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ABSTRACT. We show that large positive solutions exist for the equation (P+) : Au+|Vul|4 =
p(x)u¥ in Q < RN (N > 3) for appropriate choices of y > 1,g > 0 in which the domain Q is
either bounded or equal to RN. The nonnegative function p is continuous and may vanish
on large parts of Q. If Q = RN, then p must satisfy a decay condition as |x| — . For (P+),
the decay condition is simply féx’ tep(t)dt < oo, where ¢(f) = max|x|—¢ p(x). For (P—-), we
require that t2+8¢(t) be bounded above for some positive . Furthermore, we show that
the given conditions on y and p are nearly optimal for equation (P+) in that no large
solutions exist if either y < 1 or the function p has compact support in Q.
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1. Introduction. We consider existence and nonexistence of large solutions of the
equation

Au+|Vul?=p(x)u (Px)

in which g and y are positive constants, the function p is nonnegative, and the domain
Q is either bounded with smooth boundary or equal to RN. A solution u(x) of (P+) is
called a large solution if u — o as x — 0Q. In the case Q = RN, x — 0Q means |x| — «
and such solutions are called entire large solutions.

Large solutions of semilinear elliptic equations have been studied for decades. Al-
most all such studies have dealt with equations of the form

Au=g(x,u) (1.1)

in which the function g takes various forms (see [1, 2, 6, 8, 10, 12] and their references).
Except for [2] and [10], all of these have restricted their attention to bounded domains
and functions g which are strictly positive when u > 0.

In [2], Bandle and Marcus proved the existence of large solutions when g(x,u) =
p(x)u¥ in which p is allowed to be zero at finitely many places in Q. Lair and Shaker
[10] proved the existence of large solutions in bounded domains and entire large
solutions in RV for g(x,u) = p(x) f(u), allowing p to be zero on large parts of Q.

A few authors considered large solutions of semilinear equations containing non-
linear gradient terms (see [1, 7, 11]). Motivation for the present study stems from the
work of Bandle and Giarrusso [1] who developed existence and asymptotic behavior
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results for large solutions of
Au=x|Vul? = f(u) (1.2)

on a bounded domain. Our goal here is to develop comprehensive (and nearly optimal)
existence results for (P+) when Q is either bounded or equal to RV, and at the same
time develop somewhat comparable results for problem (P—). In particular, for Q
bounded, we show that problem (P+) has a positive large solution if y and g satisfy

y > max{l,q}, (1.3)
and p satisfies the following condition.

CONDITION (P). p(x) = 0,Vx € Q;p(x) € C(Q);ifz € Qand p(z) = 0, then
there exists a domain D, containing z for which D, < Q and p(x) > 0 for all x € dD,.

Thus, p is allowed to vanish on significant portion of Q. Indeed, the function p
could be zero on all of Q except for a small (in measure) open set containing 0Q. For
problem (P-) with Q) bounded, we do not need inequality (1.3) when we establish the
existence of a nonnegative solution (see Theorem 4).

For Q = RN, we prove the existence of a positive entire large solution if p also
satisfies

erqb(r)dr< o0, (1.4)

where ¢ () =max|x|—» p(x) (see Theorem 3). For problem (P—), we require the strong-
er decay condition that ¥2*#¢ () be bounded above for some S > 0. In addition,
restrictions are placed on the relationship between g and y (see Theorem 5).

Furthermore, for both the bounded and unbounded cases, we show that our con-
ditions on y,q, and p are nearly optimal for (P+) in that if y < 1 or p has compact
support in €, then (P+) has no positive large solutions.

We also note that, among the many open problems related to (P+), the existence of
positive large solutions remains unproved for (P+) if 1 < y < q and for (P-) if the
function p is required to satisfy the weaker decay condition (1.4).

2. Existence results

2.1. Equation (P+). In this section, we develop a critical boundedness result
(Lemma 1), which will prove very useful in developing our existence theorem for
bounded domains (Theorem 2). This result, in turn, provides the critical element for
the existence proof when Q = RN. Interestingly, Bandle and Giarrusso [1] had no
boundedness result comparable to that of Lemma 1. Indeed, their proof of their main
existence result simply assumes that such an upper bound exists.

