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We discuss the subspaces of an almost ϕ-Lagrange space (APL space in short). We obtain the
induced nonlinear connection, coefficients of coupling, coefficients of induced tangent and induced
normal connections, the Gauss-Weingarten formulae, and the Gauss-Codazzi equations for a
subspace of an APL-space. Some consequences of the Gauss-Weingarten formulae have also been
discussed.

1. Introduction

The credit for introducing the geometry of Lagrange spaces and their subspaces goes to the
famous Romanian geometer Miron [1]. He developed the theory of subspaces of a Lagrange
space together with Bejancu [2]. Miron and Anastasiei [3] and Sakaguchi [4] studied the
subspaces of generalized Lagrange spaces (GL spaces in short). Antonelli and Hrimiuc [5, 6]
introduced the concept of ϕ-Lagrangians and studied ϕ-Lagrange manifolds. Generalizing
the notion of a ϕ-Lagrange manifold, the present authors recently studied the geometry of an
almost ϕ-Lagrange space (APL space briefly) and obtained the fundamental entities related
to such space [7]. This paper is devoted to the subspaces of an APL space.

Let Fn = (M,F(x, y)) be an n-dimensional Finsler space and ϕ : R
+ → R a smooth

function. If the function ϕ has the following properties:

(a) ϕ′(t)/= 0,

(b) ϕ′(t) + ϕ′′(t)/= 0, for every t ∈ Im(F2),

then the Lagrangian given by

L
(
x, y
)
= ϕ
(
F2
)
+Ai(x)yi +U(x), (1.1)
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where Ai(x) is a covector and U(x) is a smooth function, is a regular Lagrangian [7]. The
space Ln = (M,L(x, y)) is a Lagrange space. The present authors [7] called such space as
an almost ϕ-Lagrange space (shortly APL space) associated to the Finsler space Fn. An APL
space reduces to a ϕ-Lagrange space if and only if Ai(x) = 0 and U(x) = 0. We take

gij =
1
2
∂̇i∂̇jF

2, aij =
1
2
∂̇i∂̇jL, where ∂̇i ≡ ∂

∂yi
. (1.2)

We indicate all the geometrical objects related to Fn by putting a small circle “◦” over them.
Equations (1.2), in view of (1.1), provide the following expressions for aij and its inverse (cf.
[7]):

aij = ϕ′ ·
(
gij +

2ϕ′′

ϕ′
◦
yi

◦
yj

)
, aij =

1
ϕ′

(
gij − 2ϕ′′

ϕ′ + 2F2ϕ′′y
i yj

)
, (1.3)

where gijyj =
◦
yi.

Let M̌ be a smoothmanifold of dimensionm, 1 < m < n, immersed inM by immersion
i : M̌ → M. The immersion i induces an immersion Ti : TM̌ → TM making the following
diagram commutative:

TM̌
Ti−→ TM

π̌ ↓ ↓ π

M̌
−→
i M.

(1.4)

Let (uα, vα) (throughout the paper, the Greek indices α, β, γ, . . . run from 1 tom) be local
coordinates on TM̌. The restriction of the Lagrangian L on TM̌ is L(u, v) = L(x(u), y(u, v)).
Let aαβ = (1/2)(∂2Ľ/∂uα∂uβ). Then, we have (cf. [8]) aαβ = Bi

αB
j

β
aij where Bi

α(u) = ∂xi/∂uα

are the projection factors. The pair Ľm = (M̌, Ľ(u, v)) is also a Lagrange space, called the
subspace of Ln. For the natural bases (∂/∂xi, ∂/∂yi) on TM and (∂/∂uα, ∂/∂vα) on TM̌, we
have [8]

∂

∂uα
= Bi

α

∂

∂xi
+ Bi

0α
∂

∂yi
,

∂

∂vα
= Bi

α

∂

∂yi
, (1.5)

where Bi
0α = Bi

βαv
β, Bi

βα = ∂2xi/∂uα∂uβ.
For the bases (dxi, dyi) and (duα, dvα), we have

dxi = Bi
αdu

α, dyi = Bi
αdv

α + Bi
0αdu

α. (1.6)

