(a,b)=
{
p ∈Kα | ap = b

}(=Kα∩θ−1a (b)), (1.3)

by continuity of θa, Kα(a,b) is closed and by compactness of E(X),
⋂
α∈Γ Kα(a,b)(=⋂

α∈Γ Kα ∩θ−1a (b)) is nonempty, thus b ∈ a(
⋂
α∈Γ Kα) and a(

⋂
α∈Γ Kα) = aE(X) (for

each a ∈ A) thus ⋂α∈Γ Kα ∈�. Using Zorn’s Lemma (�,⊆) has a minimal element K,
which is an A-minimal set.
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We introduce the following sets:

�(X,S)= {B ⊆X | B 
= ∅, ∀K ∈M(B), J(F(B,K)) 
= ∅},
�(X,S)= {B ⊆X | B 
= ∅, M(B) 
= ∅, ∀K ∈M(B), J(F(B,K)) 
= ∅}. (1.4)

(c) Let

�= {K |K is a closed right ideal of E(X) and AK =AE(X)}, (1.5)

then E(X)∈� and for each chain such as (Kα)α∈Γ in the ordered set (�,⊆),
⋂
α∈Γ Kα

is a closed right ideal of E(X), moreover, for each b ∈AE(X) and α∈ Γ define

Kα(b)=
{
p ∈Kα | ∃a∈A ap = b

}(=Kα∩
( ⋃
a∈A
θ−1a (b)

))
, (1.6)

using an argument similar to the one given for (b) we have b ∈ A(⋂α∈Γ Kα), thus⋂
α∈Γ Kα ∈�. So (�,⊆) has a minimal element like K, which is an A-minimal set.
Corollary 1.3. Let a0 ∈X, ∅≠A⊆X and let K be a right ideal of E(X), we have
(a) a0K = a0E(X) if and only if there exists L∈M(a0), such that L⊆K,
(b) for each a∈A, aK = aE(X) if and only if there exists L∈M(A) such that L⊆K,
(c) if for each b ∈AE(X), ⋃a∈Aθ−1a (b) is a closed subset of E(X), then AK =AE(X)

if and only if there exists L∈M(A) such that L⊆K. Moreover, if A is finite, then
for each b ∈AE(X), ⋃a∈Aθ−1a (b) is a closed subset of E(X) and M(A)≠∅.

Proof. The proof follows immediately by Theorem 1.2.

Theorem 1.4. Let ∅ ≠ A ⊆ X, K be a closed right ideal of E(X), I ∈ M(A) and
J ∈M(A) (M(A)may be empty in which case the last item will be disregarded) we have
Table 1.1.

Proof. Second row. For each u∈ J(S(K)) we have

u∈ S(K) �⇒uK =K
�⇒∀p ∈K, ∃q ∈K, p =uq
�⇒∀p ∈K, ∃q ∈K, p =uq =u2q =up = Lu(p) (since u2 =u)
�⇒ Lu|K = idK, u is a left identity of K
�⇒u is the identity of the semigroup Ku.

(1.7)

For each u,v ∈ J(S(K)), define ϕu,v : Ku→ Kv by ϕu,v(p) = pv (p ∈ Ku). ϕu,v is a
semigroup isomorphism and ϕ−1u,v = ϕv,u. On the other hand, for each u ∈ J(I(K)),
we have u2K =uK, now since u∈ I(K), so uK =K, thus u∈ J(S(K)). Using the above
facts we get J(S(K))= J(I(K))= J(B(K))(= {u∈K | Lu|K = idK}).
Third row. For each p ∈ F(A,I), pI is a closed right ideal of E(X) and a subset of

I, moreover, for each a ∈ A, a(pI)(= (ap)I = aI = aE(X)), since I ∈M(A), so pI = I
and p ∈ S(I). For each p ∈ F(A,J), pJ is a closed right ideal of E(X) and a subset of
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J, moreover, A(pJ) = (Ap)J = AJ = AE(X), since J ∈M(A), so pJ = J and p ∈ S(J).
Also note that J(F(A,K))= J(F(A,K)). Using this fact and the second row, we get the
third row.
Fourth row. Let u ∈ J(B(K)), by the first and second rows, B(K)u is a semigroup

with identity u. Also we have

∀p ∈ B(K), pK =K
�⇒∀p ∈ B(K), ∃q ∈K, pq =u
�⇒∀p ∈ B(K), ∃q ∈ B(K), pq =u (since p, u∈ B(K))
�⇒∀p ∈ B(K)u(⊆ B(K)) ∃q ∈ B(K), pq =u=u2 = p(qu)
�⇒∀p ∈ B(K)u, ∃q ∈ B(K)u, pq =u

(1.8)

thus B(K)u is a group with identity u.
Letp ∈ B(K), thenpK =K and {q ∈K | pq = p} is a nonempty closed subsemigroup

of E(X) and has an idempotent element u [2, Lemma 2.9], since pu= p and p ∈ B(K)
so u ∈ J(B(K)) and p = pu ∈ B(K)u. Thus B(K) = ⋃

u∈J(B(K))B(K)u. Moreover, let
u,v ∈ J(B(K)), if B(K)u∩B(K)v ≠ ∅ and p ∈ B(K)u∩B(K)v , then there exist q ∈
B(K)u and r ∈ B(K)v such thatpq = qp =u andpr = rp = v , thusu= pq = (vp)q =
v(pq)= (rp)u= r(pu)= rp = v , therefore u= v if and only if B(K)u∩B(K)v ≠∅.
Similar methods described above, and the second row will complete the proof of the
fourth row.
The proofs of the third and fourth rows conclude the fifth and sixth rows.