2.1.1. Q is a bounded domain

LEMMA 1. Let u, be a solution of the problem
Aup+|Vupli=px)ul xeQ, o
2.1
Un(x)=n, xecoq.

Then 0 < u, <n on Q. Furthermore, let Bg be a ball of radius R such that Bg < Q. Then
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there exists a constant M = M(R,q,y) such that u,(x) < M on Bg Vn, provided that
0<my, <p(x) <M, inQ and (1.3) holds.

PROOF. To prove that u, > 0 in Q, without loss of generality, we let n = 1. We
observe from the maximum principle that 0 < u; < 1. Furthermore, it is clear that,
for any 0 < €, < 1, any solution, say z, to the problem (which exists by [9, Thm. 8.3,
p- 301))

Az+|Vz|T=p(x)z¥, x€Q,
(2.2)
zZ=€,, Xxe€oi
satisfies z < u; and 0 < z < €,. Hence, if we show that z > 0 in Q for some choice
of €, € (0,1), we will be done. To do this, let x, € R¥N\Q. We assume, without loss
of generality, that x, = 0. Let ¥ = |x| and choose R, > 0 large so that Q < B(0,R,).
Choose M, > 0 so that p(x) < M, on Q. Now, choose 0 < €, < 1 so that
M, ey R?
7"2]‘\’] 0 <¢,.
Let v(x) = (My€y /2N)*? for |x| < R,. Define w on the ball B(0,R,) as w(x) = z(x)

for x € Q and w(x) = €, on B(0,R,)\Q. We show that v < w in B(0,R,).
Thus, we suppose that max(v — w) in B(0,R,) is positive. In this case, the point
where the maximum occurs must lie in Q since
Moei))/ 2 Mo€5
2N - 2N
Therefore, at the point where max(v —w) occurs, we have

(2.3)

R2<e€,=w(x), x€B(0,R)\Q. (2.4)

v(ix) =

0=A(W-w) =AW —-2) =M€y —pz¥ +|Vz|%> p(ey —2¥) = 0, (2.5)

a contradiction. Therefore, v < w in B(0,R,) which yields v < w in Q or (M,€} /2N)r?
< z(x) in Q. Since r > 0 in Q, we get z > 0 in Q. Hence, u; > 0 in Q.

Now, let € be a sufficiently small positive number so that Bg. < Q and let v,, be a
solution of

AUp =MoVn, X € Brue,
(2.6)
VUn=MN, X E O0Briec.

A similar argument as above implies that v, > 0 in Bg.. By the maximum principle,
it is clear that vy, < v,,+1,n = 1,2,.... By [4, Thm. A], it is easy to show that v, is a
radial solution. Thus, v, satisfies

H

-1
v+ V), =My, X €EBgric,

2.7)
Un =M, X € 0BRye.

Itis clear that v, (0) =0 and v,,() = 0 Vn and Vr. Equation (2.7) may be rewritten as
(TN‘lv;l(r)) =merN v, (2.8)

which may be integrated to get

r , r
J (SN’lv;(s)) ds:mgj sN-1yY ds. (2.9)
0 0
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Thus, we have
rNlul () =moﬂs"]“v%dssmo N- vn(r)J ds =myvrNvd (r) (2.10)
which implies that
v, (r) <mervi. (2.11)

Let v be a solution of
AV =meVY, X € Brie,

2.12
V — 0, X € O0BRye. ( )

The existence of v is justified by [10, Thm. 1]. By the maximum principle, v, < v in
Bgr.c for all n. Thus, v, is bounded above on Br by a constant which is independent
of n. By (2.11), v, (r) is also bounded above by a constant independent of n. Let K be
an upper bound for both v, and v,, on Bg.
If we can find a function w,, which satisfies
AWwn + Vw9 < mowy, X € Breec < Q,
Wy =M, X € 0Brie, (2.13)
wy, <K,, x €& Bg,

where K, is a constant independent of »n, then by the maximum principle, we have
Un < wy < K,, and we will be done.

