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ABSTRACT. In this paper, we establish several interesting relationships involving the
Fourier-Feynman transform, the convolution product, and the first variation for function-
als F on Wiener space of the form

F(x) = f({a1,x),..., {atn, X)), ()
where (o, x) denotes the Paley-Wiener-Zygmund stochastic integral IOT o (t)dx(t).
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1. Introduction. Let Cy[0,T] denote one-parameter Wiener space; that is the space
of R-valued continuous functions x on [0,T] with x(0) = 0. The concept of an L,
analytic Fourier-Feynman transform was introduced by Brue in [1]. In [3], Cameron
and Storvick introduced an L, analytic Fourier-Feynman transform. In [11], Johnson
and Skoug developed an L, analytic Fourier-Feynman transform theory for 1 < p <2
which extended the results in [1, 3] and gave various relationships between the L; and
the L, theories. In [7], Huffman, Park, and Skoug defined a convolution product for
functionals on Wiener space and in [9, 7, 8], they established various results involving
transforms and convolutions. In [5], Cameron and Storvick evaluated the Feynman
integral of the first variation of certain functionals on Wiener space and in [13], Park,
Skoug, and Storvick examined various relationships existing among the first varia-
tion, the Fourier-Feynman transform, and the convolution product for functionals on
Wiener space which belong to Banach algebra & in [4].

Section 3 of this paper includes all the relationships involving exactly two of the
three concepts of “transform,” “convolution product,” and “first variation” of func-
tionals of the type mentioned in the abstract. In Section 4, we examine all the rela-
tionships involving all three of these concepts, but where each concept is used exactly
once.

2. Definitions and preliminaries. Let /Al denote the class of all Wiener measur-
able subsets of Cy[0, T] and let m denote Wiener measure. (Co[0, T],l,m) is a com-
plete measure space and we denote the Wiener integral of a functional F by fco[o,r]
F(x)m(dx).

A subset E of Cy[0,T] is said to be scale-invariant measurable [6, 12] provided pE €
M for all p > 0, and a scale-invariant measurable set N is said to be scale-invariant null


http://ijmms.hindawi.com
http://www.hindawi.com

192 JEONG GYOO KIM ET AL.

provided m(pN) = 0 for each p > 0. A property that holds except on a scale-invariant
null set is said to hold scale-invariant almost everywhere (s-a.e.). If two functionals F
and G are equal s-a.e., we write F = G.

LetCiy ={AcC:ReA>0}and C; ={A € C:A #0andRe A > 0}. Let F be a C-valued
scale-invariant measurable functional on Cy[0, T] such that

J@) = j FOA2x)m(dx) @.1)
Col0,T]

exists forall A > 0.If there exists a function J* (A) analyticin C, such that J*(A) = J(A)
for all A > 0, then J*(A) is defined to be the analytic Wiener integral of F over Cy[0, T]
with parameter A and, for A € C,, we write

anwy
J F(x)m(dx) = J*(A). (2.2)
Col0,T]

Let q # 0 be a real number and let F be a functional such that [¢¢} F (x)m(dx)

exists for all A € C,. If the following limit exists, we call it the analytic Feynman
integral of F with parameter g and we write
Jan Ja anw,

]F(x)m(dx) = lim ! F(x)ym(dx), (2.3)

Col0,T A—=iq JCy[0,T]

where A — —iq through C,.

NOTATION.
(i) ForA e C, and y € (y[0,T1, let

anwy
TA(F)(y) = L o T]F(x+y)m(dx). (2.4)
0LY,

(ii) Given a number p with 1 < p < +o00, p and p’ are always related by 1/p +
1/p’ = 1.

(iii) Let 1 < p <2 and let {H,} and H be scale-invariant measurable functions such
that for each p > 0,

lim ] |Hn(py)—H(py) | m(dy) =0. (2.5)

n—c Jcy0,T

Then, we write
lhi;rg.(wf”)(Hn) ~H (2.6)

and we call H the scale invariant limit in the mean of order p’. A similar definition is
understood when n is replaced by the continuously varying parameter A.

We are finally ready to state the definition of the L, analytic Fourier-Feynman trans-
form [11], the definition of the convolution product [7], and the definition of the first
variation of a function [2, 5].