Corollary 1.5. Let ∅≠A⊆X, K be a right ideal of E(X), I ∈M(A) and if M(A) is
nonempty let J ∈M(A), we have Tables 1.2 and 1.3.

Proof. Use an argument similar to the one given in the proof of Theorem 1.4.

Theorem 1.6. Let A ∈�(X,S) and K be a closed right ideal of E(X) such that for
each a∈A, aK = aE(X), then the following statements are equivalent:
(a) K ∈M(A),
(b) J(F(A,K))⊆ S(K),
(c) uE(X)=K ∀u∈ J(F(A,K)).

Proof. (a)⇒(b). Use Corollary 1.5 and Table 1.2.
(b)⇒(c). For p ∈ S(K), we have K=pK ⊆ pE(X)⊆KE(X)⊆K so pE(X)=K.
(c)⇒(a). By Corollary 1.3(b), there exists L ∈ M(A) and L ⊆ K and u ∈ J(F(A,L)) ⊆

J(F(A,K)), thus K =uE(X)⊆ L and K = L∈M(A).
Theorem 1.7. Let A be a nonempty subset of X then
(a) for each K,L∈M(A), we have

(i) ∀p ∈ F(A,K), pL=K,
(ii) ∀u∈ J(F(A,K)), ∃!v ∈ J(F(A,L)), uv =u∧vu= v ,
(iii) ∀u∈ J(F(A,K)), ∃!v ∈ J(F(A,L)), uv =u,
(iv) ∀u∈ J(F(A,K)), card(J((Lu|L)−1(u)))= 1,
(v) card(J(F(A,K)))= card(J(F(A,L))),
(vi) card(M(A))card(J(F(A,K)))= card(⋃N∈M(A) J(F(A,N))),
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Table 1.3. The mark
√
indicates that for the corresponding case J(D)⊆ J(G).

D

G
F(A,C)∩B(C) F(A,C) or F(A,C) B(C) or S(C) or I(C)

or F(A,C)∩S(C)

C
or F(A,C)∩B(C)
or F(A,C)∩S(C)

F(A,C)∩B(C)
or F(A,C)∩S(C) K or I or J

√ √ √

or F(A,C)∩B(C)
or F(A,C)∩S(C)

F(A,C) or F(A,C)
K

√

I or J
√ √ √

B(C) or S(C) or I(C) K or I or J
√

(b) for each K,L∈M(A), we have
(i) ∀p ∈ F(A,K), pL=K,
(ii) ∀u∈ J(F(A,K)), ∃!v ∈ J(F(A,L)), uv =u∧vu= v ,
(iii) ∀u∈ J(F(A,K)), ∃!v ∈ J(F(A,L)), uv =u,
(iv) ∀u∈ J(F(A,K)), card(J((Lu|L)−1(u)))= 1,
(v) card(J(F(A,K)))= card(J(F(A,L))),
(vi) card(M(A))card(J(F(A,K)))= card(⋃N∈M(A) J(F(A,N))).

Proof. (a)(i). For each p ∈ F(A,K), pL is a closed right ideal of E(X) and a subset
of K, moreover, for each a∈A, a(pL)= (ap)L= aL= aE(X), thus pL=K.
(ii), (iii), and (iv). For each u∈ J(F(A,K)) we have uL=K (by (i)), thus {q ∈ L |uq =

u}(= (Lu|L)−1(u)) is a nonempty closed subsemigroup of E(X) and has an idempotent
like v [2, Lemma 2.9], as uv =u and for each a∈A, a= au= a(uv)= (au)v = av ,
we have v ∈ J(F(A,L)), moreover, (vu)2 = v(uv)u= vu2 = vu∈ vK = L, thus vu∈
J(F(A,L)) and by Theorem 1.4 (Table 1.1 (third row)) Lvu(v)= v , that is, v = (vu)v =
v(uv)= vu. Now let v′ ∈ J(F(A,L)) be such that uv′ =u, by an argument similar to
the one given for v we have v′u= v′ and v′ = v′u= v′(vu)= (v′v)u= vu= v , this
gives the desired result.
(v) and (vi). By (ii), (iii), and (iv) there exists a unique map φK,L : J(F(A,K)) →

J(F(A,L)) such that for each u ∈ J(F(A,K)), φK,L(u) ∈ J((Lu|L)−1(u)), moreover,
φ−1K,L =φL,K .
(b) Use a similar argument like (a).

Lemma 1.8. Let A be a nonempty subset of X and let K be a closed right ideal of
E(X). Then J(F(A,K))≠∅ if and only if F(A,K)≠∅.