Letw, = cv,’{, where v,, is a solution of (2.7), the constants c and A, both independent
of n, are determined later. Since

Aw,y, + | Vwy |1 —mows,

_ _ _ A
= AcU) TAV, +AA = 1) cv) 2|V, |2+ cATv A DV, |1 —mycY vy

=Acv)! [Avn +A=D)v [V, 2+t 1aa- 1MV gy ja (2.14)
- mo;y’lvﬁymu]’
to complete the proof, it suffices to find ¢ and A such that
y-1
Avn+A=1) 31 [Tog |2+ 11401y QD@D gy g MCT dyast (5 15

A

on Bg,. for all n, for then we have u, < w, < cK* = K,. Since v,, satisfies (2.7) and
(2.11), the left side of the above equals

-1
(A-D@a-1) mocY Ay-A+l
MoVl + (A= 1)V, [V, |2 + a7 1aa-1p P IanI"—oTvny *
-1
_ 2 1agel.. A=1)(g-1 mocY Ay-A+1
=movl + (A=1)v; v, [P+ tpa-typ - )Iv;LIq—OTvny "

<MVl + A= 1)mE(R+€)2v2 " + e AT I md (R + e)rp MY

- %cy’lvﬁy’Ml.
(2.16)

Now, since y > g, we can choose A large so that
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Ay —-A+1l>y <= A=x=1,

Ay-A+1>2y-1=A=2, (2.17)

Ay -A+1>A4yY)d—q-A+1 A= %,
and
Mos” +(A=1)mg (R +€)*s> !
m (2.18)
+ T IAT I (R + €)TsA+yIa-a-A+1 _ T“cy’ls)‘y’}‘“ <0
fors>2andc>1.Since 0 < vy <--- <V, <VUpy1 <--- in Brye, we may find > 0
such that v, (r) = B Vn and V. For the above choice of A, choose the constant ¢ > 1
so that the following holds.

me2Y +(A—1)m2(R +¢€)?2%v!

+ 1IN I (R + €)12A+Y)a-a-A+1 _ %cy‘lﬁh""“ <0. (219
Thus, whether v, (¥) <2 or v, (¥) = 2, we get
Mov) + (A= 1)ME(R +€)2v3 !+ AT Imd (R + e)1p MY a7a7 A
< Moyt v\ (2.20)
Hence, Aw,, + |Vwy, |9 < mowi on Brae. O

THEOREM 2. Assume that (1.3) and condition (P) hold. Suppose that Q is a bounded
domain inRN, N = 3, with smooth boundary. Then, equation (P+) has a large positive
solution in Q.

PROOF. By|[9, Thm. 8.3, p.301],itis easy to prove that, for each k € N, the boundary
value problem

Avk+ Vol =p(x)v), x€Q,

(2.21)
vr(x) =k, xe€0Q

has a unique positive classical solution. By the maximum principle it can be shown that
Vi < Vk+1, k = 1, in Q. Indeed, suppose that there is a point where v = vy, — v < 0.
Let x, € RM\Q. We assume, without loss of generality, that x, = 0. Let ¥ = |x|. Then,
for some small € > 0, v + £/(1 + ) has a negative minimum in Q. At that minimum,
we have

05A(v+$)

2 N-1
_ y Y| _ q q _
=p vl = 0] |- 1YV |7+ |V +e[(1w)3 r(1+r)2] (2.22)
N-1
a0
a contradiction. Hence, vy < viy1, for k = 1,2,.... Furthermore, by Lemma 1, v; > 0

in Q.
In what follows, it is understood that the maximum principle is applied as above,
where the factor €/(1 +v) is used whenever the function p is not strictly positive.
To complete the proof, it suffices to show the following:
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(C1) Vx, € Q, there exists M (depending on x, but independent of k) such that
Vr(x) <M Vx near x,;

(C2) limy_30 vV (x) = o, where v (x) = limyg_. Vi (x) for x € Q;

(C3) v is classical solution of (P+).