Since (Bi
α) are m linearly independent vector fields tangent to M̌, a vector field ξi(x, y) is

normal to M̌ along TM̌ if on TM̌, we have

aij

(
x(u), y(u, v)

)
Bi
αξ

j = 0, ∀α = 1, 2, . . . , m. (1.7)
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There are, at least locally, (n −m) unit vector fields Bi
a(u, v) (a = m + 1, m + 2, . . . , n) normal

to M̌ and mutually orthonormal, that is,

aijB
i
αB

j

b
= 0, aijB

i
aB

j

b
= δab, (a, b = m + 1, m + 2, . . . , n). (1.8)

Thus, at every point (u, v) ∈ TM̌, we have a moving frame 	 = ((u, v), Bi
α(u, v), B

i
a(u, v)).

Using (1.3) in the first expression of (1.8) and keeping
◦
yiB

i
a = 0 (this fact is clear from

gijy
iB

j
a = 0) in view, we observe that Bi

a’s are normal to M̌ with respect to Ln if and only if
they are so with respect to Fn. The dual frame of 	 is 	∗ = ((u, v), Bα

i (u, v), B
a
i (u, v))with the

following duality conditions:

Bi
αB

β

i = δ
β
α, Bi

aB
β

i = 0, Bi
αB

b
i = 0, Bi

aB
b
i = δb

a, Bi
aB

a
j + Bi

αB
α
j = δi

j . (1.9)

We will make use of the following results due to the present authors [7], during further
discussion.

Theorem 1.1 (cf. [7]). The canonical nonlinear connection of an APL space Ln has the local
coefficients given by

Ni
j =

◦
N

i

j − V i
j ,

(1.10)

where V i
j = (1/2)Fi

j − Sir
j (2Frky

k + ∂rU),

Sir
j =

1
2ϕ′

◦
C

i

qjg
qr +

1
2
ϕ′′

ϕ′2 g
ir ◦
yj +

ϕ′′
(
δr
j y

i + δi
jy

r
)

2ϕ′(ϕ′ + 2F2ϕ′′) +
ϕ′2ϕ′′′ − 2ϕ′′3F2 − 4ϕ′ϕ′′2

2ϕ′2(ϕ′ + 2F2ϕ′′)2
yi ◦
yjy

r,

Frk(x) =
1
2
(∂rAk − ∂kAr), Fi

j = aikFkj .

(1.11)

Theorem 1.2 (cf. [7]). The coefficients of the canonical metrical d-connection CΓ(N) of an APL
space Ln are given by

Ci
jk =

◦
C

i

jk +
ϕ′′

ϕ′
(
δi
j

◦
yk + δi

k

◦
yj

)
+

ϕ′′

ϕ′ + 2F2ϕ′′ gjky
i +

2
(
ϕ′′′ϕ′ − 2ϕ′′2)

ϕ′(ϕ′ + 2F2ϕ′′) y
i ◦
yj

◦
yk, (1.12)

Li
jk =

◦
L
i

jk + V r
kC

i
jr + V r

j C
i
kr + V r

p a
ipCrkj . (1.13)

For basic notations related to a Finsler space, a Lagrange space, and their subspaces,
we refer to the books [8, 9].
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2. Induced Nonlinear Connection

Let Ň = (Ňα
β
(u, v)) be a nonlinear connection for Ľm = (M̌, Ľ(u, v)). The adapted basis of

T(u,v)TM̌ induced by Ň is (δ/δuα = δα, ∂/∂v
α = ∂̇α), where

δα = ∂α − Ň
β
α∂̇β. (2.1)

The dual basis (cobasis) of the adapted basis (δα, ∂̇α) is (duα, δvα = dvα + Ňα
β
duβ).