Proof. F(A,K) = {p ∈ K | ∀a ∈ A ap = a} (= ⋂a∈Aθ−1a (a)∩K) is a closed sub-
semigroup of E(X), by [2, Lemma2.9], it is nonempty if and only if it has an idempotent.
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Corollary 1.9. Let A be a nonempty subset of X. We have
(a) the following statements are equivalent:

(i) ∀K ∈M(A), J(F(A,K))≠∅ (or A∈�(X,S)),
(ii) ∀K ∈M(A), F(A,K)≠∅,
(iii) ∃K ∈M(A), J(F(A,K))≠∅,
(iv) ∃K ∈M(A), F(A,K)≠∅,

(b) the following statements are equivalent:
(i) M(A)≠∅∧(∀K ∈M(A), J(F(A,K))≠∅) (or A∈�(X,S)),
(ii) M(A)≠∅∧(∀K ∈M(A), F(A,K)≠∅),
(iii) ∃K ∈M(A), J(F(A,K))≠∅,
(iv) ∃K ∈M(A), F(A,K)≠∅.

Proof. Use Theorem 1.7 and Lemma 1.8.

Theorem 1.10. For i ∈ {1, . . . ,n}, let (Xi,Si) be a transformation semigroup
and let Ai be a nonempty subset of Xi. If

∏n
i=1Ai ∈ �(

∏n
i=1Xi,

∏n
i=1Si), then

M(∏ni=1Xi,∏ni=1 Si)(
∏n
i=1Ai) =

∏n
i=1M(Xi,Si)(Ai) and for each i ∈ {1, . . . ,n} we have Ai ∈

�(Xi,Si).

Proof. Let K ∈ M(∏ni=1Xi,∏ni=1 Si)(
∏n
i=1Ai), since

∏n
i=1Ai ∈ �(

∏n
i=1Xi,

∏n
i=1Si),

there exists u = (u1, . . . ,un) ∈ J(F(
∏n
i=1Ai,K)) (for each i ∈ {1, . . . ,n}, ui ∈

J(F(Ai,E(Xi,Si)))) so K = (u1, . . . ,un)E(
∏n
i=1Xi,

∏n
i=1Si) =

∏n
i=1uiE(Xi,Si), moreover,

for each i ∈ {1, . . . ,n}, and a ∈ Ai, we have a(uiE(Xi,Si)) = aE(Xi,Si). Since K ∈
M(∏ni=1Xi,∏ni=1 Si)(

∏n
i=1Ai), it is easy to see that for each i ∈ {1, . . . ,n}, uiE(Xi,Si) ∈

M(Xi,Si)(Ai), thus M(∏ni=1Xi,∏ni=1 Si)(
∏n
i=1Ai) ⊆

∏n
i=1M(Xi,Si)(Ai) and for each i ∈

{1, . . . ,n},Ai ∈�(Xi,Si). On the other hand, for each i∈ {1, . . . ,n} letKi ∈M(Xi,Si)(Ai),
then for each (a1, . . . ,an)∈

∏n
i=1Ai, we have

(
a1, . . . ,an

) n∏
i=1
Ki =

n∏
i=1
aiKi =

n∏
i=1
aiE

(
Xi,Si

)

= (a1, . . . ,an)
n∏
i=1
E
(
Xi,Si

)= (a1, . . . ,an)E
( n∏
i=1
Xi,

n∏
i=1
Si

)
.

(1.9)

Thus by Corollary 1.3(b), there exists K ∈ M(∏ni=1Xi,∏ni=1 Si)(
∏n
i=1Ai) such that K ⊆∏n

i=1Ki. Since M(∏ni=1Xi,∏ni=1 Si)(
∏n
i=1Ai)⊆

∏n
i=1M(Xi,Si)(Ai), for each i∈ {1, . . . ,n} there

exists K′i ∈M(Xi,Si)(Ai), such that
∏n
i=1K

′
i = K ⊆

∏n
i=1Ki. Thus for each i ∈ {1, . . . ,n},

K′i =Ki and K =
∏n
i=1Ki, therefore M(∏ni=1Xi,∏ni=1 Si)(

∏n
i=1Ai)⊇

∏n
i=1M(Xi,Si)(Ai).

Note 1.11. Let∅≠A⊆X, and K, L be right ideals of E(X), then from the following
table we have

Table 1.4.

Part 1 Part 2 Part 3

P S(K), J(S(K))= J(B(K))= J(I(K)), B(K) F(A,K), J(F(A,K)) F(A,K)

Q S(L), J(S(L))= J(B(L))= J(I(L)), B(L) F(A,L), J(F(A,L)) F(A,L)
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(a) in part 1, if P∩Q ≠∅, then K = L,
(b) in parts 1 and 2, if K,L∈M(A) and P∩Q ≠∅, then K = L,
(c) in parts 1 and 2, if K,L ∈M(A) and A ∈�(X,S), then P∩Q ≠∅ if and only if

K = L,
(d) in parts 1, 2, and 3, if K,L∈M(A) and P∩Q ≠∅, then K = L,
(e) in parts 1, 2, and 3, if K,L∈M(A) and A∈�(X,S), then P∩Q ≠∅ if and only

if K = L.
Use the fact that for eachp ∈ S(K)we havepE(X)=K and use Corollary 1.5 (Table 1.2).

Note 1.12. Let A be a nonempty subset of X. Then the following statements are
equivalent:
(a) for each a∈A, a is almost periodic,
(b) M(A)=Min(E(X)),
(c) M(A)∩Min(E(X))≠∅,
(d) M(A)=Min(E(X)),
(e) M(A)∩Min(E(X))≠∅.