DEFINITION. Let g # 0 be a real number. For 1 < p < 2, we define the L, analytic
Fourier-Feynman transform T, (p;F) of F by the formula (A € C)
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Ta(p;F) = L1, mq( P (Ta(F)) 2.7

whenever this limit exists. Also, the L; analytic Fourier-Feynman transform T,(1;F)
of F is defined by (A € C,)

T4 (1;F) =Alim, T\ (F) s-a.e. (2.8)
—lig

We note that for 1 < p <2, T;(p; F) is defined only s-a.e. We also note that if T, (p;F)
exists and if F = G, then T;(p;G) exists and T, (p; F) = T4 (p;G).

DEFINITION. Let F and G be functionals on Cy[0,T]. For A € C3, we define their
convolution product (if it exists) by

[etom F (259G (25 )ym(dx), AeC,
(FxG)a(y) = (2.9)
Jen F(22) G (2 )ym(dx), A=—iq, q€R, q#0.
REMARKS.
(i) When A = —iq, we denote (F x G)j by (F *G)g .
(ii) Our definition of the convolution product is different from the definition given
by Yehin [14] and used by Yoo in [15]. In [14, 15], Yeh and Yoo studied the relationship
between their convolution product and Fourier-Wiener transforms.

Next, we give the definition of the first variation 6F of a functional F.

DEFINITION. Let F be a Wiener measurable functional on Cy[0,T] and let w €
Col0,T]. Then

0
ahF(X+hw)|h 0 (2.10)

(if it exists) is called the first variation of F(x).

OF(x |w) =

We finish this section by describing the class of functionals that we work with in
this paper. Let n be a positive integer (fixed throughout this paper). Let {o,..., X}
be an orthonormal set of functions in L,[0,T] and, for «, B € L»[0,T], let (x,B) =
foTtx(t)B(t)dt. Also, for x € Cp[0,T] and « € L,[0,T], let (x,x) denote the Paley-
Wiener-Zygmund stochastic integral IOT o(t)dx(t). Let m be a nonnegative integer.
Then, for 1 < p < oo, let B(p;m) be the space of all functionals of the form

F(x) = f({a1,x),...,{0n, X)) (2.11)

for s-a.e. x € Cy[0, T], where all the kth order partial derivatives of f : R” — R are con-
tinuous and in L, (R™) for k = 0,...,m. Also, let B(co;m) be the space of all functionals
of the form (2.11), where all the kth order partial derivatives of f are in Cy(R"), the
space of bounded continuous functions on R" that vanish at infinity, fork = 0,1,...,m.
Note that B(p;m +1) < B(p;m) for m = 0,1,.... Finally, let

A={y e (y[0,T]: y is absolutely continuous on [0, T] with ¥’ € L,[0,T]}. (2.12)

3. Relationships involving two concepts. In [7], several relationships involving
the Fourier-Feynman transform and the convolution product were established for
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functionals in B(p;0). In this section, we also study relationships involving the first
variation. In our first lemma, which follows easily from the definitions of 6F(x | w)
and B(p;m), we obtain a formula for the first variation of functionals in B(p;m).

LEMMA 3.1. Letp €[1,+x], w € A and m € N be given. Let F € B(p;m) be given
by (2.11). Then

SF(x |w) = > (e, w) fij({o1,X), ..., (0n, X)) (3.1)
j=1

for s-a.e. x € Cy[0,T]. Furthermore, as a function of x,0F(x | w) is an element of
B(p;m—1).

COROLLARY 3.1. Letp,m andF be asin Lemma 3.1. Letw (t) = fot xj(s)dson[0,T]
for some j € {1,...,n}. Then

OF(x |w) = fj({e1,x), ..., {0n, X)) (3.2)
for s-a.e. x € Cy[0,T].

COROLLARY 3.2. Letp,m andF be asin Lemma 3.1 and assume that {x1,...,0,, w"}
are orthogonal with w € A. Then 6F (x | w) =0 for s-a.e. x € Cy[0,T].

Our next corollary to Lemma 3.1 gives us a formula for §'F.