Definition 2.1 (cf. [8]). A nonlinear connection Ň = (Ňα
β
(u, v)) of Ľm is said to be induced by

the canonical nonlinear connection N if the following equation holds good:

δvα = Bα
i δy

i. (2.2)

The local coefficients of the induced nonlinear connection Ň = (Ňα
β (u, v)) for the subspace

Ľm = (M̌, Ľ(u, v)) of a Lagrange space Ln = (M,L(x, y)) are given by (cf. [8])

Ňα
β = Bα

i

(
Ni

jB
j

β + Bi
0β

)
, (2.3)

Ni
j being the local coefficients of canonical nonlinear connection N of the Lagrange space

Ln = (M,L(x, y)). Now using (1.10) in (2.3), we get

Ňα
β = Bα

i

(
◦
N

i

jB
j

β
+ Bi

0β

)

− Bα
i V

i
j B

j

β
. (2.4)

If we take
◦
Ň

α

β = Bα
i (

◦
N

i

jB
j

β + Bi
0β), it follows from (2.4) that

Ňα
β =

◦
Ň

α

β − Bα
i V

i
j B

j

β
. (2.5)

Thus, we have the following.

Theorem 2.2. The local coefficients of the induced nonlinear connection Ň of the subspace Ľm of an
APL space Ln are given by (2.5).

In view of (2.5), (2.1) takes the following form, for the subspace Ľm of an APL space
Ln:

δβ =
◦
δβ + Bα

pV
p

j B
j

β∂̇α, (2.6)

where
◦
δβ = ∂β −

◦
Ň

α

β∂̇α.
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We can put (dxi, δyi) as (cf. [8])

dxi = Bi
αdu

α, δyi = Bi
αδy

α + Bi
aH

a
αdu

α, (2.7)

where

Ha
α = Ba

i

(
Ni

jB
j
α + Bi

0α

)
. (2.8)

Using (1.10) in (2.8) and simplifying, we get

Ha
α = Ba

i

(
◦
N

i

jB
j
α + Bi

0α

)

− Ba
i V

i
j B

j
α. (2.9)

Taking
◦
H

a

α = Ba
i (

◦
N

i

jB
j
α + Bi

0α), in (2.9), it follows that

Ha
α =

◦
H

a

α − Ba
i V

i
j B

j
α. (2.10)

Now, dxi = Bi
αdu

α, δyi = Bi
αδy

α if and only if Ha
α = 0, that is, if and only if

◦
H

a

α = Ba
i V

i
j B

j
α.

Thus, we have the following.

Theorem 2.3. The adapted cobasis (dxi, δyi) of the basis (∂/∂xi, ∂/∂yi) induced by the nonlinear

connection N of an APL space Ln is of the form dxi = Bi
αdu

α, δyi = Bi
αδy

α if and only if
◦
H

a

α =
Ba
i V

i
j B

j
α.

Definition 2.4 (cf. [8]). Let D = DΓ(N) be the canonical metrical d-connection of Ln. An
operator Ď is said to be a coupling of D with Ň if

ĎXi = Xi
|αdu

α +Xi|αδvα, (2.11)

where Xi
|α = δαX

i +XjĽi
jα, X

i|α = ∂̇αX
i +XjČi

jα.
The coefficients (Ľi

jα, Č
i
jα) of coupling Ď of D with Ň are given by

Ľi
jα = Li

jkB
k
α + Ci

jkB
k
aH

a
α , (2.12)

Či
jα = Ci

jkB
k
α. (2.13)
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Using (1.12) and (1.13) in (2.12), we have

Ľi
jβ =

(
◦
L
i

jk + V r
kC

i
jr + V r

j C
i
kr + V r

p a
ipCrkj

)

Bk
β

+

[
◦
C

i

jk +
ϕ′′

ϕ′
(
δi
j

◦
yk + δi

k

◦
yj

)
+

ϕ′′

ϕ′ + 2F2ϕ′′ gjky
i

+
2
(
ϕ′′′ϕ′ − 2ϕ′′2)

ϕ′(ϕ′ + 2F2ϕ′′) y
i ◦
yj

◦
yk

]

Bk
aH

a
β .