To prove (C1), we consider two cases.

CASE (a). p(x,) > 0. Since p is continuous, there exists a ball B(x,,7) such that
p(x) = m, in B(x,,r) for some m, > 0. (C1) then follows easily from Lemma 1.

CASE (b). p(x,) = 0. By the hypothesis, there exists a domain Q, < Q such that
Xo € Qp and p(x) > 0 Vx € 0Q,. From Case (a) above, we know that Vx € 0Q, there
exists a ball B(x,7y) and a positive constant M, such that vy < M, on B(x,¥y/2).
Since Q is bounded (and hence Q, is bounded), 0Q, is compact. Thus, there exists
a finite number of such balls that cover 0Q,. Let M = max{Mx,,...,My, }, where the
balls B(x;,7x;/2),i=1,...,k, cover 0Q,. Clearly, vy < M on 0Q,. Yet another maximum
principle argument yields vy < M on Q,.

The proof of (C2) is straightforward. For any L > 0 and any sequence Xy — x € 0Q,
since vr,1 = L+ 1 on 0Q and is continuous, there is some K > 0 such that vy, (xy) > L
for k > K. Note that, since v > v;,1 in Q, we have v (xy) > L, k > K. Hence, v (xy) —
as k — o. Thus, we have v — o as x — 0Q.

To prove (C3), we let x, € Q and let B(x,,7) be the ball of radius » centered at x,
such that it is contained in Q. Let ¢ be a C*® function which is equal to 1 on B(x,,7/2)
and zero off B(x,,7).

Let f(s) = 1/(1 +s). Multiplying both sides of equation (2.21) by @2 f(v,) and inte-
grating over B(x,,7) yields

[ wrrwosvdxs | wrfwolvudtax= | g2 fwopeldx
B(x0,7) B( ) B(xo,7)

(2.23)

Xo,¥

Integration by parts produces

[ wrwoveiac- [ 2uve s vedx
B(xo,7) B(x0,7) (2.24)
+J W2 f(ve) [Vuglidx = J Y2 f (v pv) dx.
B(x0,7) B )

(xo,r

Thus, we have

1 )ZJ 2, 12
Vuglcdx
(1 +M, B(xo,r) ¥ d

P? 2 J 2
< ——|Vulcdx + v) | Vurlidx
Lm’m G sy V@RIV

=J UV - Vg <;) dx+J Y2 f (v pv) dx
B(x0,7) 1+wy) B(xo,7)

2|V
< wivun 2T g pwope)dx
B(xo0,7) 1+v B(xo,7)

1 (2|vw|>2
— ) dx+M
4€ Jpxory \ 1+ !

(2.25)

< eJ P2\ VurlPdx + —
B(xo,7)

seJ Y2\ Vugl?dx + Mo,
B(xo,1)
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where M, is an upper bound for vy on B(x,,7), k = 1,2,...,€ is any positive number,
and the constants M; and M> are independent of k. Hence, we get

J | WV |?dx < M. (2.26)
B(xo,r)

That is, the L2(B(x,,7))-norm of | Vvi| is bounded independently of k. Thus, the
L2(B(x,,7/2))-norm of |Vvy| is bounded independently of k.

By the standard regularity argument (see [10]), we may find a number 7; > 0 such
that there is a subsequence of {vy}7’, which we still call {v}{, that converges in
C'*%(B(x,,71)) for some positive number « < 1.

Let ¢ be as before but with » replaced by 7.

Now, we consider two cases regarding the regularity of the function p(x).

CASE 1. p(x) € C*(Q). Note that, Avy = pv,{ —|Vvi|? and A(pvy) =2V - Vog +
VAP + WAV, k > 1, converges in C*(B(x,,71)) as k — . By Schauder theory,
{@vg}5 converges in C>**(B(x,,71)) and hence {vy}5° convergesin C2+*(B(x,,71/2)).
Since x, is arbitrary, it follows that v € C2**(Q) and is a solution of (P+).