COROLLARY 3.3. Let m € {2,3,...} and let |l € {2,...,m}. Let p and F be as in
Lemma 3.1 and let wy,...,w; be elements of A. Then
S'FClw) (- lwa) -+ (- lwi—p) (x| wy)
n n 1 (3_3)
= Z T Z [H(ajlswl>:|fjl ..... j[((al,x),..-,<0(n,x>)
J1=1 Ji=1

i=1

for s-a.e. x € Cy[0,T]. Furthermore, 'F(- | wy) -+ (- | wi_1)(x | wy), as a function of
x, is an element of B(p;m—1).

NOTATION. For 1 = (U1,...,Uuy) € R", we write:
f(ﬁ):f(uly---lun)f (3.4)
FA+(&y)) = fur +{&1,V),...,un+{Cn,V)), (3.5)
and

2

. L2
0% = l1ill2” = ur® + - - - +up’. (3.6)

In [7, Sec. 2], it was shown that T, (p;F) exists for each p € [1,2], each F € B(p;0),
and each nonzero g € R. In addition,

TP o0~ (1) piew {9 - (0,9 | a

- (—ﬂ)"/zj Fli+ (& y))eXp{i—qllaHZ}da (3.7)
2T RN , . .
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Furthermore, T,(p;F) is an element of B(p’;0), where (1/p) + (1/p’) = 1. Next, let
m € N and F € B(p;m) be given. Since B(p;m) < B(p;0), we know that T;(p;F)
exists and is given by (3.7). The proof that T, (p;F) belongs to B(p’;m) for m > 0 is
similar to the proof given in [7] for the case m = 0.

In our first theorem, we show that the transform with respect to the first argument
of the variation equals the variation of the transform.

THEOREM 3.1. Letp € [1,2], let m € {1,2,...}, let F € B(p;m) be given by (2.11),
and let w € A. Then, for all real q + 0 and s-a.e. y € Cy[0,T],

Ta(p;0F (- |w)) (¥) = 6Ty (p;F) (v | w). (3.8)
Also, both of the expressions in (3.8) are given by the expression
( ] )nlzj [i (o, w) f; (1 + (&, ))]ex {i—qumﬁ}da (3.9)
21 R1 = J! J y p 2 y .

which, as a function of 'y, is a element of B(p’;m—1).

PROOF. First, using the definition of the first variation and equation (3.7), we see
that

O [ T,(p3F) (v + hw) ] Ineo

oh
-(~5 )WJ [Z%, ) f;(i+(&9)) | exp { il dai

(3.10)

0T;(p;F)(y |w) =

Next, using equation (3.1), we see that

anf,
Ty (pi6F(- | w)) () =L [0“ SF(x+y | w)m(dx)
. (3.11)
q
J Z(a,, w) fi((&x +y))m(dx).

Col0.T] ;

Then, evaluating the above analytic Feynman integral, we obtain (3.9) as desired.
Finally, 6T, (p;F)(y | w) is an element of B(p’;m — 1) since T,(p;F) is an element
of B(p';m). O

Next, taking further variations of the expression given in (3.9), we obtain the follow-
ing corollary.

COROLLARY 3.4. Letp € [1,2],m € {2,3,...} andl € {2,...,m} be given. Let F €
B(p;m) be given by (2.11), and let w,...,w; be in A. Then

STy (p; F) (- lwr) -+ (- lwis) (v | wy)
. n/2 n n .
(Y8 e o

(3.12)

which, as a function of -y, is an element of B(p';m —1).
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In our next theorem, we show that the transform with respect to the second argu-
ment of the variation equals the variation of the functional.

THEOREM 3.2. Letp,q,w, andF be as in Theorem 3.1. Then, for s-a.e. y € Cy[0,T],
T,(p;6F(y | -))(w) = 6F(y | w), (3.13)
which, as a function of -y, is an element of B(p;m —1).

PROOF. Using equation (3.1), we see that

anf,
T,(p;0F(y | ) (w) = L [ho] SF(y | w+x)m(dx)
oLY,

anf, n
J ' (o, w+x) fi({&, y))m(dx)
=1

Co[O,T]j
n anf,
=S fan [ e em@s 619
o Col0,T]
= > fi(& ) [(j,w) +0]
Jj=1
=0F(y |w)
for s-a.e. y € Cy[0,T]. O

Our next lemma involves the convolution product of functionals from various
B(p;m) classes.