Proof. Let K ∈ Min(E(X)), then each a ∈ A is almost periodic if and only if for
each a ∈ A, aK = aE(X) if and only if K ∈ M(A), moreover, K ∈ M(A) if and only if
AK = AE(X) if and only if for each a ∈ A there exists b ∈ A such that a ∈ bK, if and
only if each a∈A is almost periodic.

Definition 1.13. Let Q ,R∈ {M,M} and A, B be nonempty subsets of X, such that
whenever R=M, then M(A)≠∅. We say
(a) (X,S) is A(−)distal (or simply A-distal) if for each a∈A, E(X)∈M(a),
(b) (X,S) is A(Q)distal if E(X)∈Q(a),
(c) B is A(−,−)almost periodic (or simply A-almost periodic) if

∀b ∈ B, ∀a∈A, and ∀K ∈M(a), ∃L∈M(b) such that L⊆K, (1.10)

(d) B is A(−,R)almost periodic if

∀b ∈ B and ∀K ∈ R(A), ∃L∈M(b) such that L⊆K, (1.11)

(e) B is A(Q ,−)almost periodic if

∀a∈A and ∀K ∈M(a), ∃L∈Q(B) such that L⊆K, (1.12)

(f) B is A(Q ,R)almost periodic if

∀K ∈ R(A) ∃L∈Q(B) such that L⊆K, (1.13)

(g) whenever A or B is singleton, instead of the symbol of the corresponding set
we will use the symbol of its element.
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Theorem 1.14. Let a ∈ X and let Z be a closed nonempty invariant subset of X,
then the following statements are equivalent:
(a) a is almost periodic,
(b) Min(E(X))=M(a),
(c) Min(E(X))∩M(a)≠∅,
(d) ∀x ∈ aS M(x)=M(a),
(e) ∀x ∈ aS M(x)∩M(a)≠∅,
(f) for each x ∈ Z , a is x-almost periodic,
(g) there exists an almost periodic point x ∈X such that a is x-almost periodic.

Proof. (a), (b), and (c) are equivalent by Note 1.12.
(a), (b)⇒(d). a is almost periodic if and only if aS is minimal, if and only if for each

x ∈ aS, xS = aS is minimal, if and only if for each x ∈ aS, x is almost periodic [3,
Theorem 1.15 and 1.17]. Thus for each x ∈ aS, M(x)=M(a)=Min(E(X)).
(d)⇒(e). It is clear.
(e)⇒(c). aS has an almost periodic point say x. By Note 1.12, M(x) = Min(E(X)),

thus Min(E(X))∩M(a)≠∅.
(b)⇒(f). Use the fact that each closed right ideal of E(X) contains a minimal right

ideal.
(f)⇒(g). Since Z is a closed invariant subset of X, it has an almost periodic point say

x, and a is x-almost periodic.
(g)⇒(c). Let x ∈ X be an almost periodic point such that a is x-almost periodic.

By Note 1.12, M(x) = Min(E(X)), let K ∈ M(x) = Min(E(X)), there exists L ∈ M(a),
such that L ⊆ K, thus L = K ∈Min(E(X)), that is, Min(E(X)) ⊆M(a) and Min(E(X))∩
M(a)≠∅.

Lemma 1.15. Let A, B, and C be nonempty subsets of X, then
(a) the following statements are equivalent:

(i) B is A(−,−)almost periodic,

(ii) B is A(M,−)almost periodic,
(iii) ∀b ∈ B, ∀a∈A, ∀K ∈M(a), bK = bE(X),

(b) the following statements are equivalent:
(i) B is A(−,M)almost periodic,

(ii) B is A(M,M)almost periodic,
(iii) ∀b ∈ B, ∀K ∈M(A), bK = bE(X),

(c) the following statements are equivalent:

(i) B is A(−,M)almost periodic,

(ii) B is A(M,M)almost periodic,

(iii) ∀b ∈ B, ∀K ∈M(A), bK = bE(X),
(d) let P,Q ,R∈ {−,M,M}, ifC is B (P,Q)almost periodic and B isA(Q ,R)almost periodic,

then C is A(P,R)almost periodic,
(e) the following statements are valid:

(i) B is A(M,−)almost periodic ⇒∀a∈A, ∀L∈M(a), BL= BE(X),
(ii) B is A(M,M)almost periodic ⇒∀L∈M(A), BL= BE(X),
(iii) B is A(M,M)almost periodic ⇒∀L∈M(A), BL= BE(X).
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Proof. (a) We have

B is A
(−,−)

almost periodic

⇐⇒∀b ∈ B, ∀a∈A, ∀K ∈M(a), ∃L∈M(b), L⊆K
⇐⇒∀b ∈ B, ∀a∈A, ∀K ∈M(a), bK = bE(X) (by Corollary 1.3(a))
⇐⇒∀a∈A, ∀K ∈M(a), ∀b ∈ B, bK = bE(X)
⇐⇒∀a∈A, ∀K ∈M(a), ∃L∈M(B), L⊆K, (by Corollary 1.3(b))
⇐⇒ B is A(M,−)almost periodic. (1.14)

(b) We have

B is A
(−,M)

almost periodic

⇐⇒ ∀b ∈ B, ∀K ∈M(A), ∃L∈M(b), L⊆K
⇐⇒ ∀b ∈ B, ∀K ∈M(A), bK = bE(X) (by Corollary 1.3(a))
⇐⇒ ∀K ∈M(A), ∀b ∈ B, bK = bE(X)
⇐⇒ ∀K ∈M(A), ∃L∈M(B), L⊆K, (by Corollary 1.3(b))

⇐⇒ B is A(M,M)almost periodic.

