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For real numbers o and S such that 0 < « < 1 < f3, we denote by #(«, 8) the class of normalized analytic functions which

satisfy the following two sided-inequality: & < R{l + (zf ! =)/ f , (2))} < B (z € U), where U denotes the open unit disk. We find
some relationships involving functions in the class % («, ). And we estimate the bounds of coefficients and solve the Fekete-Szego
problem for functions in this class. Furthermore, we investigate the bounds of initial coefficients of inverse functions or biunivalent

functions.

1. Introduction

Let & denote the class of analytic functions in the unit disc
U={z:z€C, |z| <1} 1)
which is normalized by

f=0 f(O=1 )

Also let & denote the subclass of &/ which is composed of
functions which are univalent in U. And, as usual, we denote
by F the class of functions in &/ which are convex in U.

We say that f is subordinate to F in U, written as f <
F (z € U),ifand only if f(z) = F(w(z)) for some Schwarz
function w(z) such that

w(0) =0, lw(z) <1 (zel). (3)

If F is univalent in U, then the subordination f < F is
equivalent to

fFO=F©, fUCFQU). (4)

Definition 1. Let o and f3 be real numbers such that 0 < o <
1 < f3. The function f € of belongs to the class F#(«, f) if f
satisfies the following inequality:

Zf” (Z)
f(2)

oc<§R{1+ ]»</3 (z eU). (5)

It is clear that (o, f) ¢ . And we remark that, for
given real numbersaand § (0 <« <1< f), f € (e, f) if
and only if f satisfies each of the following two subordination
relationships:

. zf"(z) 1+(1-2a)z

1 ) < - (zelU),
f"(z) 1+(1-2B) “
z z + - z

1+ @) < - (z e U).

Now, we define an analytic function p: U — C by

B-o. 1 — 2ril(l-a)/(p-)) ,
p(2) + p- ilog — @)

The above function p was introduced by Kuroki and Owa [1],
and they proved that p maps U onto a convex domain

A={w:a<R{w}<p} (8)

conformally. Using this fact and the definition of subordina-
tion, we can obtain the following lemma, directly.



Lemma 2. Let f(z) € o and 0 <
F (e, B) if and only if

a <1< B Then f €

zfll (z)
f’ (2)
_ _ 2mi((1-a)/(B-a))
<l+[3ﬂocilog(1 ¢ - Z) (z e ).
)

And we note that the function p, defined by (7), has the
form

p(z)=1+) Bz", (10)
n=1
where
B, = B- (Xl. (1 B eznni((l—a)/(ﬁ*a))) (neN). (1)
nm

For given real numbers « and fsuch that 0 < @ < 1 <
B, we denote by F# ,(«, B) the class of biunivalent functions
consisting of the functions in & such that

fex(@p), [leH(np), (12)
where £~ is the inverse function of f.

In our present investigation, we first find some relation-
ships for functions in bounded positive class # («, ). And
we solve several coeflicient problems including Fekete-Szego
problems for functions in the class. Furthermore, we estimate
the bounds of initial coeflicients of inverse functions and bi-
univalent functions. For the coefficient bounds of functions

in special subclasses of &, the readers may be referred to the
works [2-4].

2. Relations Involving Bounds on
the Real Parts

In this section, we will find some relations involving the
functions in F(«, ). And the following lemma will be
needed in finding the relations.

Lemma 3 (see Miller and Mocanu [5, Theorem 2.3.i]). Let &
be a set in the complex plane C and let b be a complex number
such that R{b} > 0. Suppose that a functiony : C* x U — C
satisfies the condition

v (ip,0;2) ¢ E (13)
for all real p,o < —|b - ip|2/(22R{b}) and all z € U. If the

function p(z) defined by p(z) = b+b,z + b,z + -+ is analytic
in U and if

y(p2),2p' (2);2) €&, (14)

then R{p(z)} > 0in U.
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Theorem 4. Let f € o/, 0 <« < 1 and
ER{I o @)

@)
{\/f'(z}>L (z eU). (16)
o
Proof. First of all, we put y = 1/(2 — &) and note that 1/2 <
y<1lfor0<a<1. Let

p()= <\/f7 7). 17)

Differentiating (17), we can obtain

}>oc (zel). (15)

Then

Zf” (Z) (l - y) zp (2)
T T app@ey V@ @)
(18)
where
u/(rs)—l+& (19)
(1-yp)r+y

Using (15), we have
{w(p(z),zp'(z)) 1z € [U} C{fweC:R(w)>a}:=Q,.