LEMMA 3.2. Let p, m, F, and q be as in Theorem 3.1. Let G € B(p';m) be given by
G(x)=g({a1,Xx),...,{0n, X)) = g({& x)) (3.15)
for s-a.e. x € Cy[0,T]. Then (F * G)4 is an element of B(oo;m).
PROOF. First note that, for s-a.e. y € Cy[0,T],
(F*G)q(y) =L({&,¥)), (3.16)

where

21T

L(v) = <— ii>n/2 wa(ﬁ\;%ﬁ)g(ﬁ:ﬁﬁ> exp{%ql\ﬁllz}dﬁ. (3.17)

Hence, for each v € R",

< [ o) o
n/2 a7\ | P 1/p 47\ | P 1/p’
<lael L )l L o (P ) G
- | " Flo gl

Now, a standard argument shows that I belongs to Co(R"). Hence, (F * G)4 is an
element of B(oco;m). O
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In our next theorem, we obtain a formula for the first variation of the convolution
product.

THEOREM 3.3. Let p,m,q,F, and G be as in Lemma 3.2, and let w € A. Then for
s-a.e.y € Col0,T], 6(F*G)q(y | w) exists and is given by the last expression in equa-
tion (3.19) below. Furthermore, as a function of y,8(F % G)4(y | w) is an element of
B(co;m—1).

PROOF. By Lemma 3.2, (F * G),4 is an element of B(c;m) and so, by Lemma 3.1,
0(F*G)q(y | w) is an element of B(o;m —1). Furthermore,

5(F*G) (v lw)

O F%G)g(y+hw)] ’

oh h=
e pu——

F o\ Nn/2 3 7 Y 'y
(= R R e s I
oS S (24 oo

Next, we obtain formulas for the convolution product of the first variation of func-
tionals. In Theorem 3.4, we take the convolution with respect to the first argument
of the variations while in Theorem 3.5, we take the convolution with respect to the
second argument of the variations.

THEOREM 3.4. Let p,m,q,w,F, and G be as in Theorem 3.3. Then, for s-a.e. y €
ColO0,T1, (OF(- |w) % 0G (- | w)q)(y) exists and is given by the last expression in equa-
tion (3.20) below. Furthermore, as a function of v, (6F(- | w) * 0G(- | w))4(y) is an
element of B(co;m —1).

PROOF. Since F € B(p;m) and G € B(p';m), it follows, from Lemma 3.1, that
OF(y |w) e B(p;m—1) and 6G(y | w) € B(p';m—1). Hence, by Lemma 3.2, (6F(- |
w) *0G(- | w))4(y) is an element of B(co;m —1). Also, by equations (2.9) and (3.1),

(OF(- |w) *0G (- |w)),(»)

Lo 27 10)a0(25 L wmiav

[ [ S twns((59) ]| o (6. 2755)) e

[0,T]
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:( Zli)nlzjwexp{igllﬁlz}[ilo<1y fj( ’y}; )] (3.20)
j=

-[émk,wmk((&’%ﬁ)]dﬁ-

THEOREM 3.5. Let p,m,w,F,G, and q be as in Theorem 3.3. Then, for s-a.e. y €
ColO, T1,(6F(y | -) *0G(y | -))q(w) exists and is given by the formula

O

(OF(y | ) %8Gy | ), (w)
=SF(y lw/N2)8G(y |l w/N2) - ZLZ (&,y)Ng;i((&y)). (3.21)

Furthermore, as a function of v, (6F(y | ) x 6G(y | -))q(w) is an element of B(1,
m-—1).

PROOF. The conclusions of this theorem follow from the calculations below:
(SF(y | )% 3G(y | ), (w)

o o 252 ol 25

anf, n
:JCO[O'ZT][E (ala$+x>f’ ][z%ﬁgk“&,y})]m(d}c)
Lo &

n n anf
=2 2. filldy)) g (¢, y)) % ’ ](cxj,w +2) (o, w — x)m(dx)

Jj=1k=1
=2 2 fill& ) gk (&, »)) - %[<O(j:w><0(k;w>—(i/Q)(O(j,O(k)]

Jj=1k=1

— 5F(y | w/v2)6G(y | w/v2) - Ziz (&) g;((& )
) (3.22)
since

anfy i anfy
J {axj, x) (o, x)m(dx) = —(xj,xx) and (xj,x)m(dx) =0. (3.23)
Colo,T] q Col0,T] 0

We conclude this section with two theorems relating transforms and convolutions.
Recall that the analytic Fourier-Feynman integral T, (p; F) is defined only for p € [1,2].