—C(B(xo,
CASE 2. p(x) € C(Q). We have v ~_CEXer),
s—C(B(x0,71)

and, consequently, Avy = pv,ﬂ’ -

V|1 ) p(x)vY —|Vv|4 = z. That the Laplacian is a closed linear operator

implies that v € D(A), Av = z. Since x, is arbitrary, we have that v is a classical

solution of (P+). O
2.1.2. Q =RV

THEOREM 3. Let Q = RN. Assume that (1.3), (1.4), and condition (P) hold. Then
equation (P+) has a positive entire large solution.

PROOF. By Theorem 2, for k = 1,2,..., the boundary blow-up problem

Avk+ |Vl =p(x)vy, Ix|<k,

(2.27)
Vi(x) — o0, as x| —k
has a classical solution. By the maximum principle, it is clear that
VI2Vp= 2V = VUgs1 = (2.28)

in RN, Let v (x) = limy_. vk (x), x € RN. We claim that v is the desired solution. To
prove this, we consider the related problem

Aug =p(x)uy, x| <k,
(2.29)
Uk(x) — o, as|x| —k.

It is shown in [10] that (2.29) has a unique positive solution for each k, and that
UL =ZUp = -2 U= U1 = -=w >0 (2.30)

for some w — o as |x| — oo. It follows easily from the maximum principle that vy > u
fork =1,2....Thus, v(x) — c as | x| — co. By a similar argument as (C3) in Theorem 2,
we have that v is the desired solution. O
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2.2. Equation (P-)

2.2.1. Q is a bounded domain. The following theorem is our main result for prob-
lem (P—) on a bounded domain. Much of the proof is similar to that of Theorem 2
and is, therefore, only outlined.

THEOREM 4. Suppose thaty > 1, q > 0, condition (P) holds, and ) is a bounded do-
main inRN, N = 3, with smooth boundary. Then equation (P—) has a large nonnegative
solution in Q.

PROOF. The only significant difference between this proof and that of Theorem 2
lies in obtaining an upper bound M for the sequence {vy} near x(. There, Lemma 1
is needed, but for (P-) the proof is much easier. Indeed, it is easy to prove that
Vr(x) <w(x) for all x € O, where w is a solution of (See [10, Thm. 1]).

Aw =px)w?, x<Q,
(2.31)

w(x) — o, x — 0Q. O

2.2.2. O =RN. Our main result for equation (P—) is the following theorem.

THEOREM 5. Let Q =RN, y > 1, and assume that condition (P) holds.

If there exist positive numbers B and R such that 0 < p(x) < Mr~—2-8, whenever
¥ = |x| > R, then equation (P—) has a nonnegative entire large solution provided that
max{y,q}>2ifq=1,andy <1+B(1-q)/(2—q) ifq < 1.

To prepare for proving this theorem, we now state and prove three lemmas.

LEMMA 6. Let M be any nonnegative number and B any positive number.
Then, for R sufficiently large, there is a nonnegative solution of the problem

rr

N-1 , , o
+ w —|w'|T>=Mr FwY, r>R,

(2.32)
w(r) — o, ¥ —> o

provided thaty > 1ifq>2,andy <1+B(1-q)/(2—q) ifg<1.

PROOF. Denote L(w) =w” +(N-1/r)w’ — |w’|19—Mr-2-BwY_ Let « be a positive
real number whose value will be made precise later. We have

N-1
Lr®) = x(x—1)r* 2+ — or® ! — pdy*a=a _ ppy—2-By oy

= a(o+ N =2)r* 2 — oy (@-Da _ ppy—2-By ey

(2.33)

_ r‘(2+3)+°‘y[¢x((x+N— Z)Yﬁw(l—y) — oy le-Da+2+p-ay —M]

=1 Ry [y (0 + N = 2)r™ — o™ — M].
Requiring that o; > 0 and ¢; > «» yield
X< (2.34)
y—-1
and
2—q q-2

x>—— forg<1l, or dx¢<—— forqg>2, (2.35)

