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Let E be a real reflexive and strictly convex Banach space with a uniformly Gateaux differentiable
norm. Let § = {T(t) : t > 0} be a family of uniformly asymptotically regular generalized
asymptotically nonexpansive semigroup of E, with functions u,v : [0,00) — [0,00). Let F :=
F(J) = NxoF(T(t))#0 and f : K — K be a weakly contractive map. For some positive real
numbers A and 6 satisfying 6 + A > 1, let G : E — E be a 6-strongly accretive and A-strictly
pseudocontractive map. Let {t,} be an increasing sequence in [0, o0) with lim, _, f, = oo, and
let {a,} and {f,} be sequences in (0,1] satisfying some conditions. Strong convergence of a
viscosity iterative sequence to common fixed points of the family J of uniformly asymptotically
regular asymptotically nonexpansive semigroup, which also solves the variational inequality
((G=vf)p,j(p—x)) <0, forall x € F, is proved in a framework of a real Banach space.

1. Introduction

Let E be a real Banach space. We denote by J the normalized duality map from E to 2F" (E* is
the dual space of E), and it is defined by

Jeo) = {f e E s (x f) = IxI = || £1I°}- (1.1)

A mapping T : E — E is said to be contractive if |[Tx - Ty| < a||x — y||, for x,y € E,
and some constant a € [0, 1). It is said to be weakly contractive if there exists a nondecreasing
function ¢ : [0,00) — [0, 00) satisfying ¢(t) = 0 if and only if t = 0 and ||Tx — Ty| <
llx = y|l = ¢(llx — y||), for all x,y € E. It is known that the class of weakly contractive maps
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contain properly the class of contractive ones, see [1, 2]. A mapping T : E — E is said to be
nonexpansive if |[Tx Tyl < ||x-y||, for all x, y € E and asymptotically nonexpansive if there
exists a sequence {k,} C [1,00) with k, — lasn — oo and ||T"x - T"y|| < ky||x — y||, for all
x,y € E. We denote by F(T) = {x € K : Tx = x} the set of fixed points of a map T.

A mapping T : E — E is said to be total asymptotically nonexpansive (see [3]) if there
exist nonnegative real sequences {u,} and {v,}, withu, — 0Oand v, — 0asn — oo and
strictly increasing and continuous functions ¢ : R* — R* with ¢(0) = 0 such that

I =Tyl < [l =yl + wagp(lx - yl) + v Vry €K (12)

Remark 1.1. If ¢(A) = A, the total asymptotically nonexpansive mapping coincides with
generalized asymptotically nonexpansive mapping. In addition, for all n € N, if v, =0,
then generalized asymptotically nonexpansive mapping coincides with asymptotically
nonexpansive mapping; if u, = 0, v, = max{0, p,} where p, := supx,yeK(HTnx - Tuyll = |lx -
yll), then generalized asymptotically nonexpansive mapping coincide with asymptotically
nonexpansive mapping in the intermediate sense; if u, = 0, and v, = 0 then we obtain from
(1.2) the class of nonexpansive mapping.

A one-parameter family of generalized asymptotically nonexpansive semigroup is a
family J = {T(t) : t > 0} of self-mapping of E such that

(i) TO)x =xforx € E,
(i) T(s+t)x =T(s)T(t)x forallt,s >0and x € E,
(iii) lim; T (t)x = x for x € E,

(iv) there exist functions u,v : [0,00) — [0, 00) such that u(t) — 0,v(t) — Oast — oo,
and

IT®x-TOy|| < @ +u®)||x-y| +ot) YxyeE. (1.3)

We will denote by F the common fixed-point set of J, that is,

F:=Fix(J) = {x € E: T(t)x = x,t > 0} = [\ Fix(T(t)). (1.4)
>0

The family J = {T'(t) : t > 0} is said to be asymptotically regular if

lim ||T (s + £)x — T(s)x|| = 0, (1.5)
5§— 0

forallt € [0,00) and x € E. It is said to be uniformly asymptotically regular if, for any t > 0
and for any bounded subset C of E,

lim sup||T(s +t)x - T(s)x|| = 0. (1.6)
7P xeC '
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For some positive real numbers 6 and A, a mapping G : E — E is said to be 6-strongly
accretive if for any x, y € E, there exists j(x — y) € J(x — y) such that

(Gx =Gy, j(x-y))26]x -y, (17)
and it is called A-strictly pseudocontractive if
(Gx Gy, j(x~y)) < lx~ I - A1 - G)x (-G (1)

Let E be a real Banach space, and let 6,1, and 7 be positive real numbers satisfying
6+A>1and 7 € (0,1). Let G : E — E be a 6-strongly accretive and A-strictly
pseudocontractive, then the following holds, see [4], for x,yy € E :

[(I-G)x-(I-G)y] < <\/¥> llx - vll.