THEOREM 3.6. Letm € {0,1,2,...}, F € B(2;m) be given by (2.11) and G € B(2;m)
be given by (3.15). Then, for all real q + 0, (T;(2;F) * T;(2;G))4 exists as an element
of B(oo;m) and for s-a.e. y € Cy[0,T],

-eXp{ Zq(\luu2 + 1712+ ||7]] )}dﬁdﬁdf.
(3.24)
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PROOF. First, we note, by the discussion following Corollary 3.3, that T, (2;F) and
T,(2;G) both exist and are elements of B(2;m). Hence, (T4(2;F) * T4(2;G))4 is an
element of B(oo;m). Equation (3.24) then follows upon the evaluation of the analytic
Feynman integral

J::?n Ta(2%:F) (%)TMZ:G)(%)m(dx). (3.25)

O

THEOREM 3.7. Let m € {0,1,2,...}, F € B(p1;m), and G € B(p2;m) with1 < p; <
2,1<p><2and(1/p1)+(1/p2) = (3/2).Letr begivenby (1/v) = (1/p1)+(1/p2)—1.
Then (F x G)4 € B(r;m) and, for s-a.e. y € Cy[0,T],

T, (r; (F%G)g) () = Ty (p1;F) (v IN2) Ty (p2; G) (v /4/2). (3.26)

PROOF. First, we note that » € [1,2]. For the case m = 0, it was shown, in [10, p.
29], that (F % G)4 € B(r;0) and that equation (3.26) is valid. But, since B(p;m +1) <
B(p;m) for all m € {0,1,2,...} and all p € [1,+o0], we see that (F * G); € B(r;m)
and that equation (3.26) is valid for all m € {0,1,2,...}. O

By choosing specific values for p; and p» in Theorem 3.7, we obtain the following
corollary.

COROLLARY 3.5. Letm € {0,1,2,...}.
(@) IfF,G € B(1;m), then (F x G)4 € B(1;m) and, for s-a.e. y € Co[0,T],

To(L;(F % G)g) (¥) = Ty(LF) (¥ /N2) Ty (1;6) (v /42). (3.27)

(i) If F € B(1;m) and G € B(2;m), then (F x G); € B(2;m) and, for s-a.e. y €
Col0,T1,

T1(2;(F% G)q) (¥) = To(1;F) (v /N2) T,(2;G) (v /2). (3.28)

(iii) IfF,G € B(4/3;m), then (F xG)4 € B(2;m) and, for s-a.e. y € Co[0,T],
Ta(2;(F%G)q) (¥) = To(4/3;F) (¥ 1N2) T, (4/3;G) (v 1V2). (3.29)

4. Relationships involving three concepts. In this section, we look at all the re-
lationships involving the “transform,” the “convolution,” and “variation” where each
operation is used exactly once. There are more than six possibilities since one can
take both the transform and the convolution with respect to the first or the second
argument of the variation. However, there are some repetitions, for example, we ob-
served, in Theorem 3.2, that the transform with respect to the second argument of the
variation equals the variation of the functional. It turns out that there are nine distinct
possibilities. We state formally five of these results as theorems (namely, Theorem 4.1
through Theorem 4.5 ) and the other four results as formulas (namely, equation (4.11)
through equation (4.14) ). However, all nine of these results hold for s-a.e. y € Cy[0,T]
and all real g # 0.

In our first theorem, we obtain a formula for the transform with respect to the first
argument of the variation of the convolution product.
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THEOREM 4.1. Let m be a positive integer, let w € A, and let p1,p2,v,F, and G be
as in Theorem 3.7. Then

Ta(r;0(FxG)g(- lw))(¥) =0T, (r;(F*G)g) (v | w)
= T, (p1;F) (v IN2) 8T, (p2;G) (v /N2 | wiv2) 4.1)
+8T,(pu;F) (v /N2 | wiN2) Ty (p2;G) (v /42),

which, as a function of 7y, is an element of B(v';m —1).