(1.15)

(c) Use an argument similar to (a) and (b).
(d) Each case should be checked, for example, we check the cases P,Q ,R ∈ {M,M}

(thus Q(B) and R(A) are nonempty), we have

((C is B
(P,Q)

almost periodic)∧(B is A(Q ,R)almost periodic))
�⇒ ((∀K ∈Q(B), ∃L∈ P(C), L⊆K)∧(∀I ∈ R(A), ∃K ∈Q(B), K ⊆ I))
�⇒∀I ∈ R(A), ∃L∈ P(C), L⊆ I

�⇒ C is A(P,R)almost periodic.

(1.16)

(e) (i) B is A(M,−) almost periodic

�⇒∀a∈A, ∀L∈M(a), ∃K ∈M(B), K ⊆ L
�⇒∀a∈A, ∀L∈M(a), ∃K ∈M(B), BE(X)= BK ⊆ BL⊆ BE(X)
�⇒∀a∈A, ∀L∈M(a), BL= BE(X). (1.17)

For (ii) and (iii), use a similar argument like (i).

Note 1.16. If A is a nonempty subset of X, then by Corollary 1.3(a), A is A(−,M)

almost periodic.

Theorem 1.17. Let A and B be nonempty subsets of X, then we have Table 1.5.
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Table 1.5. The mark
√
indicates that for the corresponding case if B is

Aαalmost periodic, then B is Aβalmost periodic, and The mark
√
indi-

cates that for the corresponding case if B is Aαalmost periodic and A is

A(M,M)almost periodic and B is B (M,M)almost periodic, then B is Aβalmost
periodic.

β

(−,−) (−,M) (−,M)
or or or (M,−) (M,M) (M,M)

(M,−) (M,M) (M,M)

α

(−,−) or (M,−) √ √ √ √

(−,M) or (M,M) √ √

(−,M) or (M,M) √ √ √ √

(M,−) √ √

(M,M)
√

(M,M)
√ √

Proof. For most of the cases use Lemma 1.15 and Note 1.16. By Lemma 1.15((a)
and (b)) we have the main diagonal.
For example in the first row the following statements are valid:
• (B is A(M,−)almost periodic) by using Note 1.16⇒ ((B is A(M,−)almost periodic)) ∧

A is A(−,M)almost periodic by using Lemma 1.15(d) ⇒ (B is A(M,M)almost periodic)

• ((B is B (M,M)almost periodic)∧(B isA(M,−)almost periodic)) by using Lemma 1.15(d)
⇒ (B is A(M,−)almost periodic).

• ((B is B (M,M)almost periodic)∧(B isA(M,−)almost periodic)) by using Lemma 1.15(d)
and Note 1.16 ⇒ ((B is A(M,−)almost periodic) ∧ (A is A(−,M)almost periodic))

Lemma 1.15(d) ⇒ (B is A(M,M)almost periodic).

Theorem 1.18. Let n∈N and A be a nonempty subset of X, then
(a) the following statements are equivalent:

(i) (X,S) is distal,
(ii) Min(E(X))= {E(X)},
(iii) ∀x ∈X, (X,S) is x-distal,
(iv) ∃x ∈X (x is almost periodic) ∧((X,S) is x-distal),
(in these cases E(X) is a group),

(b) the following statements are equivalent:
(i) (X,S) is A-distal,
(ii) ∀a∈A, (X,S) is a-distal,
(iii) ∀a∈A, M(a)= {E(X)},
(iv) ∀a∈A, F(a,E(X)) is a subgroup of E(X),
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(v) ∀a∈A, J(F(a,E(X))) is a subgroup of E(X),
(vi) ∀a∈A, J(F(a,E(X)))= {e},
(vii) (Xn,Sn) is An-distal,
(in these cases for each a ∈ A, F(a,E(X)), B(E(X)), B(E(X)) ∩ F(a,E(X)),
F(A,E(X)) and B(E(X))∩F(A,E(X)) are subgroups of E(X)),

(c) if An ∈�(Xn,Sn), then the following statements are equivalent:
(i) (X,S) is A(M)distal,
(ii) M(A)= {E(X)},
(iii) F(A,E(X)) is a subgroup of E(X),
(iv) J(F(A,E(X))) is a subgroup of E(X),
(v) J(F(A,E(X)))= {e},
(vi) (Xn,Sn) is An (M)distal,
(in these cases F(A,E(X)), B(E(X)), B(E(X))∩F(A,E(X)), B(E(X))∩F(A,E(X))
and S(E(X))∩F(A,E(X)) are subgroups of E(X)),

(d) if A∈�(X,S), then the following statements are equivalent:

(i) (X,S) is A(M)distal,
(ii) M(A)= {E(X)},
(iii) F(A,E(X)) is a subgroup of E(X),
(iv) F(A,E(X)) is a subgroup of E(X),
(v) J(F(A,E(X))) (= J(F(A,E(X)))) is a subgroup of E(X),
(vi) J(F(A,E(X)))= {e},
(in these cases F(A,E(X)), F(A,E(X)), B(E(X)), B(E(X))∩F(A,E(X)), B(E(X))∩
F(A,E(X)), S(E(X))∩F(A,E(X)) and S(E(X))∩F(A,E(X)) are subgroups of E(X)).