1-6

(1.9)
||(I-7G)x-(I-7G)yl|| <1 —T<1 - T> |x -y

7

thatis, (I - G) and (I — 7G) are contractive mappings.
Let C be a nonempty closed-convex subset of E and T : E — E a map. Then,
a variational inequality problem with respect to C and T is found to be x* € C such that

(Tx*,j(y-x*))>0, VyeC jly—x)e]J(y—x"). (1.10)

Recently, convergence theorems for fixed points of nonexpansive mappings, common
fixed points of family of nonexpansive mappings, nonexpansive semigroup, and their
generalisation have been studied by numerous authors (see, e.g., [5-21]).

Acedo and Suzuki [22], recently, proved the strong convergence of the Browder’s
implicit scheme, xp, u € C,

Xy =ayu+ (1—a,)T(ty)x,, n>0, (1.11)

to a common fixed point of a uniformly asymptotically regular family {T(¢) : ¢ > 0} of
nonexpansive semigroup in the framework of a real Hilbert space.

Li et al. [23] proved strong convergence theorems for implicit viscosity schemes for
common fixed points of family of generalized asymptotically nonexpansive semigroups in
Banach spaces.

Let S be a semigroup and B(S) the subspace of all bounded real-valued functions
defined on S with supremum norm. For each s € S, the left translator operator I(s) on B(S)
is defined by (I(s)f)(t) = f(st) for each t € S and f € B(S). Let X be a subspace of B(S)
containing 1, and let X* be its topological dual. An element y of X* is said to be a mean on X
if |||l = u(1) = 1. Let X be [ invariant, that is, [;(X) C X for each s € S. A mean y on X is said
to be left invariant if u(lsf) = u(f) foreach s € S and f € X.
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Recently, Saeidi and Naseri [24] studied the problem of approximating common fixed
point of a family of nonexpansive semigroup and solution of some variational inequality
problem in a real Hilbert space. They proved the following theorem.

Theorem 1.2 (Saeidi and Naseri [24]). Let J = {T(t) : t € S} be a nonexpansive semigroup in a
real Hilbert space H such that F(J) #0. Let X be a left invariant subspace of B(S) such that 1 € X,
and the functiont — (T (t)x,y) is an element of X for each x,y € H. Let f : E — E be a contraction
with constant a, and let G : H — H be strongly positive map with constant y > 0. Let {p,} be a
left regular sequence of means on X, and let {a,} be a sequence in (0,1) such that lim,, _, ., = 0 and
Sty =o0. Lety € (0,y/a), and let {x,} be a sequence generated by x, € H,

Xne1 = (I = anG)T (pn) Xn + any f (x,), n>0. (1.12)

Then, {x,} converges strongly to a common fixed point of the family J which is the unique
solution of the variational inequality ((G -y f)x*, j(x —x*)) > 0 for all x € F(J). Equivalently one
has Ppizy(I -G+ yf)x* = x*.

More recently, as commented by Golkarmanesh and Naseri [25], Piri and Vaezi [4]
gave a minor variation of Theorem 1.2 as follows.

Theorem 1.3 (Piri and Vaezi [4]). Let J = {T(t) : t € S} be a nonexpansive semigroup on a real
Hilbert space H such that F(J) #0. Let X be a left invariant subspace of B(S) such that 1 € X, and
the function t — (T (t)x,y) is an element of X for each x,y € H. Let f : E — E be a contraction
with constant a, and let G : H — H be 6-strongly accretive and A-strictly pseudocontractive with
6+ A > 1. Let {py} be a left reqular sequence of means on X, and let {a,} be a sequence in (0,1) such
that im,, _, oty = 0 and X774 &ty = oo. Let {xy,} be a sequence generated by xy € H,

X1 = (I = ayG)T (pn) Xn + any f(x,), 120, (1.13)

where 0 <y < (1 -+4/(1-6/X))/a, then, {x,} converges strongly to a common fixed point of the
family F(J) which is the unique solution of the variational inequality ((G -y f)x*, j(x —x*)) > 0 for
all x € F(J). Equivalently one has Pri3)(I — G+ yf)x* = x*.