(20)
Now for all real p,0 € R witho < —(1 + pz)/2,
2y (1 —
R {y(ip.o)} =1+ %
(1-y)p*+y on
21
o, e (ee)
(1-y)’p? +7?
Define a function g : R — R by
1+ p2
ey )
Then g is a continuous even function and
roy_ 2(2y-1p
(p) = (23)

(1-pp+72)

Hence g'(O) = 0 and g is increasing on (0, 00), since 1/2 <
y < 1. Hence g satisfies that
1 1

FSQ(P)<W’

for all p € R. Therefore, by combining (21) and (24), we can
get

(24)

m{w(ip,a>}s1—y(1—y>g(p>sz—§=a. (25)

And this shows that R{y(ip,0)} ¢ Q, for all p,o € R with

< —(1+ pz)/2. By Lemma 3, we get R{p(z)} > 0 for all
z € U, and this shows that the inequality (16) holds and the
proof of Theorem 4 is completed. O
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Theorem 5. Let f € o/, 1 < < 2and

91«[1+Zf @)

1'(2)
R {\/f’ (z)} < ﬁ (z € U). (27)

Proof. Weputd =1/(2— ) andnotethatd > 1for1 < 3 < 2.

And let
p(2) = ﬁ(\/fqz)—a),

2(1-9)s
1-8)r+8

}<ﬁ (z e U). (26)

Then

(28)
y(r,s)=1+

As in the proof of Theorem 4, we can get

[v(p@.20' @) zeU} clweC: Rw) < p} = Q,

(29)
by (26). And for all real p, o witho < —(1 + pz)/2,
. 26(1-98)o
Riv(ipo)=1+ ——————
o) =1+ 2 2%
1 5(1-08)(1+p%) (30)
(1-8)°p*+ &
=1-8(1-8)g(p),
where g(p) is given by
1+p2
= 31
9(p) o7 s o (31)
Since § > 1, g satisfies the inequality
S<alP) < —— (32)
82 - g p (1 _6)2’

for all p € R. Therefore,
1
%{w(ip,a)}z1—8(1—6)g(p)22—5:ﬁ. (33)

And this shows that R{y(ip,0)} ¢ Qp for all p,o € R with

o< —(1+ pz)/z. By Lemma 3, we get R{p(z)} > 0 for all
z € U, and this shows that the inequality (27) holds and the
proof of Theorem 5 is completed. O

By combining Theorems 4 and 5, we can obtain the
following result.

Theorem 6. Let f € o/,0<a <1< f<2and

an (Z)
f(2)

oc<2R{1+ ]»<B (zel). (34)

Then

(zel). (35)

Zi(x<m{m}<2iﬁ

3. Coefficient Problems Involving
Functions in % («,f3)

In the present section, we will solve some coefficient problems
involving functions in the class % («, ). And our first
result on the coefficient estimates involves the function class
F (a, B) and the following lemma will be needed.

Lemma 7 (see Rogosinski [6, Theorem 10]). Let p(z) =
Y2 C,2" be analytic and univalent in U and suppose that
p(z) maps U onto a convex domain. If q(z) = Yo A,z" is
analytic in U and satisfies the following subordination:

q(z)<p(z) (z€l), (36)

then
Al <|C] (m=1,2,..). (37)

Theorem 8. Let o and f3 be real numbers such that 0 < o <
1 < B. If the functions f(2) =z + Y o, a,2" € FH(a, f3), then