(2.14)

In view of (2.10) and
◦
yiB

i
a = 0, (2.14) becomes

Ľi
jβ =

(
◦
L
i

jkB
k
β +

◦
C

i

jkB
k
a

◦
H

a

β

)

+

(

V r
kC

i
jr + V r

j C
i
kr + V r

p a
ipCrkj −

◦
C

i

jrB
r
bB

b
pV

p

k

)

Bk
β

+
(
ϕ′′

ϕ′
◦
yjδ

i
k +

ϕ′′

ϕ′ + 2F2ϕ′′ gjky
i

)
Bk
aH

a
β ,

(2.15)

that is,

Ľi
jβ =

◦
Ľ
i

jβ +

(

V r
kC

i
jr + V r

j C
i
kr + V r

p a
ipCrkj −

◦
C

i

jrB
r
bB

b
pV

p

k

)

Bk
β

+
(
ϕ′′

ϕ′
◦
yjδ

i
k +

ϕ′′

ϕ′ + 2F2ϕ′′ gjky
i

)
Bk
aH

a
β ,

(2.16)

where
◦
Ľ
i

jβ =
◦
L
i

jkB
k
β
+

◦
C

i

jkB
k
a

◦
H

a

β .
Using (1.12) in (2.13), we find that

Či
jβ =

◦
C

i

jkB
k
β +

(
ϕ′′

ϕ′
(
δi
j

◦
yk + δi

k

◦
yj

)
+

ϕ′′

ϕ′ + 2F2ϕ′′ gjky
i

+
2
(
ϕ′′′ϕ′ − 2ϕ′′2)

ϕ′(ϕ′ + 2F2ϕ′′) y
i ◦
yj

◦
yk

)

Bk
β ,

(2.17)

that is,

Či
jβ =

◦
Č

i

jβ +

(
ϕ′′

ϕ′
(
δi
j

◦
yk + δi

k

◦
yj

)
+

ϕ′′

ϕ′ + 2F2ϕ′′ gjky
i

+
2
(
ϕ′′′ϕ′ − 2ϕ′′2)

ϕ′(ϕ′ + 2F2ϕ′′) y
i ◦
yj

◦
yk

)

Bk
β ,

(2.18)
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where
◦
Č

i

jβ =
◦
C

i

jkB
k
β . Thus, we have the following.

Theorem 2.5. The coefficients of coupling for the subspace Ľm of an APL space Ln are given by (2.16)
and (2.18).

Definition 2.6 (cf. [8]). An operator DT given by

DTXα = Xα
|βdu

β +Xα|βδvβ, (2.19)

where Xα
|β = δβX

α +XγLα
γβ, X

α|β = ∂̇βX
α +XγCα

γβ, is called the induced tangent connection by

D. This defines an N-linear connection for Ľm.
The coefficients (Lα

γβ, C
α
γβ) of D

T are given by

Lα
βγ = Bα

i

(
Bi
βγ + B

j

β
Ľi
jγ

)
, (2.20)

Cα
βγ = Bα

i B
j

β
Či

jγ . (2.21)

Using (2.16) in (2.20), we get

Lα
βγ = Bα

i B
i
βγ + B

j

βB
α
i

[ ◦
Ľ
i

jγ +

(

V r
kC

i
jr + V r

j C
i
kr + V r

p a
ipCrkj −

◦
C

i

jrB
r
bB

b
pV

p

k

)

Bk
γ

+
(
ϕ′′

ϕ′
◦
yjδ

i
k +

ϕ′′

ϕ′ + 2F2ϕ′′ gjky
i

)
Bk
aH

a
γ

]

,

(2.22)

that is,

Lα
βγ = Bα

i

(

Bi
βγ +

◦
Ľ
i

jγB
j

β

)

+ Bα
i B

j

β

[(

V r
kC

i
jr + V r

j C
i
kr + V r

p a
ipCrkj −

◦
C

i

jrB
r
bB

b
pV

p

k

)

Bk
γ

+
(
ϕ′′

ϕ′
◦
yjδ

i
k +

ϕ′′

ϕ′ + 2F2ϕ′′ gjky
i

)
Bk
aH

a
γ

]

.

