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Motivated by the familiar g-hypergeometric functions, we introduce a new family of integral operators and obtain new sufficient
conditions of univalence criteria. Several corollaries and consequences of the main results are also pointed out.

1. Introduction

Let of denote the class of functions of the form
o0
fz)=z+ Zc,,z”, ¢, =0, (1)
n=2

which are analytic in the open unitdisk % = {z € C : |z| < 1},
and & the class of functions f € & which are univalent in %.
Let f,g € of, where f is defined by (1) and g is given by

giz)=z+ anz", b, > 0. (2)

n=2

Then the Hadamard product (or convolution) f * g of the
functions f and g is defined by

(fxg)(z)=z+ chbnz". (3)

n=2

For complex parameters a;, b;, and q (i = 1,...,r, j =
1,...,s, bj € C\{0,-1,-2,...}, Igl < 1), we define the g-
hypergeometric function ,®.(a,,...,q,; b;,...,b;q,z) by

S e,
Olasties) = 2y oa, e, Y

n=0

(r=s+1rseN;=NU{0}; z € %), where N denotes
the set of positive integers and (g, q),, is the g-shifted factorial
defined by

I, n=0;
(l—a)(l—aq)(l—aqz)--'(l—aqn_l), neN.
(5)

By using the ratio test, we should note that, if [g| < 1, the
series (4) converges absolutely for |z| < 1ifr = s + 1. For
more mathematical background of these functions, one may
refer to [1].

Corresponding to the function defined by (4), consider

]

G (ai; bj; q,z) =z O (a,»; bj; 4 z) . (6)

Recently, the authors [2] defined the linear operator
M(apbsq) f A — A by

/%(ai,bj;q)f(z) = Y, (ai;bj;q,z) * f(z)

N %)
=zZ+ ZYnCnZn,
n=2
where
(al,q)n_l "'(ar’q)n—l (Iql <1). (8)

" (29),.,(b9), - (beq),
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It should be remarked that the linear operator (7) is a
generalization of many operators considered earlier. For g; =
q“"b—q',oc,,ﬂJEC i=1,...,r j=
I,...;s),and g — 1, we oétain the Dzmk Srivastava linear
operator [3] (for r = s + 1), so that it includes (as its special
cases) various other linear operators introduced and studied
by Ruscheweyh [4], Carlson and Shafter [5] and the Bernardi-
Libera-Livingston operators [6-8].

The g-difference operator is defined by

higz) ~h(@) ((qz)__l)hz(z), g#1, z#0,
1 9)

limd,h(z) = K (2),
q—1

dh(2) =

where h'(z) is the ordinary derivative. For more properties of
dq see [9,10].

Lemma 1 (see [2]). Let f € f; then

(i) forr =1, s =0, and a, = q, one has M(q,—;q) f(z) =

f(2).

(ii) For r = 1,s = 0, and a, = ¢q°, one
has /%(qz,—;q)f(z) = quf(z) and limq_>1
/%(qz, - f(z) = zf’(z), where dq is the g-derivative
defined by (9).

2

Deﬁnition 2. A function f € ¢/ is said to be in the class

B (a;,bj; q; ) if it is satisfying the condition
2 !
z°( M (a;,b; (2)
(o) f 2) —1l<l-pu (ze%0<u<l),
[ (ab39) f )]
(10)
where ./(a;,b;;q) f is the operator defined by (7).

Note that %é(q, =g 1) = B(u), where the class B(y) of
analytic and univalent functions was introduced and studied
by Frasin and Darus [11].

Using the operator .#(a;,b;;q) f (2) f, we now introduce
the following new general integral operator.

Form € NU {0}, 1, ¥V 6 € C\ {0,-1,-2,.. .},
and |q| < 1, we define the integral operator I, 5(a;,b;54;2) :
d" — " by

Lo (b :2)
1/6

1/yx
_ T ( ;9559 )f (2) fr (8)
_<8Lt E( ! . > dt) ,

(11)

where f; € .