Very recently, Ali [26] continued the study of the problem in [4, 24] and proved a
strong convergence theorem in a Banach space setting much more general than Hilbert space.
He actually proved the following theorem.

Theorem 1.4 (Ali [26]). Let E be a real Banach space with local uniform Opial’s property whose
duality mapping is sequentially continuous. Let J = {T(t) : t > 0} be a uniformly asymptotically
regular family of asymptotically nonexpansive semigroup of E with function k : [0,00) — [0, 00)
and F := F(J) = NoF(T(t)) #0. Let f : E — E be weakly contractive, and let G : E — E be
O-strongly accretive and \-strictly pseudocontractive with 6 + A > 1. Let  := (1 — /(1 - 6)/\) and
y € (0,min{r, 6/2}). Let {B,} and {a, } be sequences in (0, 1], and let {t,,} be an increasing sequence
in [0, oo) satisfying the following conditions:

. .k = .. .
nlgrgozxn =0, nh_r)r;oa—z =0, nzzl a, = oo, 0< hﬂg}fﬂ" < hin_?:jpﬂn <1 (1.14)
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Define a sequence {x,} by xo € E,

Xn+1 = ﬂnxn + (1 - ﬁn)ynr
Yn = (I - ‘an)T(tn)xn + anYnf(xn); n2>0.

(1.15)

Then, the sequence {x,} converges strongly to a common fixed point of the family J which
solves the variational inequality

((G-yf)q,j(x-q))>0, VxeF. (1.16)

Remark 1.5. It is well known that all I’ (1 < p < o) spaces satisfy Opial’s condition and
possess a weakly sequentially continuous duality mapping. However, L? (1 < p < o) spaces
and consequently all Sobolev spaces do not satisfy either of the properties.

It is our purpose in this paper to prove a strong convergence theorem for approx-
imating common fixed points of family of uniformly asymptotically regular generalized
asymptotically nonexpansive semigroup in a real reflexive and strictly convex Banach space
E with a uniformly Gateaux differentiable norm. Our theorem is applicable in L, (¢,) spaces,
1 < p < oo (and consequently in sobolev spaces). Our theorem extends and improves some
recent important results. For instance, our theorem presents a convergence of an explicit
scheme that extends Theorem 1.4 to a more general setting of Banach spaces that includes
L? (1 < p < o) spaces on one hand and for more general class of maps on the other hand.

2. Preliminaries

Let S := {x € E : ||x]| = 1} denote the unit sphere of a real Banach space E. E is said to have a
Giateaux differentiable norm if the limit

fi P Y = llxll 2.1)
t—0 t

exists for each x,y € S; E is said to have a uniformly Gateaux differentiable norm if for each
y € S, the limit is attained uniformly for x € S. A Banach space E is said to be strictly convex
if [x+y||/2<1forx#yand |x|| = |ly|| = 1.

Let K be a nonempty, closed, convex, and bounded subset of a real Banach space
E, and let the diameter of K be defined by d(K) := sup{|lx — y|| : x,y € K}. For each
x € K, let r(x,K) := sup{|lx —y|| : y € K} and r(K) := inf{r(x,K) : x € K} denote the
Chebyshev radius of K relative to itself. The normal structure coefficient N (E) of E (introduced
in 1980 by Bynum [27], see also Lim [28] and the references contained therein) is defined by
N(E) :=inf{(d(K)/r(K)): K is a closed convex and bounded subset of E with d(K) > 0}.
A space E such that N(E) > 1 is said to have uniform normal structures . It is known that
every space with a uniform normal structure is reflexive, and that all uniformly convex and
uniformly smooth Banach spaces have uniform normal structure (see, e.g., [29]).