PROOF. The first equality in (4.1) follows from (3.8). But, by Theorem 3.7, (F x G),4 €
B(7r;m) and so, using (3.26), we see that

0
STy(ri(F%G)g) (v | w) = = [Ty(ri (F% G)g) (v +hw)] |
0 v +hw yv+hw 4.2)
- rnsn (1 i (V)]
which equals the last expression on the right-hand side of equation (4.1). O

REMARK. By choosing specific values for p; and p, in Theorem 4.1 (as we did in
Corollary 3.5 ), one gets various versions of equation (4.1). For example, if p; = p» =
4/3, then r =¥’ = 2 and so, using (3.8) and (3.29), we see that

T(2;6(F*G)a(- |w))(y) =6T4(2;(FxG)g) (¥ | w)
=T, (4/3;F) (¥ /V2)0T,(4/3:;6) (v V2 |w/N2)  (4.3)
+0Ty(4/3;F) (v /N2 | w/N2) T (4/3;G) (v IN2),
which, as a function of y, is an element of B(2;m —1).

Using Theorem 3.2 and Theorem 3.7, it follows that the transform with respect to
the second argument of the variation of the convolution product equals the variation
of the convolution product.

THEOREM 4.2. Let m,w,p1,p2,7,F, and G be as in Theorem 4.1. Then (F x G)4 €
B(r;m) and

Ty(r;6(F+Glg(v ) (w) =0(F*G)g(y | w), (4.4)

which, as a function of -y, is an element of B(r;m—1).

Next, we seek formulas for the transforms of the convolution product with respect
to the first argument of the variations. Here, there are two cases, namely, we can take
the transform of the expression

(SF(- | w) % 3G (- | w)) 4 () (4.5)

either with respect to  (Theorem 4.3 below), or else with respect to w (Theorem 4.4
below).
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THEOREM 4.3. Let m,w,p1,p2,7,F, and G be as in Theorem 4.1. Then

T, (r; (SF(- | w) %8 (- | w))g) (1) = 5Ty (p1;F) (v /N2 | w) 6T, (p2;G) (/32 | w),
(4.6)

which, as a function of -y, is an element of B(v';m—1).
PROOF. Equation (4.6) follows immediately from equations (3.26) and (3.8). O

REMARK. Again, choosing specific values for p; and p» in Theorem 4.3 (as we did
in Corollary 3.5), one gets various versions of equation (4.6).

THEOREM 4.4. Letp,m,w,F, andG be asin Theorem 3.3. Then, the analytic Fourier-
Feynman transform of the expressions in equation (3.20) with respect to w is given by
the expression

(F(- |w) ¥ 8G (- |w)) 4 ()

(A LA (25 owf e o

which, as a function of 'y, is an element of B(co;m—1).

PROOF. To obtain (4.7), we simply substitute the last expression in equation (3.20),
with w replaced with w + x, into the analytic Feynman integral

anfy
J (6F(- |w+x) *6G(- |w+x))q(y)m(dx), (4.8)
Col0,T]
and then evaluate this integral using (3.23). O

Our next goal is to obtain formulas for the transforms of the convolution product
with respect to the second argument of the variations. Again, there are two cases since
we can take the transform of the expressions in equation (3.21) either with respect to
w (Theorem 4.5 below) or else with respect to y (equation (4.11) below).

THEOREM 4.5. Let p € [1,2], let m be a positive integer, let F € B(p;m), and let
G € B(p';m). Then

To(p; (BF(y | ) %8G (v | ) ) (w) = 6F (¥ |w/V2)6G(y lw/N2),  (4.9)
which, as a function of 7y, is an element of B(1;m —1).