Remark 3. It is interesting to note that the integral operator
I, 5(a;, b;; q; z) generalizes many operators introduced and
studied by several authors, for example,

() forr =s+1,a = g% b = Fii=1,...,rj=
L...,s,9 = Ly =1/(a-1),and § = 1 + m(ax — 1),
where « € C and R(«) > 0, we obtain the following integral
operator introduced and studied by Selvaraj and Karthikeyan
[12]:

F, (a1, B152)
:(1+m —1)j (H; (“1’ﬁ1)f1(t) (12)

< (HL (0, By) fr ()t

where for convenience H_(ay,f3)f = H(ap,...,q: B,
< Bs2) f(2), and H (), B))f(2) = z + X.2,(()),y
(0 ) 1 /B -+ By (n = DDa,z" is the Dziok-Sriv-
astava operator [3].
(2)Forr =1,s =0,a, = ¢ % = 1/(a—1),and § =
1 + m(« — 1), we obtain the integral operator

>

>1/(1+m(o¢—1))

F, . (2)= <1+m(¢x— 1)

(f )_1d 1/(1+m(a—1))
~(f, @ « t>

<[ o

(13)

studied recently by Breaz et al. [13].
(B Forr=1,s=0,a, = q, y = /oy, and § = 1, we
obtain the integral operator

F,(2) = LZ (M)“ <M>%dt (14)

t t

introduced and studied by D. Breaz and N. Breaz [14].
(4) Forr =1,s =0,a, = qz, Ve = 1/(w-1),and § =
1 + m(a — 1), we obtain the integral operator

G, (z) = <1+m(oc—1)

% L tm(oc—l)(fll (t))“’l (15)

>1/(1+m(o¢—1))

- (fL ) ar

introduced by Selvaraj and Karthikeyan [12].
(5)Forr =1,s=0,a, = ¢y = 1/a,and 8 = 1, we
obtain the integral operator

Ge@= | (@) (fw)d o

recently introduced and studied by Breaz and Giiney [15].

(6)Forr=1,s=0,a,=¢q, fy=--=f,=fed,yp =
1/(e— 1), and § = a, where a € C and R(«) > 0, we obtain
the integral operator

G (2) = (a j: (f )" )wdt, )

introduced and studied by Pescar [16].
In order to derive our main results, we have to recall the
following univalence criteria.
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Lemma 4 (see [17,18]). Let § € C withRe(8) > 0. If f € o
satisfies

_ 1 2Re@) | £
Lol e B, 19)
Re(®) | f'(2)
forall z € U, then the integral operator
2 1/
Fs(2) = {SJ 27 @) dt} (19)
0

is in the class §.

Lemma 5 (see [16]). Let & € C with Re(d) > 0, ¢ € C, with
lcl <1, c# — L. If f € o satisfies

cle? + (1~ [2%) 2@ (20)
of' ()|~
forall z € U then the integral operator
z 1/6
Fs(z) = {5J 27 @) dt} (21)
0

is in the class §.

Lemma 6 (Generalized Schwarz Lemma, see [19]). (General-
ized Schwarz Lemma) Let the function f be analytic in the disk

Ur =1z : |z| < R}, with | f(2)| < M for fixed M. If f(z) has
one zero with multiplicity order bigger that m for z = 0, then
|f (2)] < —|z| (z € Uy). (22)
Equality can hold only if
f@=e"(25)" (23)

where 0 is constant.

2. Univalence Conditions for I, 5(a;,b;q;2)
Theorem 7. Let f, € o forallk = 1,...,m,y, € 6, and
M > 1 with

Z(2-wm)M+1

Z i) ] <1 (24)

Re (5) k=1 [Vl

Ifforallk =1,....m, fi € B(a;,b;, g, ), 0 < py < 1, and

| (a,b39) f @) fi (@) <M, (zew) (25

then the integral operator 1, 5(a;,b;;q;2) defined by (11) is
analytic and univalent in % .

Proof. From the definition of the operator .#(a;, bj; q) f (2) f
it can be observed that

M (a;, b3 (z

M?ﬂ)’ (zeU), (26)

z

3
and for z = 0, we have
M (a,b3q) @ fi ) ™"
z
(27)

_( (@b )f@h@)m
V4

We define the function h(z) by the form

m 1/yk
mw=JIT< (e? @f@”“ﬂ> . (8

0 k=1
Therefore
1/yk
m (M (a,b;
W@=H< @fﬂﬂdﬂ@) e
k=1

Differentiating logarithmically and multiplying by z on both
sides of (29)

zh' (2) _ i 1 (= u(anbia) @ i) »
W@ S\ (ayb;9) f () fi (2) '

Thus we have

' @)|_ 1 | (abia) f @ i) »
W@ |-Gl | a(absg) f@fe |
(31)
So
|z|2Re Zh" (Z)
Re(6) W (z)
1_|Z|2Re(8)
- Re(9)
Z ((%%@ﬂaﬁwy+l
|Yk (ai,bj;q)f(z) fi (2)
|Z|2Re
B Re(6)

(-t (a

[ (anb

(&

@@f@ﬁww
biq) f () fi )]
+1>].