Let E be a real Banach space with uniformly Gateaux differentiable norm, then the
normalized duality mapping J : E — 2F', defined by (1.1), is singled valued and uniformly
continuous from the norm topology of E to the weak” topology of E* on each bounded subset
of E, see, for example [30].
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Definition 2.1. Let p be a continuous linear functional on [, and let (ap, ai,...) € I*. We
write p,(a,) instead of p(ap, ai, . ..). The function y is called a Banach limit when yu satisfies
Il = pn (1) = 1and pn(ans1) = pn(an) for each (ap, ay,...) € 1”.

For a Banach limit y, it is known that liminf, . a, < pn(a,) < limsup,_, a, for
every a = (ap,ai,...) € I1*.Soif a = (ap,a1,...) € * and a, - b, — 0asn — oo, we have
pn(an) = pn(bn).

We will make use of the following well-known result.

Lemma 2.2. Let E be a real-normed linear space. Then, the following inequality holds:
lx+y|l” <lxl?+2(y,j(x+v)) Vx,y€E, j(x+y) € (x+y). (2.2)

In the sequel, we shall also make use of the following lemmas.

Lemma 2.3 (Suzuki [31]). Let {x,} and {y,} be bounded sequences in a real Banach space E, and
let { B} be a sequence in [0,1] with 0 < liminf B, < limsup B, < 1. Suppose that x,1 = Ppyn+ (1-
Pn)xy forall integer n > 1and limsup,, _, _ ([[Yne1=Ynll=|Xns1—24]) < 0. Then, lim,, _, o ||yn—2x4]| =
0.

Lemma 2.4 (Shioji and Takahashi [32]). Let (ao, ai1,ay,...) € I® be such that p,a, < 0 for all
Banach limits p. If limsup, _, _ (au+1 — a,) <0, then limsup, | _a, <0.

Lemma 2.5 (Xu [33]). Let {a,} be a sequence of nonnegative real numbers satisfying the following
relation:

ani1 < (1—ap)ay + an0n +y,, n>0, (2.3)

where (i) {a,} C [0,1], X0 an = oo (ii)limsup, 0, <0 (iii)y, > 0and (n > 0), X720 ¥n <
. Then, a, — 0asn — oo.

3. Main Results

Theorem 3.1. Let E be a real reflexive and strictly convex Banach space with a uniformly Gateaux
differentiable norm, and let 3 = {T(t) : t > 0} be uniformly asymptotically reqular family of
generalized asymptotically nonexpansive semigroup of E, with functions u,v : [0,00) — [0, 0)
and F := F(J) = NoF(T(t)) #0. Let f : E — E be weakly contractive, and let G : E — E be
6-strongly accretive and \-strictly pseudocontractive with & + A > 1. Let == (1 — /(1 - 6)/\) and
y € (0,min{6,71/2}). Let {B,} and {a,} be sequences in (0,1] and {t,} an increasing sequence in
[0, o0) satisfying the following conditions:

lima, =0, limM=O, limM=O, szn=oo,
n— oo n—ow oy n—ow Iy =1 (3 1)

0 <liminfp, <limsupf, <1, limt, = co.
n— oo n—ow

n— oo
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Define a sequence {x,} by xo € E,

Xpi1 = PnXn + (1 - ﬁn)ynr
Yn = (I —anG)T (ty)xn + aan(xn)/ n>0.

(3.2)

Then, the sequence {x,} converges strongly to a common fixed point of the family J which
solves the variational inequality

((G-yf)q,j(x-q)) >0, VxeF. (3.3)

Proof. We start by showing that solution of the variational inequality (3.3) in F is at most one.
Assume that g, p € F are solutions of the variational inequality (3.3), then

(G-vHpila-p)) 20, ((G-vf)4.j(p-q))=20. (34)
Adding these two inequalities, we get
(G=yNp-(C=vfaj(p-a)) <O. (3.5)

Therefore,

0> ((G-yf)p-(G-vfla,j(p-a))
=(G(p) -G@).j(p-a)) - v{f(p) - f(@).i(p—a))
>6|lp-all* - vIlf (p) - F@llp - al (3.6)
>6|lp - qlI* +ye(lp - al)llp - all - vllp - all”
= (6-7)llp-al’+ve(lp-al)llp -l

Since 6 > y, we obtain that p = g, and so the solution is unique in F.