(2.23)

If we take
◦
L
α

βγ = Bα
i (B

i
βγ +

◦
Ľ
i

jγB
j

β), the last expression gives

Lα
βγ =

◦
L
α

βγ + Bα
i B

j

β

[(

V r
kC

i
jr + V r

j C
i
kr + V r

p a
ipCrkj −

◦
C

i

jrB
r
bB

b
pV

p

k

)

Bk
γ

+
(
ϕ′′

ϕ′
◦
yjδ

i
k +

ϕ′′

ϕ′ + 2F2ϕ′′ gjky
i

)
Bk
aH

a
γ

]

.

(2.24)
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Next, using (2.18) in (2.21), we obtain

Cα
βγ = Bα

i B
j

β

◦
Č

i

jγ +

(
ϕ′′

ϕ′
(
δi
j

◦
yk + δi

k

◦
yj

)
+

ϕ′′

ϕ′ + 2F2ϕ′′ gjky
i +

2
(
ϕ′′′ϕ′ − 2ϕ′′2)

ϕ′(ϕ′ + 2F2ϕ′′) y
i ◦
yj

◦
yk

)

Bk
γ B

α
i B

j

β.

(2.25)

If we take
◦
C

α

βγ = Bα
i B

j

β

◦
Č

i

jγ , (2.25) becomes

Cα
βγ =

◦
C

α

βγ +

(
ϕ′′

ϕ′
(
δi
j

◦
yk + δi

k

◦
yj

)
+

ϕ′′

ϕ′ + 2F2ϕ′′ gjky
i +

2
(
ϕ′′′ϕ′ − 2ϕ′′2)

ϕ′(ϕ′ + 2F2ϕ′′) y
i ◦
yj

◦
yk

)

Bk
γ B

α
i B

j

β
. (2.26)

Thus, we have the following.

Theorem 2.7. The coefficients of the induced tangent connection DT for the subspace Ľm of an APL
space are given by (2.24) and (2.26).

Remarks. The torsion Tα
βγ

= Lα
βγ

− Lα
γβ

does not vanish, in general, while Sα
βγ

= Cα
βγ

− Cα
γβ

= 0.
These facts may be observed from (2.24) and (2.26).

Definition 2.8 (cf. [8]). An operator D⊥ given by

D⊥Xa = Xa
|αdu

α +Xa|αδvα, (2.27)

where Xa
|α = δαX

a +XbLa
bα
, Xa|α = ∂̇αX

a +XbCa
bα
, is called the induced normal connection by

D.
The coefficients (La

bγ , C
a
bγ) of D

⊥ are given by

La
bγ = Ba

i

(
δγB

i
b + B

j

bĽ
i
jγ

)
, (2.28)

Ca
bγ = Ba

i

(
∂̇γB

i
b + B

j

bČ
i
jγ

)
. (2.29)

Using (2.6) and (2.16) in (2.28), we find

La
bγ = Ba

i

◦
δγB

i
b + Ba

i B
α
pV

p

j B
j
γ ∂̇αB

i
b

+ B
j

b
Ba
i

[ ◦
Ľ
i

jγ +

(

V r
kC

i
jr + V r

j C
i
kr + V r

p a
ipCrkj −

◦
C

i

jrB
r
cB

c
pV

p

k

)

Bk
γ

+
(
ϕ′′

ϕ′
◦
yjδ

i
k +

ϕ′′

ϕ′ + 2F2ϕ′′ gjky
i

)
Bk
cH

c
γ

]

.

(2.30)
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Taking
◦
L
a

bγ = Ba
i (

◦
δγB

i
b + B

j

b

◦
Ľ
i

jγ) and using
◦
yjB

j

b = 0, (2.30) reduces to

La
bγ =

◦
L
a

bγ + Ba
i B

α
pV

p

j B
j
γ ∂̇αB

i
b +

(

V r
kC

i
jr + V r

j C
i
kr + V r

p a
ipCrkj −

◦
C

i

jrB
r
bB

b
pV

p

k

)

Ba
i B

j

bB
k
γ

+
ϕ′′

ϕ′ + 2F2ϕ′′ gjky
iBk

cH
c
γB

a
i B

j

b
.