—_
|
S|
IS
|
—_
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respectively. Thus, for g < 1, we require that

1

ysl+[3(2:2>. (2.36)

In this case, we take x = (1-gq)/(2—q).For g > 2, we take y > 1 and x < min{B/(y —
1), (q—2)/(q—1)}. Hence, we may choose R large so that L(r%) > 0. Consequently,
w(r) = r%, where « is as defined above, is the desired solution. O

LEMMA 7. Let M and B be any positive numbers, and let ¢ (v) = 22FMy—2-8_ If
there is a nonnegative solution u of
Au—|Vul® =z p(r)u¥, Ix|=R,

2.37
u(x) — oo, |x|— o0 ( )

that satisfies u = v~/ for some s > 2, then there is a nonnegative solution of
Aw—|Vwl|1= p(r)wY, |x|=R,

2.38
w(x) — o, |x|— o, ( )

where 1 < q < 2, provided that y > 2+ .

PROOF. Let w = cu®, where u is a nonnegative solution of (2.37), 0 < ¢, x <1 are
to be determined later. We have

Lw)=Aw—-|Vw|i-¢dpr)w?
> cou* 1 (|Vul* + p(r)uY)
—[ea(1=0)u®?|Vul? + (c)Tu* V9 vyu|+ ¢ (r)c’u] (2.39)
> cou* 1 Vul* + (cau®Y=t —cYu*)¢p(r)
—caf(1-o)u®?|vul?+u'*V|vul1].
We choose 0 < ¢, @ < 1 so that L(w) = 0. Since u — o, we may choose R > 0 so that
u=1.
Hence, we need to consider only two cases:
(@ |ul=1and |Vul =1;
(b) |ul=1and |Vu| < 1.

For case (a), it can be easily shown that L(w) > 0 by appropriately choosing ¢ and «.
For (b), it suffices to have

ToouyTl > Yy,
FPUY = ca(l-)u*?, (2.40)
3PUY L = cou
Thus, we need only to require that
1wy = ca. (2.41)
Since ¢ (r) = 22*BMr—2- and u(x) = r-2/6-1 it is sufficient to have

%22+ﬁMY(*2*B)+(y)(372)/(371) >co (2.42)
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This is true since we can choose s large enough so that
-2
(—2—B)+y<jj> > 0. (2.43)

Hence, we have L(w) > 0. O

LEMMA 8. Suppose that B> 0 and 0 < p(x) < 22*BMr~2-8 for large M. Let w be a
nonnegative solution of

Aw— Vw1 > 22 +r) 2 PwY, |x|>R

(2.44)
w(x) — o0, |x|— o0
for some R = 1. Let M, = maxx|—g w(x). Then, any solution of
Avg— |[VilT=p(x)v), Ix|<k
(2.45)
Vk(x) — o0, [|x|—k
must satisfy
vr(x) >=w(x)—M, forR<|x|<k, (2.46)
for any k > R.
PROOF. Suppose that the conclusion is false. That is, suppose that
max [w(x) — M, —vr(x)] =w(x,) =M, —vr(x,) >0 (2.47)

R=x<k

for some x,. Since w (x) —M, —vVi(x) < —vVk(x) <0if [x| = Rand w (x) —M, —vi(x) —
—o0 as |x| — k, we know that R < |x,| < k. Hence, A(w — M, —vx) < 0 at x, and
V(w-M,—-vi) =0 at x,. Thus,

0=>A(w—M,—vi) = Aw — Avy

> Vw9 + (1+7) 2 AM22PwY — |V |1 - pu)

=22"F(1+7) 2 FMwY —pvy (2.48)
> [22M (1 +r) "2 F—plvl.
Hence, we get
0> [22FM1+7) 2P -plv]. (2.49)
However, since p(x) < Mr—2-f and » = R > 1, we get
p(x)<M (%)M (L+7) 2B <M2#B(1+v)27K (2.50)
Hence, we get
22BM(1+7r) > F-p =0, (2.51)
which contradicts (2.49). Hence, w(x) —M, —vi(x) <0inR < |x| <k. O