Proof. (a) (i) and (ii) are equivalent by [2, Proposition 5.3]. Moreover:

(ii) �⇒ E(X) is the unique closed right ideal of E(X)
�⇒∀x ∈X, ∀K ∈M(x), K = E(X)
�⇒∀x ∈X, E(X)∈M(x) �⇒ (iii)

(1.18)

in addition, by Theorem 1.14, (ii) is a corollary of (iv)
(b) (i) and (ii) are equivalent by Definition 1.13. And

(ii) �⇒∀a∈A, E(X)∈M(a)
�⇒∀a∈A, ∀K ∈M(a), K ⊆ E(X)∧E(X)∈M(a)
�⇒∀a∈A, ∀K ∈M(a), K = E(X) �⇒ (iii),

(iii) �⇒∀a∈A, E(X)∈M(a)∧e∈ J(F(a,E(X)))
�⇒∀a∈A, F(a,E(X))e is a subgroup of F(a,E(X)) (Theorem 1.4 (Table 1.1))

�⇒∀a∈A, F(a,E(X)) is a subgroup of E(X) �⇒ (iv),
(1.19)

since the set of idempotents of each group is a subgroup of that group, and the unique
idempotent of each group is its identity element, (v) follows from (iv) and (vi) follows
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from (v), in addition:

(vi) �⇒∀a∈A, J(F(a,E(X)))= {e}
�⇒∀a∈A, ∀K ∈M(a), J(F(a,K))⊆ J(F(a,E(X)))= {e}
�⇒∀a∈A, ∀K ∈M(a), J(F(a,K))= {e}
(since for each a∈A and K ∈M(a), J(F(a,K))≠∅)

�⇒∀a∈A, ∀K ∈M(a), e∈K
�⇒∀a∈A, ∀K ∈M(a), K = E(X)
�⇒∀a∈A, E(X)∈M(a) �⇒ (ii).

(1.20)

On the other hand, since E(Xn,Sn) = (E(X))n, and for each (a1, . . . ,an) ∈ An,
F((a1, . . . ,an),E(Xn,Sn)) =

∏n
i=1 F(ai,E(X)), thus for each b ∈ An, F(b,E(Xn,Sn)) is

a group if and only if for each a ∈ A, F(a,E(X)) is a group, using this fact and the
equivalence of (i) and (v), we have the equivalence of (vii) and (i).
(c) By Theorem 1.10, we have A ∈ �(X,S) and M(Xn,Sn)(An) =

∏n
i=1M(X,S)(A) (=

{∏n
i=1Ki | ∀i∈ {1, . . . ,n} Ki ∈M(X,S)(A)}), moreover,

(i) �⇒ E(X)∈M(A)
�⇒∀K ∈M(A), K ⊆ E(X)∧E(X)∈M(A)
�⇒∀K ∈M(A), K = E(X) �⇒ (ii),

(ii) �⇒ E(X)∈M(A)∧e∈ J(F(A,E(X)))
�⇒ F(a,E(X))e is a subgroup of F(a,E(X)) (Theorem 1.4 (Table 1.1))

�⇒ F(A,E(X)) is a subgroup of E(X) �⇒ (iii),

(1.21)

since the set of idempotents of each group is a subgroup of that group, and the unique
idempotent of each group is its identity element, (iv) follows from (iii) and (v) follows
from (iv), in addition

(v) �⇒∀K ∈M(A) J(F(A,K))⊆ J(F(A,E(X)))= {e}
�⇒∀K ∈M(A) J(F(A,K))= {e}
(since A∈�(X,S), for each K ∈M(A),J(F(A,K))≠∅)

�⇒∀K ∈M(A) e∈K
�⇒∀K ∈M(A) K = E(X) �⇒ (i).

(1.22)

On the other hand, since E(Xn,Sn) = (E(X))n and F(An,E(Xn,Sn)) = (F(A,E(X)))n,
thus F(An,E(Xn,Sn)) is a group if and only if F(A,E(X)) is a group, using this fact
and the equivalence of (i) and (iv), we have the equivalence of (vi) and (i).
(d) Use a similar argument described for (c).
Each part ((b), (c), and (d)) may be extended by using Theorem 1.4 (Table 1.1).

Note 1.19. Let A∈�(X,S)∩�(X,S), then by Theorem 1.18, (X,S) is A(M)distal if

and only if (X,S) isA(M)distal (you can verify (as an exercise) that�(X,S)⊆�(X,S)!).

Theorem 1.20. Let A be a nonempty subset of X, then we have the following table:
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Table 1.6. The mark
√
indicates that for the corresponding case if (X,S) is

A(α)distal, then (X,S) is A(β)distal.