(2.31)

Next, using (2.18) in (2.29), we have

Ca
bγ = Ba

i

(

∂̇γB
i
b + B

j

b

◦
Č

i

jγ

)

+

[
ϕ′′

ϕ′
(
δi
j

◦
yk + δi

k

◦
yj

)
+

ϕ′′

ϕ′ + 2F2ϕ′′ gjky
i

+
2
(
ϕ′′′ϕ′ − 2ϕ′′2)

ϕ′(ϕ′ + 2F2ϕ′′) y
i ◦
yj

◦
yk

]

Bk
γ B

a
i B

j

b
.

(2.32)

Taking
◦
C

a

bγ = Ba
i (∂̇γB

i
b
+ B

j

b

◦
Č

i

jγ) and using (1.9) and
◦
yjB

j

b
= 0, the last equation yields

Ca
bγ =

◦
C

a

bγ +
ϕ′′

ϕ′ δ
a
b

◦
ykB

k
γ +

ϕ′′

ϕ′ + 2F2ϕ′′ gjky
iBk

γ B
a
i B

j

b
. (2.33)

Thus, we have the following.

Theorem 2.9. The coefficients of induced normal connectionD⊥ for the subspace Ľm of an APL space
Ln are given by (2.31) and (2.33).

Definition 2.10 (cf. [8]). The (mixed) derivative of a mixed d-tensor field Ti···α···a
j···β···b is given by

∇Ti···α···a
j···β···b =

(
δηT

i···α···a
j···β···b + Tk···α···a

j···β···b Ľ
i
kη + · · · + T

i···γ ···a
j···β···bL

α
γη + · · · + Ti···α···c

j···β···bL
a
cη

−Ti···α···a
k···β···bĽ

k
jη − · · · − Ti···α···a

j···γ ···b L
γ

βη − · · · − Ti···α···a
j···β···c Ľ

c
bη

)
duη

+
(
∂̇ηT

i···α···a
j···β···b + Tk···α···a

j···β···b Č
i
kη + · · · + T

i···γ ···a
j···β···bC

α
γη + · · · + Ti···α···c

j···β···bC
a
cη

−Ti···α···a
k···β···bČ

k
jη − · · · − Ti···α···a

j···γ ···bC
γ

βη − · · · − Ti···α···a
j···β···c Č

c
bη

)
δvη.

(2.34)

The connection 1-forms,

ω̌i
j =: Ľ

i
jαdu

α + Či
jαδv

α, (2.35)

ωα
β =: Lα

βγdu
γ + Cα

βγδv
γ , (2.36)

ωa
b =: La

bγdu
γ + Ca

bγδv
γ , (2.37)
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are called the connection 1-forms of ∇. We have the following structure equations of ∇.

Theorem 2.11 (cf. [8]). The structure equations of ∇ are as follows:

d(duα) − duβ ∧ωα
β = −Ωα,

d(δuα) − δuβ ∧ωα
β = −Ω̇α,

dω̌i
j − ω̌h

j ∧ ω̌i
h = −Ω̌i

j ,

dωα
β −ω

γ

β
∧ωα

γ = −Ωα
β,

dωa
b −ωc

b ∧ωa
c = −Ωa

b ,

(2.38)

where the 2-forms of torsions Ωα, Ω̇α are given by

Ωα =
1
2
Tα
βγdu

β ∧ duγ + Cα
βγdu

β ∧ δvγ ,

Ω̇α =
1
2
Rα

βγdu
β ∧ duγ + Pα

βγdu
β ∧ δvγ ,

(2.39)

with Pα
βγ

= ∂̇γ Ň
α
β
− Lα

βγ
, and the 2-forms of curvature Ω̌i

j ,Ω
α
β
and Ωa

b
, are given by

Ω̌i
j =

1
2
Ři

jαβdu
α ∧ duβ + P̌ i

jαβdu
α ∧ δvβ +

1
2
Ši
jαβδv

α ∧ δvβ,

Ωα
β =

1
2
Rα

βγδdu
γ ∧ duδ + Pα

βγδdu
γ ∧ δvδ +

1
2
Sα
βγδδv

γ ∧ δvδ,

Ωa
b =

1
2
Ra

bαβdu
α ∧ duβ + Pa

bαβdu
α ∧ δvβ +

1
2
Sa
bαβδv

α ∧ δvβ.