1
5 |Bl| > n= 2)
ol 15| = .
n 131 | n |1_))1 I
1 ) = 3> 4, 5, ey
nmn-1) g ( T n
where |B,| is given by
2 - —_
|B | = (ﬁ “) sin m(1 "‘)' (39)
1
s B-a
Proof. Let us define
z " (Z)
q(z) =1+ ]j:, @) > (40)
B-«. 1 — 2ri(1=0)/(B-e) ,
- : . 41
p(2) + ——ilog — ()
Then, the subordination (9) can be written as follows:
q (=) < p(Z) (z € V). (42)

Note that the function p(z) defined by (41) is convex in U and
has the form

p(z)=1+ ) Bz", (43)
n=1
where
ﬁ -, 2nmi((1-a)/ (-«
B - z(l—e ((1-a)/(B )))' (44)
" nm
If we let
o0
q(2)=1+) A7, (45)
n=1



then by Lemma 7, we see that the subordination (42) implies
that

Al <|B)| (n=1,2,..), (46)
where

Z(ﬁ — (X) sin

m(l-«)

By = —— 5 (47)
Now, equality (40) implies that
fl@+zf"(2)=q@) f (z) (zeU).  (48)

Then, the coefficients of z*™! in both sides lead to

1
a, = (A, +2a,A,_, + 3054,

+o-t(n-1)a,,A).

A simple calculation combined with the inequality (46) yields
that

1
nn-1)

|an| =
X|A, +2a,A, 5 +3a;A,_;
+o+ (n-1)a, A,

1
: n(n-1) (50)

X (|Aui| + 2 ay| |A,s] +3]as] A,

+o+ (n=1)]a,||A4])

Z (k=1)|a_y|

B n(n

where |B, | is given by (47) and |a, | = 1. Hence, we have |a,| <
| B,|/2. To prove the assertion of the theorem, we need to show
that

|an|< |1| Z(k—l)|ak1|
(51)

Bl (. Bl _
Smg 1+7 (n—3,4,5,...).

We now use the mathematical induction for the proof of the
theorem. For the case n = 3, it is clear. We assume that the
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inequality (51) holds for n = m. Then, some calculation gives
us that

| | m+1
1

Z (k1) |ac|

|am+1| = m+ 1)

IE=TaNN
WH b
2 —
+—|Bl| 2<1+@>
mm+1)(m-1) k
TN
_(m+1)mg 1+T ’

which implies that the inequality (51) is true forn = m + 1.
Hence, by the mathematical induction, we prove that

B n-2 B
|a,| < n(|n1_|1)1_[<1+ |k—1|) (n=3,4,5...), (53)

k=1

where |B,| is given by (47). This completes the proof of
Theorem 8. O

And now, we will solve the Fekete-Szeg6 problem for f €
H (a, ), and we will need the following lemma.

Lemma 9 (see Keogh and Merkes [7]). Let p(z) = 1 + ¢z +
6,2° + -+ be a function with positive real part in U. Then, for
any complex number v,

|e, = vef| < 2max (1,11 - 211} (54)

Now, the following result holds for the coefficient of f €
H(a, B).

Theorem 10. Let 0 < o < 1 < 3 and let the function f(z)
given by f(z) = z + Y.,°, a,z" be in the class H («, ). Then,
for a complex number p,

2
|a3—//ta2
< ﬁ_asin<1_—an>
3 -«
1 3 \f-«,
max{l,‘§+<l—zy> - 1 (55)

% 2mi(1-0)/(B-a))

The result is sharp.
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Proof. Let us consider a function g(z) given by g(z) = 1 +
zf"(z)/f'(z). Then, since f € F(«, ), we have g(z) <
p(2)(z € U), where

Boo, [1- e,
=1 1
p(2) + ——ilog -
(56)
=1+ ZBHZ",
n=1
where B, is given by (11). Let
1+ p!
h(z) = % =l1+hz+hz" +--- (zel).
_ q(z
(57)