Now, letp € F, since (1-a,n)(u(t,)/a,) — 0and (1-a,n)(v(t,)/a,) — 0asn — oo,
then there exists 1y € N such that (1 — a, 1) (u(t,)/a,) < (1 —-7v)/2 and (1 — a,n)(v(ty)/a,) <
(n—7v)/2 for all n > ny. Hence, for n > ny, we have the following:

lyn —pll < (I - auG)(T(tn)xn = p) || + anlly f(xa) - G(p)||
< (1= ann) [(1+ u(tn))|[xn = p| + 2(t)] + any || f(x0) = f(P) || + @nlly f () = G(P)||

<[ -an(n-vy) + (1= awn)ult)]||xn = p|| + 1 = @un)o(ts) + @y f(p) - Gp) ||,
3.7)
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so that

%01 =Pl < Bullxn = pll + (1= B) |y —pll
S [Bat (U=Bu)[1-an(n—v) + (1 - anm)ulta)]] || x. - pll
+ (1= ann) (1= Bu)o(ts) + an(1=Bu)|lyf(p) - G(p) ||
1=, (1= ) (1= 1) - (1= an) 52 ) |, - ]

+an(1-Pn) [”Yf(P) -G ||+ (1= aun) vt(:)]

) [

< u(ty)
< ,

3 u(ty)
< .

1=, (1= ) ((1=7) = (1= )

+an(1-pn) <(,1 —y) = (1 - aun) u(tn)>

2l () ~ Gl + (1= awn) (@(t) /@) |
n-y

2lrf () -G +1}.
n-y

Smw“%—ﬁ

By induction, we have

2llyf(p) - G| +1}, Vi > 0. (3.9)

Xp — < maxy |[xn, — P||,
R e e

Thus, {x,} is bounded and so are {T(t,)x,}, {GT (tn)xn}, {yn}, and { f(x,)}.
Observe that

Ynel = Yn = ((I - an+1G)T(tn+1)xn+1 - (I - “n+1G)T(tn+1)xn)
(I = 1 G)T (bper)Xn = (I = @nG)T (b1 ) %)
(3.10)
+ (I — a,G)T (tys1)xn — (I — a,G)T (t,) xp)

+ (A1 Y f(xXns1) = @Y f (X)) + (@Y f(x0) — any f(x0)),
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so that

|ne1 = vl < (1 = aniam) 1 + w(tnan))|xXne1 = xull + (1 = @nian) v(bns1)

+ |“n - an+1|”GT(tn+1)xn” + (1 - anTZ)HT((th - tn) + b)) Xy — T(tn)an

+ “n+1Y||f(xn+1) _f(xn)” +|ane — “nh’”f(xn)”
< (1= anan) (X + u(tns)1xns1 = xull + (1 = apam)v(tnir)
+ |‘Xn - an+1|”GT(tn+1)xn||

+(1-aunn) sup |T(s+ty)z—T(t,)z|

z€{x,},s€R*

+ an+1Y||f(xn+1) - f(xn)” + a1 — anh’”f(xn)”
From this, we obtain that

|yn1 = Y| = lIxn1 = 2]l < [(1 = A1) (1 + u(tnir)) = 1] (|21 — ]|
+ (1= anan)v(tnar) + |an — @1 ||| GT (Fna1 ) x|
+(1-apn) sup |T(s+ty)z—T(t,)z|

ze{x,},s€R*

+ an+1Y”f(xn+l) _f(xn)” + a1 — anh’”f(xn)”/

which implies that
hflsip(”y"” — || = lIxns1 — xall) <0,
and by Lemma 2.3,
lim [ly, - ] = .
Thus,

%ne1 = xull = (1= B) ||yn — xu]| — 0 as n — oo.