We now prove Theorem 5.
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PROOF. By Theorem 4, we have that, for k = 1,2,..., the boundary blow-up problem

Avk— |Vl =p(x)vy, |x| <k,
(2.52)
Vi(x) — oo, as|x|—k

has a nonnegative classical solution. By the maximum principle, it is clear that
VI2Vp= "2V = Vg1 = (2.53)

in RN. Let v (x) = limg_. vk (x), x € RN, where we assume that vy = o for |x| > k for
all k. Let v(x) = limy— vi(x), x € RN. We claim that v is the desired solution. To
prove this, we need only to prove that v satisfies (P—) and that v — o as |x]| — oo.
To prove the second statement, it suffices to find a nonnegative lower bound, say
w (x), for the sequence {vk}{ such that w — oo as x| — . Also, by another standard
regularity argument (see [10]), we can show that v is smooth and is a classical solution
of (P-).

If g > 2 or g < 1, let w be a solution of (2.44) which we know to exist by Lemma 6,
where M is a constant. Then, by Lemma 11, vi(x) > w(x) — M,, where M, =
max|yx—; w(x) for 1 <|x| <R.

Thus, v(x) > w(x)—-M, for 1 <|x| < R. Hence, v(x) — « as |x| — «. We conclude
that v is a solution of (P—). In particular, if g > 2, then v = w = r@-2/(a-1,

Assume that 1 < g < 2. By Lemma 6, there is a solution, say u, to equation (2.37),
where s > 2. Now, let w be a solution of (2.38). It is clear that w solves (2.44) and hence
v > w —M,, where M, is defined as in Lemma 8. Again, we get v — o0 as |x| — oo, and
is a classical solution of (P—). O

3. Nonexistence results

THEOREM 9. Suppose that condition (P) and (1.4) hold. If0 <y <1, then (P+) has
no positive entire large solution in RN.

PROOF. We first show that (1.4) implies that
) v
J rl‘NJ sNTlp(s)dsdr < o, (3.1)
0 0
Indeed, for any R > 0, we have
R v
J 1/1’er sNTLp(s)dsdr
0 0

1 (*d r
5N Jo E(VZ’N) Jo sNIp(s)dsdr

__1 2—NJY N-1 R__ L (% N N (3.2)
=5-N" . P(s)ds |y N, T ¢p(r)dr
_ RZ’NJRSN’1¢(S)dS——1 IRT(]S(T)dT
T 2-N 0 2—N Jo
1 0
< NfZ,[o rp(r)dr < oo.
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By (3.1), we can choose 7, large enough so that

00 t
B = J tl’NJ N1 (s)dsdrt < 1. (3.3)
Yo 0

Now, suppose that (P+) has a positive large solution u(x). Using technique similar
to that described in [5], we define

1

)

J‘ - u(x)dayzjl - u(x)do, (3.4)

where v, (s¥-1¥) is the volume of the (N —1)-dimensional sphere and o, is the mea-
sure on the sphere. We have

Au=1u"+

= Aud
i Lx\:r udo
[ peow-ivude <¢r | wdo
e i=r (3.5)
y
<¢(r) [J ud(r} (By Jensen’s Inequality)
|x|=7r

=p@)uY(r).

Thus, we have

_, N-1
v

i1 < p(r)u (r). (3.6)

Integrating the above inequality yields

2-N |7

A(r) < Aro) +7) W (1) 3=

r t
+J tl‘NJ sNTLp ()Y (s)dsdt

Yo To

v t
21’01,1'(1’0)+J tl’NJ sNTLp(s)n¥ (s)dsdt

<Uu(r,) + 1
SN Yo Yo

) y (3.7)
<u(r,) + m%ﬂ'(%) + (nfrgi(Ra(r)) B forrv,<7v <R
Y
=A+ ( max a(r)) B.
Yo<r=<R
Let h(R) = maxy,<r<g U(r). Since 0 < y < 1, then the last inequality gives
hR) <A+ (h(R)'B<A+B(1+h(R)) VYR=1,, (3.8)
or equivalently,
0<a(R) <h(R) < A*E. (3.9)
1-B
Thus, 1 is bounded and hence cannot be a large solution. Consequently, u cannot be
a large solution. O

Combining Theorems 3 and 9, we get the following corollary.