(2.40)

We will use the following notations in Section 4:

(a) Ω̌ij = Ω̌h
i ahj , (b) Ωαβ = Ωγ

αaγβ, (c) Ωab = Ωc
bδac. (2.41)

3. The Gauss-Weingarten Formulae

The Gauss-Weingarten formulae for the subspace Ľm = (M̌, Ľ(u, v)) of a Lagrange space Ln

are given by (cf. [8])

∇Bi
α = Bi

aΠ
a
α, ∇Bi

a = −Bi
βΠ

β
a, (3.1)
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where

Πa
α = Ha

αβdu
β +Ka

αβδv
β,

Πβ
a = gβγδabΠb

γ ,
(3.2)

(a) Ha
αβ = Ba

i

(
δβB

i
α + B

j
αĽ

i
jβ

)
, (b) Ka

αβ = Ba
i B

j
αČ

i
jβ. (3.3)

Using (2.6) and (2.16) in (3.3)(a), we have

Ha
αβ = Ba

i

(
◦
δβB

i
α + B

j
α

◦
Ľ
i

jβ

)

+ Ba
i B

γ
pV

p

j B
j

β
Bi
αγ

+

(

V r
kC

i
jr + V r

j C
i
kr + V r

p a
ipCrkj −

◦
C

i

jrB
r
bB

b
pV

p

k

)

Ba
i B

j
αB

k
β

+
(
ϕ′′

ϕ′
◦
yjδ

i
k +

ϕ′′

ϕ′ + 2F2ϕ′′ gjky
i

)
Bk
bH

b
βB

a
i B

j
α.

(3.4)

If we take
◦
H

a

αβ = Ba
i (

◦
δβB

i
α + B

j
α

◦
Ľ
i

jβ), the last expression provides

Ha
αβ =

◦
H

a

αβ + Ba
i B

γ
pV

p

j B
j

β
Bi
αγ +

(

V r
kC

i
jr + V r

j C
i
kr + V r

p a
ipCrkj −

◦
C

i

jrB
r
bB

b
pV

p

k

)

Ba
i B

j
αB

k
β

+
(
ϕ′′

ϕ′
◦
yjδ

i
k +

ϕ′′

ϕ′ + 2F2ϕ′′ gjky
i

)
Bk
bH

b
βB

a
i B

j
α.

(3.5)

Next, using (2.18) in (3.3)(b) and keeping (1.9) in view, we find

Ka
αβ =

◦
K

a

αβ +

(
ϕ′′

ϕ′ + 2F2ϕ′′ gjky
i +

2
(
ϕ′′′ϕ′ − ϕ′′2)

ϕ′(ϕ′ + 2F2ϕ′′)y
i ◦
yj

◦
yk

)

Ba
i B

j
αB

k
β , (3.6)

where
◦
K

a

αβ = Ba
i B

j
α

◦
Č

i

jβ. Thus, we have the following.

Theorem 3.1. The following Gauss-Weingarten formulae for the subspace Ľm of an APL space hold:

∇Bi
α = Bi

aΠ
a
α, ∇Bi

a = −Bi
βΠ

β
a, (3.7)
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where

Πa
α = Ha

αβdu
β +Ka

αβδv
β, Πβ

a = gβγδabΠb
γ ,

Ha
αβ =

◦
H

a

αβ + Ba
i B

γ
pV

p

j B
j

βB
i
αγ +

(

V r
kC

i
jr + V r

j C
i
kr + V r

p a
ipCrkj −

◦
C

i

jrB
r
bB

b
pV

p

k

)

Ba
i B

j
αB

k
β

+
(
ϕ′′

ϕ′
◦
yjδ

i
k +

ϕ′′

ϕ′ + 2F2ϕ′′ gjky
i

)
Bk
bH

b
βB

a
i B

j
α,

Ka
αβ =

◦
K

a

αβ +

(
ϕ′′

ϕ′ + 2F2ϕ′′ gjky
i +

2
(
ϕ′′′ϕ′ − ϕ′′2)

ϕ′(ϕ′ + 2F2ϕ′′)y
i ◦
yj

◦
yk

)

Ba
i B

j
αB

k
β .