4%@@@f@ﬁ@
(32)

z



Since I.%(ai,bj;q)f(z)fk(z)l <M, (z € Uk =1,...,m),
and f € B(a;,b;,q, ) forallk = 1,...,m, then from the
Schwarz Lemma and (10), we obtain

2Re(d

- |z| ) | zh" (2)
Re (9) K (z)
1-— |z|2Re(6)
< —
Re (8)
!
<§L 2 (M (a,b539) f (2) fi (2)) ‘M
2
Gl | [ (anb59) £ @ fi@)]
+M + 1)]
2 — M+1 U
Re(5);;| kl [( .uk) + ] (ZE )
(33)
which, in the light of the hypothesis (24), yields
1- |Z|2Re(5) zhll (Z)
<1, U) . 34
Re@) | 7 (2) (e € %) G4
Applying Lemma (1) for the function h(z) we obtain that
I, 5(a;; bj; q; z) is univalent. O
Taking p, = 0 (forallk = 1,....m), M = 1,q;, =

q%, b, = q/;f, qg — Landy, =1/(a-1),6 =1 +m(a—1)in
Theorem 7, we have the following.

Corollary 8 (see [12]). Let f;, € o forallk = 1,...,m and
a € C with
la—1] < Re—@. (35)
3m
I

ZZ(H: (a1, By) fr (Z))’
(H: (a0, By) fi (Z))2

and forallk = 1,...,m, then the integral operator F,(«;, B, 2)
defined by (12) is analytic and univalent in %.

-1|<1, (z€%) (36)

Taking 4 = 0 (forallk = 1,...,m), M =1, r =1,s =
0,a, =g andy, = 1/(a¢—1), § = 1 + m(« — 1) in Theorem 7,
we have the following.

Corollary 9. Let f, € of forallk =1,...
Re («)

,mand « € C with

=11 = (37)
If
2 rl
Zf"(z)z—l <1, (ze€¥%) (38)
(fi (2))

and for all k = 1,...,m, then the integral operator F,, ,(z)
defined by (13) is analytic and univalent in 2.
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Theorem 10. Let f; € o forallk = 1,...
M > 1 with

)m)ay Yk € C, and

< [(2 =) M+ 1]

1
le]<1-= g
8k:1 |Yk|

,m, fi € Ba;bj,q, ), 0 < py < 1, and

, ceC. (39)

Ifforallk =1,...

|2 (a:b5:9) £ 2) fi ()] < M,
q) defined by (11) is

(ze), (40)

then tﬁe integr.al operator I, s5(a;bj;
analytic and univalent in %.

Proof. From the proof of Theorem 7, we have

H" (2) _ ii (z(ﬂ(apbj;‘Z)f(z)fk (Z)), _ 1>

W@ Gn\ (absq) f () fi(2)

(41)
Thus we have

28 zh" (2)
(l_l | )5h’()

clzl*

<ol + ’( ) f;;l ((;)
(42)

From this result and using the proof of Theorem 7 we obtain

zh" (z
clz® + (1 - |z|25) 5 ((z))

(43)

1& 1
S|C|+5§m[(2—ﬂk)M+1]-

Since |c| < 1-(1/8) Y, (1/y)[(2 — )M + 1], then we have

ez + (1 - 121?) @) l, (ze%). (44)

SN (z)

Applying Lemma (4) for the function h(z) we obtain that

Lo (a; b ;¢; Z) is univalent. O

Taking yy, = 0 (forallk = 1,...,m), r=1,s=0,4a, =g,
andy, = 1/(a—1), § = 1 + m(a — 1)(« € R) in Theorem 10,
we have the following.

Corollary 11. Let f; € of forallk =1,...,m;c € C, a € R,

and M > 1 with

1-«
|C|S1+<m>(2M+l)m,
(45)
0‘6[1)2]\/1141—-!-1].
2Mm
Ifforallk=1,...,m
2 fi(2)
-1| <1, U,
0 D (46)
Ifi@| <M, (zeUk=1,...,m),

then the integral operator
and univalent in %.

F, .(z) defined by (13) is analytic
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Lettingm = 1, M = 1, and f; = f in Corollary 11, we
have the following.

Corollary 12. Let f € of, c € C and « € R with

<222 (et - 1),
(04
; (47)
“E[l,z].
If
ZZfI(Z)
ARSI PER A,
2@ b Ee? (48)
lf@@| <1, (zew),

then the integral operator G, (z) defined by (17) is analytic and
univalent in %.

Remark 13. Many other interesting corollaries and results can
be obtained by specializing the parameters in Theorem 10; for
example, see [13, 20, 21].
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