Next, we show that lim,, . .||y — T(t)y.|| = 0, for all £ > 0.
Since
llxn = T(tn)xull < [l2¢n = Xnaall + 13041 = T (£2) X0l

S ||xn - xn+1” + ﬂn”xn - T(tn)xn” + (1 - ﬂn) ”yn - T(tn)xn

7

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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we have

(1 - ﬁﬂ) lxn = T(tn)xnll < [l2n = Xpaall + (1 - pn) ”yn - T(tn)xn”

(3.17)
= [l — X1 || + @ (1= Bo) ||y f (x0) = GT (£2) x4 ]|-
From a,, — 0asn — oo and (3.15), we obtain
nli_{r;O”xn =T (tn)xnl = 0. (3.18)
Also,
”]/n - T(tn)yn” < ”yn - xn” + |l = T (k) xn|| + ”T(tn)xn - T(tn)]/n” (3.19)
< 2+ uty)||yn — xu|| + v(tn) + x5 = T(ta)xn]| — 0 as n — co. .
Since lim,, _, ot, = oo and {T'(t) : t > 0} is uniformly asymptotically regular,
limy, & | T ()T (t) X0 — T (£0) X || < lim sup||T(#)T (t,)x — T(t,)x|| =0,
n=% yeC
(3.20)

limy—s [[T(OT (tn)yn = T(ta)yall < lim suplITOTtn)y =Tty ]| =0,
ye

where C is any bounded subset of E containing {x,}. Since {T'(t)} is continuous, we get that

Ny = TOYall < yn = TE)ynll + | TE)yn = TE (T ya) ||

(3.21)
+ [T (TEn)yn) = TOYal|-
This implies that
r}ijr;o||yn -T(Hya|| =0, Vt>0. (3.22)
Next, we show that
1iglﬁszp<(rf -G)p, j(yn—p)) <0. (3.23)
Define amap ¢ : E — Rby
$(v) = tallyn - y|>, ¥y €E. (3.24)

Then, ¢(y) — oo as [ly|]| — oo, ¢ is continuous and convex, so as E is reflexive, there
exists g € E such that ¢(q) = min,cg¢(u). Hence, the set

K* := {y €E:¢(y) = rruleig¢(u)} #0. (3.25)
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Since limy, -, oo ||y — T () Y|l = O, lim;—, ou(t) = 0,lim;_, ,v(t) = 0, and ¢ is continuous
for all z € K*, we have

¢<tlirg T(t)z> = im $(T(H)2) = limp [y - T(t)z|*

(3.26)
< tim (14 u®) 9 - 2]+ ©@E))° = pally - = = 92
Hence, lim;_, ., T(f)z € K*.
Let p € F. Since K* is a closed-convex set, there exists a unique g € K* such that
Ip - gll = minjlp - x| 627)
Since p = lim;_, . T(t)p and lim;_, . T (t)g € K*,
Hp - tlim T(t)q” = tlimT(t)p - tlimT(t)qH
= lim ||T(t)p - T(¢)
lim | T(tp - T(0)q] 25)

< lim ((1+u(t) [|p - ql| + 0 (1))

<llp-all

Therefore, lim;_, ,T(t)q = q. Since T(s + h)x = T(s)T(h)x for all x € E and s > 0, we
have

q= tlimT(t)q = tlimT(s +t)g = tlim T(s)T(t)gq

(3.29)
= T(s)tli_)%T(t)q =T(s)g.

Therefore, g € F and so K* N F #0.
Letp € KN F(T) and 7 € (0,1). Then, it follows that ¢(p) < ¢(p — 7(G -y f)p), and
using Lemma 2.2, we obtain that

v =p+7G =y | < lyn = pI* +20((G =¥ )P, j(yu —p +T(G=1f)p)),  (3:30)

which implies that

tn{ (Yf = G)p,j(yn —p+7(G~7f)p)) 0. (3.31)
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Moreover,

il (Yf =GP, j(Yn =) = un{(yf =GP, j(yn —P) = j(yn P +T(G =¥ )P))
+ (Y f = G)p, j(yn —P+T(G=Yf)P)) (3.32)
<y f =G, j(yYn—p) = j(Yn-p+7(G-vf)pP))-

Since j is norm-to-weak” uniformly continuous on bounded subsets of E, we have that

un((yf = G)p, j(yn—p)) <0. (3.33)

Observe that from (3.14) and (3.15), we have

Tim [yt = | = 0. (3.34)
This implies that
limsup[((yf = G)p,j(yn—p)) = ((yf = GC)p,j(Yn1 -p))] <0, (3.35)

and so we obtain by Lemma 2.4 that

limsup((yf - G)p,j(yn-p)) <0. (3.36)

n—oo

Finally, we show that x, — pasn — oo. Since lim,_, o (u(t,)/a,) = 0, if we denote
by o(t,) the value 2u(t,) + u(t,)?, then we clearly have lim, _, o, (0(t,)/a,) = 0. Let Ng € N
be large enough such that (1 — a,n)(c(t,)/a,) < (1 —2y)/2, for all n > Ny, and let M be
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a positive real number such that ||x, —p|| < M for all n > 0. Then, using the recursion formula
(3.2) and for n > Ny, we have