COROLLARY 10. Assume that conditions (P) and (1.4) hold. Let y > q, then equa-
tion (P+) has a positive entire large solution if and only if y > 1.
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THEOREM 11. Suppose that Q is bounded and 0 <y < 1. Then (P+) has no positive
large solution in Q.

PROOF. Suppose that (P+) has a positive large solution u (x) in Q. Assume, without
loss of generality, that 0 € Q). Let B be a ball of radius R centered at 0 and containing
Q such that 60BN oQ # &. Let M = maxX, .o p (X).

Let v, be the unique solution of

Av, =My}, x€B,
(3.10)
Un =M, X € O0B.
Clearly, v, < u in B. (We assume that u = o in B\Q). As shown in Lemma 1, v, is
radially symmetric and thus satisfies

-1
;[+N v, =Mv}, x€B,
(3.11)
Un=Mn, X €EOB.
Hence, we have
(erlv,;)' =MrN~ly). (3.12)
Integrating this inequality yields
-
v, (¥) :MrlfNJ sNLy(s)ds = 0. (3.13)
0
Choose 0 <7, <R so that
2_ 2
R 1 (3.14)

2N T 2M°
Integrating (3.13), using (3.14), and noting that v, is monotonically increasing gives

' t
Un (1) = Un (o) +MI tl‘NJ sNLyX(s)dsdt
7o 0

2 __ 42
<V (1,) + MV}, (¥) [W] (3.15)

2N

1
< V(1) + 500 (1).

Since 0 < y < 1, we have v}, < 1+ v, which gives

Vn(r) < Un(1o) + 5+ FUn. (3.16)
Thus, we get
() <1+2vy,(r,) for r,<7v <R. (3.17)
In particular, we have
Un(R) <1420, (1), (3.18)
that is
V() = 21 (3.19)
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Thus, for each x, € Q such that v, = |x,| satisfies (3.14), we get

1
— o asn — oo. (3.20)

U(Xo) = Un (7o) = 1=

Hence, u(x) does not exist. O

COROLLARY 12. Suppose thaty > q and Q is a bounded domain in RN (N = 3). Let
p(x) satisfy condition (P). Then equation (P+) has a positive large solution if and only

ify > 1.

4. Condition on p is nearly optimal. We have shown in Theorem 2 that if the non-
negative function p is such that each of its zero points is enclosed by a bounded
surface of nonzero points, then equation (P+) has a large positive solution. In this
section we show that, if the condition does not hold in the sense that p vanishes in
an “outer ring” of the domain, then equation (P+) has no positive large solution.

THEOREM 13. Suppose that g(x,0) = 0 Vx € Q. If there exists a domain D < Q such
thatD c Qand g(x,t) = 0 Vx € Q\D, Vt = 0, then there is no positive large solution of

Au+|Vul?=g(x,u), xecQ. 4.1)

Note that this includes the case g(x,u) = p(x)u¥,y >0, and p(x) =0 in Q\D.
PROOF. Suppose that such a solution u exists. Let w be the unique positive solu-
tion of
Aw =0, xe€Q\D,
w=0, xeodD, 4.2)

w=1, xe€0Q.

It should be noted that u satisfies
Au <0, xe€Q\D,
u=o0, xecoQ, (4.3)
u=0, xeoD.

By the maximum principle, we get kw < u for any k > 0 since kw satisfies
Akw) =0, xe€Q\D,
kw =k, xe€0Q, (4.4)
kw =0, xeodD.

Therefore, for any x, € Q\D, we have w(x,) > 0 and kw (x,) < u(x,) Vk > 0. Hence,
u(x,) = oo, which is a contradiction. O
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