β − M M
α

− √ √

M
√

M
√ √

Proof. Let (X,S) be A-distal, a ∈ A and K ∈ M(A), then aK = aE(X) and by
Corollary 1.3(a), there exists L ∈ M(a), such that L ⊆ K. By Theorem 1.18, the only
choice for L is E(X), so E(X)=K ∈M(A) and (X,S) is A(M)distal.
Let (X,S) be A(M)distal and K ∈M(A), then for each a∈A, aK = aE(X) and AK =

AE(X). Since E(X)∈M(A), we have E(X)=K ∈M(A) so (X,S) is A(M)distal.
Theorem 1.21. Let {(Xα,S)}α∈Γ be a nonempty collection of transformation semi-

groups and for each α∈ Γ , let Aα be a nonempty subset of Xα, then we have
(a) if for each α∈ Γ , (Xα,S) is distal, then (

∏
α∈Γ Xα,S) is distal,

(b) if for each α∈ Γ , (Xα,S) is Aα-distal, then (
∏
α∈Γ Xα,S) is

∏
α∈Γ Aα-distal,

(c) if for each α ∈ Γ , (Xα,S) is Aα (M)distal, and
∏
α∈Γ Aα ∈ �(

∏
α∈Γ Xα,S), then

(
∏
α∈Γ Xα,S) is

∏
α∈Γ Aα

(M)distal,

(d) if for each α ∈ Γ , (Xα,S) is Aα (M)distal, and
∏
α∈Γ Aα ∈ �(

∏
α∈Γ Xα,S), then

(
∏
α∈Γ Xα,S) is

∏
α∈Γ Aα

(M)distal.

Proof. (b) Let (aα)α∈Γ ∈
∏
α∈Γ Aα, u∈ J(F((aα)α∈Γ ,E(

∏
α∈Γ Xα))), and (sω)ω∈Ω be

a net in S converging to u in E(
∏
α∈Γ Xα), then for each α ∈ Γ , (sω)ω∈Ω is a con-

vergent net in E(Xα) and limω∈Ω sω ∈ J(F(aα,E(Xα))). Since (Xα,S) is Aα-distal, by
Theorem 1.18, limω∈Ω sω = e (in E(Xα)), thus for each xα ∈ Xα, limω∈Ωxαsω = xαe =
xα and for each (xα)α∈Γ ∈

∏
α∈Γ Xα, limω∈Ω(xα)α∈Γ sω = limω∈Ω(xαsω)α∈Γ = (xα)α∈Γ ,

that is, u = limω∈Ω sω = e and J(F((aα)α∈Γ ,E(
∏
α∈Γ Xα))) = {e}. So by Theorem 1.18,

(
∏
α∈Γ Xα,S) is

∏
α∈Γ Aα-distal.

To prove (c) and (d), use an argument similar to the one given for (b).

Note 1.22. Let (Xi,Si) be a transformation semigroup for each i ∈ {1, . . . ,n} and
Ai, Bi be nonempty subsets of Xi such that

∏n
i=1Ai,

∏n
i=1Bi ∈ �(

∏n
i=1Xi,

∏n
i=1Si),

then
(a) (

∏n
i=1Xi,

∏n
i=1Si) is

∏n
i=1Ai

(M)distal if and only if for each i∈ {1, . . . ,n} (Xi,Si)
is Ai (M)distal,

(b)
∏n
i=1Bi is

∏n
i=1Ai

(M,M) almost periodic if and only if for each i ∈ {1, . . . ,n} Bi
is Ai (M,M) almost periodic.

Proof. By [4, Lemma 7], we have E(
∏n
i=1Xi,

∏n
i=1Si) =

∏n
i=1 E(Xi,Si), by Theorem

1.10, M(∏ni=1Xi,∏ni=1 Si)(
∏n
i=1Ai) =

∏n
i=1M(Xi,Si)(Ai) and M(∏ni=1Xi,∏ni=1 Si)(

∏n
i=1Bi) =∏n

i=1M(Xi,Si)(Bi). Now Theorem 1.18, leads to the desired result.
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Theorem 1.23. Let Z be a closed invariant subset of X and ∅≠A⊆ Z , then
(a) E(Z,S)= {p |Z : p ∈ E(X,S)},
(b) F(A,E(Z))= {p |Z : p ∈ F(A,E(X))},
(c) if (X,S) is A-distal, then (Z,S) is A-distal,
(d) if (X,S) is A(M)distal and A∈�(Z,S), then (Z,S) is A(M)distal,

(e) if (X,S) is A(M)distal and A∈�(Z,S), then (Z,S) is A(M)distal.

Proof. (a) and (b) are clear.
(c) Let (X,S) be A-distal, by Theorem 1.18, for each a ∈ A, F(a,E(X)) is a group

and by (b), F(a,E(Z)) = {p |Z : p ∈ F(a,E(X))} is a group. By Theorem 1.18, (Z,S) is
A-distal.
To prove (d) and (e), use an argument similar to the one given for (c).

Note 1.24. Let Z be a closed invariant subset of X and ∅≠A⊆ Z , then
(a) for each K ∈ M(X,S)(A), there exists L ∈ M(Z,S)(A), such that L ⊆ K|Z(= {p |Z :

p ∈K}),
(b) let A∈�(Z,S), then A∈�(X,S) and M(Z,S)(A)= {K |Z :K ∈M(X,S)(A)}.