PROOF. Using equation (3.21) and then equation (3.1), we obtain that the left-hand
side of (4.9) equals the analytic Feynman integral

Janﬁa [51?(3/ ’ W\;%X)(gc;(y ’ wj{()_zi ifj((07y3’>)gj((5<,y))]m(dx)

Col0,T] a5
anfy n Wt x ) n W )
- Jco[o,ﬂ {[le {a, 7>fj(((x,y))] [g} <0(k,7>gk(<0(,y))]
_ZL ifj((&,yﬂgj((&,y))}m(dx).
a5

(4.10)
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Using (3.23) to evaluate the above Feynman integral, yields the right-hand side of (4.9).

O

Under the hypotheses of Theorem 4.5, the transform of the expressions in equation
(3.21) with respect to y yields

anf,
J L (BF(y+x 1) %8Gy +x | ), (w)m(dx)
Col0,T]

- Janfq [6F(y+x | w/\2)8G(y +x | w/2)

Col0,T]

Z (&, y+x))g;({a, y+x))]m(dx)

2 N\H.

- JZ(:?T] {[E (g w /V2) £ (¢ v + X)) ][i <0<k,w/\5>gk((o’<,y+x))]

= k=1

N‘H.

Z ((&,y+x))g;((&, y+x>)}m(dx)
j=1

=< 21i> ii (o, w /V2) (o, w [V2)

<[ exo i) g (& )+ i g (& )+ i) did
,L(,ﬂ)mzi £ ) +10) g (6, )+ ) exp | 2 a2 fau
24\ 2m) & Jen PINOITTIEGTNAY P12
(4.11)
Next, we want to take the variation of the expressions in equation (3.24). So, let m be
a positive integer, let F and G be elements of B(2;m), and let w € A. Then
8(T4(2;F) % T4(2;G)) , (v | w)

aah[(T“(z F)*T;(2;G)) (y+hw)Hh:o

:%[( Zlg)sn/zJ[Wf(ﬁiL (&,y+£w)+f)g(ﬁ+(o?,y+\/%w>+f)

2
- ( Zlfr)gn/zjw [f<u+ <&’§%+f>§1(a],w/\/§)g] (v+ (07,3%+17)
+9<U+(&’$% ) B <“sz/\F>fJ< &3\%-”;)]

e S (a1 + |12+ 1717) | di s ar,
(4.12)

which, as a function of y, is an element of B(co;m —1).
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We finish up this section by finding formulas for the convolution product of the
transform of the variation. Again, there are two cases, namely, we can take the convo-
lution with respect to the first argument (equation (4.13) below) or the second argu-
ment (equation (4.14) below) of the variation. However, in both cases, the transform
is taken with respect to the first argument of the variation. So, let m be a positive
integer, let F and G be elements of B(2;m), and let w € A. Then

(6Tq(2F) (- [w) % 6T(2,6) (- [w)) 4 ()

_ J:;‘Z ST, (2; F)< )6Tq(2 G)(i ‘ w)m(dx)
) ﬁ;fﬂ (7%)7”2]”&” [iw‘f’wm‘(ﬁ* (a, (¥ HO/«E))] exp{%l”ﬁ”z}dﬁ
( zliymj [i“‘k’“’)gk (U+(c (v =x)/V2)) ]exp{ﬂwllz}de(dx)

k

—

n

(am) " L[S (s )]

: [f (o w) g (7 + WT‘T)]exp{ (W + 1912+ 17112) | i v a7,
! (4.13)

which, as a function of vy, is an element of B(co;m —1).
Again, let m be a positive integer, let F, and G be elements of B(2;m), and let w € A.
Then, using (3.9), (3.23), and then (3.9) again, we obtain

(0Tq(2F) (v | 1) % 6Ty(2;G) (¥ | ) 4 (w)

=J‘qu 5Tq(2;F)( ‘w“‘)(s:rq(z G)(y ‘ w- )m(dx)

Col0,T]
- Jctjn (‘%)n/zjm [JE} (ot w+30) V2 £ i+ 6, )) | exp | 2 |

' ( 2 )MZJW [ S (“k,(W—X)/\/E>gk(17+(0?,3/))]exp{%ql\ﬁllz}dﬁm(dx)

21 Pt

= 6T4(2F) (v | w/2)8T4(2;6) (v | w/+2)

‘i( ) JRZanJ U+(6,y))g;(V+(& y>)exp{2 (il +11v)12 )}dﬁdﬁ,

(4.14)
which, as a function of y, is an element of B(co;m —1).
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