Then h is analytic and has positive real part in the open unit
disk U. We also have

h(z)-1 >
= cl). 58
q(2) p<h(z)+1 (zel) (58)
We find from (58) that
@ = :1131}11’
1 1 1 1 59)
2 2 2,2
a; = EBlhz - ﬁBlhl + ﬂBZhl + ZBlhl’
which imply that
1
a; — ya§ = EBI (h2 - vhf) , (60)
where
1 B, 3
=-(1-22-B,+2uB, ). 1
V=3 < B, oH 1) (61)
Applying Lemma 9, we can obtain
1
'a3 - /,ta§| =5 |B1| |h2 - vhﬂ
) (62)
< p |B,| - max {1;|1 - 2v]}.
And substituting
Bl — ﬁ - (Xl, (1 _ ezm((l—oc)/(ﬁ—a))) , (63)
T
B, = /3 - (Xi (1 _ e4ni((l—zx)/(ﬁ—oc))) (64)
2 2

in (62), we can obtain the result as asserted. The estimate is
sharp for the function f: U — C defined by

z ¢ _
f@-| {exp(jo P (2 ldz)}da (65)

where the function p is given by (7). Hence the proof of
Theorem 10 is completed. O

Using Theorem 10, we can get the following result.

Corollary 11. Let 0 < o < 1 < f3 and let the function f, given
by f(z) = z+ Y., a,z", be in the class F («, B). Also let the
function {7, defined by
@) =z=1(f"@), (66)
be the inverse of f. If
1 L 1
= b < 5 _> >
f(w) w+n§2nw lw| < 1o; 1y > 1 (67)

then

- —

+ ( 1 2(f-a) i) 2il(1-0)/(B-e))

2 s
(68)
Proof. The relations (66) and (67) give
b,=-a, by =2a —a,. (69)
Thus, we can get the estimate for |b,| by
o] = lao] < £ [By] = /5';“ sin(;:‘;n>, (70)

immediately. Furthermore, an application of Theorem 10
(with p = 2) gives the estimates for |b;|; hence, the proof of
Corollary 11 is completed. O

Finally, we will estimate some initial coefficients for the
bi-univalent functions f € % («, 5).

Theorem 12. For given o and f3 such that0 < « <1 < f3, let f
givenby f(z) =z + Y2, a,z", be in the class K ,(«, 8). Then

1,] [B:]

V2B - 2B, + 2B,|

|a2| < (71)

1
las| < §(|Bl|+|BZ_BI|)’ (72)
where B, and B, are given by (63) and (64).

Proof. If f € H  (a, ), then f € F(a,B) and g € F(«, B),
where g = f~'. Hence

Qz):=1+ ZJJ:, ((ZZ)) <pz) (zeU),
(73)
L(Z)i=1+zg (Z)<p(z) (z e ),

g (2)
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where p(z) is given by (7). Let
1+p(Q(2)

hiz) =
@ 1)
=l+hz+hz +--- (zel),
' (L(2)) (74)
_1+p z
&= T T e
=1+kz+k,Z +-- (zeU).

Then h and k are analytic and have positive real part in U.
Also, we have

h(z)-1 >
= _— [U 5
Q(2) p<h(z)+1 (zel)
B (75)
(z)-1 >
L(z)=p| —— U).
(2) p(k(z)ﬂ (zel)
By suitably comparing coefficients, we get
1
az = é_lBlhl, (76)
21 1,2 1,2
3a; - 2a; = ZBlhz - gBlh1 + nghl, (77)
1
b, = ZBlkl, (78)
, 1 1.5 1_ .5
3by — 2b; = ZBlkz - gBlk1 + ngkl, (79)

where B, and B, are given by (63) and (64), respectively. Now,
considering (76) and (78), we get

hy = —k;. (80)
Also, from (77), (78), (79), and (80), we find that
2 B? (hy +k,)

= . 81
“3 (B? - 2B, +2B,) @)
Therefore, we have
3
> |B]
] < 8|B2 - 2B, +2B,| (o] + feal)
(82)

. IsS
"~ 2|B2-2B, +2B,|

This gives the bound on |a,| as asserted in (71). Now, further
computations from (77), (79), (80), and (81) lead to
1 1
a, = B (2h, +k,) + ghf (B, - B,). (83)

This equation, together with the well-known estimates

| <2, |hy| < 2, k| < 2, (84)

leads us to the inequality (72). Therefore, the proof of
Theorem 12 is completed. O
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