[y =PI = Nl (y f () = G(p)) + (I = @uG) (T (k) ~ p) |
< (1= an) | T(t)n = p||” + 2aa(y f (xa) = G(p), (v = P))
< (1= ann) [(1+ u(ta)) |20 = pl| + 0 (t0)]
+ 20, (y f(xn) = vf(P) +¥f(P) = G(p), j(yn —P))
< (1= @) [(1+ b)) [0 = p*+ 201 + (k) o(t) |20 = p|I* + 0 (8]
+2a,(yf(p) = G(p),j(Yn = P)) = 2an¥[|yn = pllo(||l2n - p|)
+ 20 || (yn = xn) + (n = p) [l = |

< [T -aun) (A +0(ty)) + 2any] || xn - P”z

(3.37)
s 24 () = Gp) i =) + 201 - ) 1+ 1) S 1, -
2
(=)™ 2yl sl

- [1-a (=20 - = 2 )1l

v(ty)
Ay

lxn = pII

+ ay [2<Yf(P) -G(p),j(yn—p)) +2(1 - ann) (1 + u(ty))

o(t, 2
R At ]
so that

2 2 2
[l =plI” < Bulln =PI+ (1= Bu) llyn —

< (#r+ @=p) [1-aa((1-20) - =) 2| Y= I

+ay(1-pn) [2<Yf(P) =G(p),j(yn—p)) +2(1 - anm) (1 +u(ty))

2

U(tn)
xa—nllxn ~p|*+ (1 - aun)

v(tn)
an

ST —pn]
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< 1—an(1—ﬂn)<(rl—2y)—(1—0£n71)z—:) I~ pl|?
(L= o) [2057 () = Gp), i = ) + 201 = ) (1 1)) 22 0
(1= 22 2 ]
~[1-a-p (@20 - @ am 2 )l oI
san(1=p) (1-20) - (1- )22
[2<Yf(P) ~G(p),j(yn=p)) +2(1 - au) (1 + ”(t"))<vg:)> M+ oy

X

(=21~ (-a(22)) '

(3.38)

where &4, denotes (1 - anq)(v(tn)z/an) +2ylyn — xu|| M.
Observe that 3,7 a,(1 - B,)((n —2y) — (1 — ann)(0n/n)) = 0 and

lim sup

n— oo

<2<Yf(P) ~G(p),j(yn—p)) +2(1 = aur) (1 + u(ty)) (v(ta) / n) M* + e4n> <0

((n=2y) = (1 - ann) (on/an))
(3.39)

Applying Lemma 2.5, we obtain ||x,—-p|| — 0asn — oo. This completes the proof. [
The following corollaries follow from Theorem 3.1.

Corollary 3.2. Let E be a real uniformly convex and uniformly smooth Banach space, § = {T(t) : t >
0}, and let F,f,G,86,\,1,y, {Bn}, {@n}, {tn} and {x,} be as in Theorem 3.1. Then, the sequence {x,}
converges strongly to a common fixed point of the family J which solves the variational inequality

(3.3).

Corollary 3.3. Let E = H be a real Hilbert space, and let 3 = {T({) : t > 0},
F.f,G6 X1,y {Pu} {an}, {ta} and {x,} be as in Theorem 3.1. Then, the sequence {x,} converges
strongly to a common fixed point of the family J which solves the variational inequality

((G-yf)g,x-q)>0, VxeF. (3.40)

reflexive and strictly convex Banach space with a uniformly Gateaux differentiable norm E, and let
F £,G 6\ 1,7, {Pn}, {an}), {tn}, and {x,} be as in Theorem 3.1. Then, the sequence {x,} converges
strongly to a common fixed point of the family J which solves the variational inequality (3.3).

Corollary 3.4. Let J = (I(t) : t > 0} be a family of nonexpansive semigroup of a real
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