(3.8)

Remark 3.2. Ha
αβ

and Ka
αβ

given, respectively, by (3.5) and (3.6) are called the second
fundamental d-tensor fields of immersion i.

The following consequences of Theorem 3.1 are straightforward.

Corollary 3.3. In a subspace Ľm of an APL space, we have the following:

(a) ∇aαβ = 0,

(b) ∇Bi
α = 0,

(3.9)

if and only if

◦
H

a

αβ = −
[

Ba
i B

γ
pV

p

j B
j

β
Bi
αγ +

(

V r
kC

i
jr + V r

j C
i
kr + V r

p a
ipCrkj −

◦
C

i

jrB
r
bB

b
pV

p

k

)

Ba
i B

j
αB

k
β

+
(
ϕ′′

ϕ′
◦
yjδ

i
k +

ϕ′′

ϕ′ + 2F2ϕ′′ gjky
i

)
Bk
bH

b
βB

a
i B

j
α

]

,

◦
K

a

αβ = −

⎛

⎜
⎝

ϕ′′

ϕ′ + 2F2ϕ′′ gjky
i +

2
(
ϕ′′′ϕ′ − ϕ′′2

)

ϕ′(ϕ′ + 2F2ϕ′′)y
i ◦
yj

◦
yk

⎞

⎟
⎠Ba

i B
j
αB

k
β .

(3.10)

4. The Gauss-Codazzi Equations

The Gauss-Codazzi Equations for the subspace Ľm = (M̌, Ľ(u, v)) of a Lagrange space Ln are
given by (cf. [8])

Bi
αB

j

β
Ω̌ij −Ωαβ = Πβa ∧Πa

α, (4.1)

Bi
aB

j

b
Ω̌ij −Ωab = Πγb ∧Πγ

a, (4.2)

−Bi
αB

j
aΩ̌ij = δab

(
dΠb

α + Πb
β ∧ω

β
α −Πc

α ∧ωb
c

)
, (4.3)
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where

(a) Παa = gαβΠ
β
a, (b) Πγb = δbcΠc

γ . (4.4)

Using (1.3) in (2.41)(a), we find that

Ω̌ij = ϕ′Ω̌h
i ghj + 2ϕ′′Ω̌h

i

◦
yh

◦
yj. (4.5)

Applying aγβ = Bi
γB

j

βaij in (2.41)(b), we have Ωαβ = Bi
γB

j

βΩ
γ
αaij , which in view of (1.3)

becomes

Ωαβ = ϕ′gijBi
γB

j

β
Ωγ

α + 2ϕ′′ ◦yi
◦
yjB

i
γB

j

β
Ωγ

α, (4.6)

that is,

Ωαβ = ϕ′gγβΩ
γ
α + 2ϕ′′ ◦yi

◦
yjB

i
γB

j

β
Ωγ

α. (4.7)

For the subspace Ľm of an APL space, (4.4)(a) is of the form Παa = aαβΠ
β
a, which in view of

aαβ = Bi
αB

j

β
aij and (1.3) becomes Παa = ϕ′Bi

αB
j

β
aijΠ

β
a + 2ϕ′′ ◦yi

◦
yjB

i
αB

j

β
Πβ

a, that is,

Παa = ϕ′gαβΠ
β
a + 2ϕ′′ ◦yi

◦
yjB

i
αB

j

β
Πβ

a. (4.8)

Thus, we have the following.

Theorem 4.1. The Gauss-Codazzi equations for a Lagrange subspace Ľm of an APL space are given
by (4.1)–(4.3) with Παa, Πγb, Ω̌ij , Ωαβ, and ωb

c , respectively, given by (4.8), (4.4)(b), (4.5), (4.7),
and (2.37).
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