Proof. (a) If K ∈ M(X,S)(A), then for each a ∈ A we have aK = aE(X)
and aE(Z)=a(E(X)|Z)=aE(X)=aK =a(K|Z) (K|Z is a closed right ideal of E(Z)),
so by Corollary 1.3(b), there exists L∈M(Z,S)(A) such that L⊆K|Z .
(b) Let K ∈ M(X,S)(A), by (a), there exists L ∈ M(Z,S)(A), such that L ⊆ K|Z , let p ∈

F(A,L), and choose q ∈ F(A,K) such that p = q|Z , by Corollary 1.5 Table 1.2 p ∈ S(L)
and q ∈ S(K), thus L = pE(Z) = (q|Z)(E(X)|Z) = (qE(X))|Z = K|Z . Thus {K|Z : K ∈
M(X,S)(A)} ⊆ M(Z,S)(A). On the other hand, if L ∈ M(Z,S)(A) and p ∈ F(A,L), choose
q ∈ F(A,E(X)) such that q|Z = p, moreover, for each a ∈ A, a(qE(X)) = aE(X), by
Corollary 1.3(b), there exists K ∈M(X,S)(A) such that K ⊆ qE(X), by the last argument
K|Z ∈ M(Z,S)(A), since L = pE(Z) = (q|Z)(E(X)|Z) = (qE(X))|Z ⊇ K|Z and L,K|Z ∈
M(Z,S)(A) we have L=K|Z . Thus M(Z,S)(A)⊆ {K |Z :K ∈M(X,S)(A)}.

Corollary 1.25. Let A and B be nonempty subsets of X, then we have Table 1.7.

Table 1.7. In the corresponding case we have: “B is A(Q ,R)almost peri-
odic and A is B (R,Q)almost periodic if and only if π(Q ,R,B,A)” and “if
π(Q ,R,B,A), then ϑ(Q ,R,B,A).”

Q R π(Q ,R,B,A) ϑ(Q ,R,B,A)

− − ∀b ∈ B, ∀a∈A, M(b)=M(a) (∀b ∈ B, M(b)=M(A))∧(∀a∈A, M(a)=M(B))
∧M(B)=M(A)

− M ∀b ∈ B, M(b)=M(A) M(B)=M(A)
− M ∀b ∈ B, M(b)=M(A) M(B)=M(A)
M M M(B)=M(A) −
M M M(B)=M(A) −
M M M(B)=M(A) −
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Proof. First row. We have ((B is A(−,−)almost periodic) ∧ (A is B (−,−)almost peri-
odic))

⇐⇒∀a∈A, ∀b ∈ B,
((∀K ∈M(a), ∃L∈M(b), L⊆K)∧(∀L∈M(b), ∃K ∈M(a), K ⊆ L))

⇐⇒∀a∈A, ∀b ∈ B, ∀K ∈M(a), ∀L∈M(b),
((∃L′ ∈M(b), ∃K′ ∈M(a), K′ ⊆ L′ ⊆K)∧(∃K′ ∈M(a), ∃L′ ∈M(b), L⊆K′ ⊆ L))

⇐⇒∀a∈A, ∀b ∈ B, ∀K ∈M(a), ∀L∈M(b),
((∃L′ ∈M(b) L′ =K)∧(∃K′ ∈M(a) K′ = L))

⇐⇒∀a∈A, ∀b ∈ B, M(a)⊆M(b)∧M(b)⊆M(a)
⇐⇒∀a∈A, ∀b ∈ B, M(a)=M(b),

(1.23)

moreover, suppose for each a∈A and b ∈ B we have M(b)=M(a), then if a∈A and
K ∈M(a), for each a′ ∈Awe have K ∈M(a′). So for each a′ ∈Awe have a′K = a′E(X)
and K ∈M(A) (K does not have any proper subset like L, such that L is a closed right
ideal of E(X) and aL = aE(X)). Therefore, M(a) ⊆ M(A), on the other hand, if K ∈
M(A), by Corollary 1.3, there exists L∈M(a), such that L⊆K, moreover, by the above
argument we have L ∈ M(A) and L = K, thus M(A) ⊆ M(a). Therefore M(A) = M(a),
now let b ∈ B, a similar argument will show M(B)=M(b) and M(A)=M(B).
For the other rows use similar methods.

Remark 1.26. Let Γ1 = {M(A) | A ⊆ X, A ≠ ∅} and Γ2 = {M(A) | A ⊆ X, A ≠
∅,M(A)≠∅}.
For each nonempty subsets A and B of X define

M(A)≤1 M(B) if and only if A is B
(M,M)

almost periodic, (1.24)

for each nonempty subsets A and B of X, such that M(A) and M(B) are nonempty
define

M(A)≤2 M(B) if and only if A is B
(M,M)

almost periodic, (1.25)

then
(a) (Γ1,≤1) and (Γ2,≤2) are partially ordered sets,
(b) for each nonempty subset A of X:

(i) if (X,S) is A(M) distal, then M(A) = {E(X)} is the maximum element in
(Γ1,≤1),

(ii) if (X,S) is A(M) distal, then M(A) = {E(X)} is the maximum element in
(Γ2,≤2),

(c) Min(E(X)) is the minimum element in (Γ1,≤1) and (Γ2,≤2) (if A is a nonempty
subset of X such that all of its elements are almost periodic, then by Note 1.12,
M(A)=M(A)=Min(E(X))).
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